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1. In tr o d u c t io n  Hecke groups H(Xq) are, basically, the discrete gro
ups o f PSL(2, R) which are isomrphic to the free product o f two cyclic 
groups o f orders 2 and q, where q >  3. Therefore as a Fuchsian group 
o f the first kind they have the signature (0; 2, ç, oo) (here oo means 
that the product o f two elliptic generators is a parabolic generator). 
H(Xq) is generated by R  and S, where R (z) — —I /z, S (z ) =  l/ (z+ X q )  
and Xq =  2 cos (7т/ q ). We let T  =  R ■ S.

For q =  3 we obtain the well known modular group Г =  Я (А 3). 
Therefore the other Hecke groups can be thought o f as a generaliza
tion o f the modular group. At this point a problem arises: Can we 
generalize the properties o f Г to other H (Xq)l  The answer to the first 
question is yes and no, that is, some o f them can be generalized in 
some cases. Sometimes it is possible to generalize some properties to 
H(Xq). However, some results generalize to H(Xq) with even q as well.

In this work we obtain some finite classes o f normal subgroups 
of Hecke groups as a generalization o f some results o f M. Newman 
[3] on the modular group. First we construct this class for the most 
important three Hecke groups H  (\ /2) , H  (\ /з ) and # (A 5) obtained 
for q =  4 ,6  and 5, respectively. Then we obtain the generalization for
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all H(Xq). Some o f these sugroups have been found, in different ways, 
in the Ph. D. Thesis o f the author [1].

In the last part o f this work we calculate the total number 77(g) of 
these normal subgroups for each q by means o f the number o f divisors 
function. We shall see that 77(g) is either equal to 2<r(g) or 3er(g), where 
<r(g) denotes the number o f divisors o f g.

2. N o rm a l su b g ro u p s

2 .1 . q  = 4  For q — 4, A4 =  \/2 and the corresponding group is 
denoted by H  ( v ^ )  ■ We first give two preliminary lemmas to obtain 
the main result:

L e m m a  1 Let, f o r  1 <  к <  3,

Sk (л /2)  =  (R ,S\R2 =  S'4 -  I , { R S ) k =  (S R )k). (1)

Then Sk (л /2) is a finite group o f  order p k and fo r  T  — R S , the 
element T h is central and has order ek, where

(2 )
к 1 2 3
ek 4 4 8
Pk 8 32 192

P r o o f .  First we note that since R 2 =  S4 =  /  and T  =  RS, the relation 
( R S )k =  (S R )k is equivalent to the relation

R T k =  T kR  and S T k =  T kS (3)

and therefore T k is a central element in Sk (f/Щ • Now if ek denotes 

the order o f T k in Sk ( / 2) , then by [2, §6,7]

2 - 2 - 4  8
ek t A - k

since t is defined by

(4)

t =  2 . A . k . Ç 2 +  1- + 1- - l ) = 8 - 2 k .  (5)
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Also

| Ä ( ^ ) |  =  W  =  1(2 ,4 ,*)! =  2 ^ . ^  =  ^  (6)

for 2 <  к <  3. thus for к ф 1

fik =  A;ê  (7)

and for к =  1, ei =  4 and /q  =  8, since the group Si (л /2) is just 

abelianisation o f H  (л /2) .

L e m m a  2 For 1 <  к <  3, let Sk,i (л /2) be the group given by

Si (л /2)  =  (Я , £|Д2 =  S 4 =  T kl =  / ,  ЯТ* =  Г *Я ), (8)

where /|е*. Then Sk,i (л /2) is o f  order Ifik!Ck-

P r o o f .  Let A ; be the normal closure in Si,/ (л /2) o f T kl. Then

SM (л /2) “  S i (л /2) /А ;  (9)

Since T k is in the center o f Sk (л /2) , A i is the cyclic group o f order
вк/1 generated by T kl. Hence

I Si,, (л/2) I =  I Sk (л/2) I /  I All =  (10)

T h e o r e m  1 Let

Ткц (л /2) =  A  (T kl, R T kR T ~k) , (11)

be the normal closure in H  (л /2) o f  T kl and R T kR T ~ k. Then

IH ( y / 2 ) :  Tk,i (л /2) I ^ =  W e *  < 00, ( 12)

P r o o f .  Since

H  (л /2 ) /Г*,, (л /2) I =  Si,, (л /2) (13)
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the results follows.
One can see that there are exactly 10 normal subgroups T^i (л /2) ’s- 

Their indices, levels, parabolic class and geni for all possible values o f 
к and I are listed below:

1 1 1 2 2 2 3 3 3 3
1 2 4 1 2 4 1 2 4 8
2 4 8 8 16 32 24 48 96 192

(14)

2.2. q =  6 Let us consider now the case o f H  (V 3 ) . As all

methods used in this case are similar to the case o f H  (\ /2) , then we 
will om it the proofs.

Lemma 3 Suppose that к — 1,2. Let Sk (V ^ ) he the group given by

Sk ( у щ  =  (R, S\R2 =  S6 =  / ,  ( R S )k =  ( S R )k>. (15)

Then Sk (n/ з )  is a finite group o f  order pk and the central element T k 
has order ek, where T  =  R S  and

к 1 2
ek 6 6
gk 12 72

Lemma 4 For к =  1,2 let Sk,i (\/з) be the group given by

Sk,i (л /3) =  (R, S\R2 =  S6 =  T kl =  / ,  R T k =  T kR). (17) 

Then Sk,i (V S) is o f  order lgk/ek-
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T h e o r e m  2 Let

Tki, (\ /3 ) =  A  (T kl, R T kR T ~k) . (18)

Then Tkti (ч /з ) is a normal subgroup o f  H  (\ /з ) with index

IH  (л /3 ) : Tk,i (v/3)| =  p =  lpk/ek <  oo (19)

and level
n =  kl (20)

There are exactly eight Tk}i (ч/З^’в. The information about them 
is listed below:

к
I
A

1 1 1 1 2 2 2 2
1 2 3 6 1 2 3 6
2 4 6 12 12 24 36 72

( 21)

2.3 . q  =  5 Let us finally consider ff (A 5) case. All the methods 
are also very similar to those o f the case o f H (\ /2 ) , then we will omit 
the proofs.

L e m m a  5 For к — 1,2, 3 let

Sk (A5) =  (Я , 5|Я2 =  S 5 =  I, (R S )k =  (S R )k). (22)

Then Sk (A5) is a finite group o f  order p k and the central element T k 
has order ek, where T  =  R S  and

к 1 2 3
ek 10 5 20
Hk 10 50 1200

(23)

L e m m a  6 For к =  1 ,2 ,3  let Sk,i (A5) be the group given by

Sk,i (As) =  (R, S\R2 =  S6 =  T kl =  I, R T k =  T kR). (24) 

Then Sk (A5) is o f  order Ipk/^k-
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к 1 1 1 2 2 3 3 3 3 3 3 3
I 1 2 5 10 1 5 1 2 4 5 10 20
к 1 2 5 10 10 50 60 120 240 300 600 1200

T h e o r e m  3 Let

Tk,, (Л5) =  Д ( r w, R T kR T ~k) . (25)

Then Tk,i (A5) is a normal subgroup o f  H  (A5) with index

\H (A5) : Tk,i (A5)| /X =  lpk/ek <  oo (26)

and level
n =  kl (27)

By choosing all possible L such that l\ek-, we can find, in total, 12 
subgroups Tk,i (A5) . The table gives some information about them:

(28)

3. G e n e ra liz a t io n  to  q >  7 W hen q >  7, A? is not “ nice” as it is 
when q <  7. It is an algebraic number satisfying th eminimal equation 
o f degree t^(2q)/2, where <p denotes the Euler function.

As we shall see the two cases when q is odd and even show some 
differences when we try to find Sk{ A7). Therefore we will have to deal 
with these two cases separately.

L e m m a  7 Let g >  6 be even. For к =  1,2 let

Sk (A ,) =  (R, S\R2 =  S'9 =  / ,  ( R S )k =  (S R )k). (29)

Then Sk (A ,) is a finite group o f  order g  к and the central element T k 
has order ek, where T  =  RS and

1 2
(30)

к 1 2
ek 1 q q
Pk 2 q 2 q2

P r o o f .  A sin the proof o f Lemma 1, R T k =  T kR. and therefore T k 
is a central element in Sk{ Ag) o f oreder e k, where

2-2(7 4q
Gk =  ~ T ~  =  2 (k +  q) -  kq (31}
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Now since t >  0 and q >  6 , then

к <  f f -  (32)
4 z

The fact that pk =  kef. for к =  2 and that e; =  q, pi =  2q can be 
proved in the same wa as in the proof o f Lemma 1.

L e m m a  8 Let g >  6 be odd. For к =  1,2 let

Sk (A?) =  (R, S\R2 =  S q =  I,  ( R S )k =  ( S R ) k). (33)

Then Sk(^q) is a finite group o f  order g  к and the central element T k 
has order ek, where T  — RS and

1 2
(34)

к 1 2
ek 1<7 Я
Pk 2 q 2 q2

L e m m a  9 Let q >  6. For к =  1,2 let Sk,i (Xq) be the group given by

Sk,i (A ,) =  (R, S\R2 =  S q =  T kl =  / ,  R T k =  T kR), (35)

where / 1ê . Then Sk7i(X q) is o f  order Ipk/£k-

T h e o r e m  4 Let к and I be chosen as above. Let

Tk,i (A ,) =  A  ( T hl, R T kR T ~k) . (36)

Then Tk,i (Ag) is a normal subgroup o f  H  (A?) with index

H  (\ /з ) : Tk,i (\/з)| =  g  =  Ipkhk <  OO (37)

and level
n =  kl (38)

Proof is exactly the same as the proof o f Theorem 1.
By comparing the group representations we can obtain the follo

wing result:

S'W  = { Ä )  (39)



For к =  1 the relations

R 2 =  S 4 =  I, RS =  S R  (40)

hold in the the quotient group H(Xq)/Si(Xq). Therefore this quotient 
is isomorphic to C 2 X Cq, the direct product o f the two cyclic groups 
o f order 2 and order q. It follows that

S1(Xq) Й H'(Xq). (41)

4. E n u m e ra tin g  th e  n u m b e r  o f  th e  s u b g ro u p s  Tk,i(Xq) Let 
q >  3 be given. Let 77(g) denote the number o f Tkj(Xq). Therefore
we must consider the conditions on к and /. In the proof o f Lemma 7
we obtained the upper and lower bounds for к i. e.
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It follows then that all possible values for к are 1 <  к <  5 for q =  3
and l < A : < 3 f o r q  =  4 and 1 <  к <  2 for q >  6.

Since I can be chosen in the way that I je*, then the number o f / ’s 
equals to the sum o f the number o f divisors o f e^’s, denoted by а{е^) 
for all possible Ads. Therefore

v(q)  =  (7( e0 -  (43)

Recall that 77(4) =  10, rj(5) =  12 and 77(6) =  8. Now let q >  6 be
even. Then к =  1 or к =  2 and e\ =  q =  e2. Therefore

2
=  ^ 2 ^ { e k) =  3a(q).  (44)

к—1
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