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D efin itio n  1 For each function f  : IR — > IR, by L ( f ) we denote 
the set o f all points at which there exists a limit of the function f .  
Furthermore, let

C(f) =  { • £  £ ( / ) ;  { imUt) = / (

U (I) =  j x  6  IR; J i m / ( f )  Ф /W ) .

We define the functions /(<*) for all ordinal numbers.

D efin itio n  2 Let f  : IR — > IR and let f(o)(x) = f ( x )  fo r  each a: G IR.
For every ordinal number a , let

f ( x )  if  { 7  < о; X  e U ( /(7))} =  0,
f(a){x) = lim t^ x f M (t) if  X  e U  ( / ы ) ,

where 70 =  m in  | 7  <  a; x G U ( /(7)) } ■

D efin itio n  3 For each ordinal number a, we denote

A , =  { /  : IR — > IR; С ( f (a)) = IR} .
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We can state  the following remark:

R em ark 1 The fam ily (Ла)п>0 has the following properties:

(1) Ao is the fam ily o f all continuous functions on D;

(2) fo r  each ordinal number a  <  uq, (Jo</3<c* Aß С A a.

D efin ition  4 I f  a function f  : IR — » IR belongs to Д а\  (Uo</3<a Aß)  , 
then it will be called an a-im provable d iscontinuous fu nction .

It is easy to see the following remark:

R em ark 2 Let W  С IR and let f  : IR — > IR be the characteristic 
function of the set W  such that f  E A a \  Цэ<а Aß for some ordinal 
number a < Then each function g : IR — > IR such that fo r  each 
X E IR, 0 <  g (x ) < f ( x )  belongs to A a.

For any subset К  of IR by K d we shall denote the set of all accu
mulation points of the set K.

T heorem  1 For each ordinal number a  < loj there exist functions 
f , g  belonging to A i such that f  +  g E A a.

P roof. For each set A  С IR and a, b E IR we denote aA  +  b — 
{ax + b;x E A } .

Let a  <  Wi be an ordinal number. By the transfinite induction, 
we shall define a sequence of sets {Wß)ß<a in the following way: let

Wo = {0} and let W\ =  n E INj and, for each ordinal number ß  
(where 3 <  ß  <  a).

1. if ß  =  7  -f- 2, where ß  is an ordinal number, then put
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2. if ß  is a limit ordinal number, then we can choose a sequence 
(/3n)“ i of ordinal numbers such tha t limn-*» ßn =  ß  and, for 
each n € IN, ß n < a, thus we put

3. if ß  — 7  +  1, where 7  is a limit ordinal number, then

W0 = W^U {0}.

Notice tha t W~, П =  0 whenever 7  ф £ and W1 =  Ŵ +1 for each 
7  <  a .

Now, we define a sequence of functions (fß)ß<a and {gp)ß<a in the 
following way: let /o(x) =  0 and go(x) =  0 for each x G 1R; let 7 i be the 
characteristic function of the set Wo and g\ — go and let /2 =  /1 and 
g2 = Ixw, • Assume tha t ß  is an ordinal number such th a t 3 <  ß  < a  
and assume tha t, for each ordinal number 7  (where 3 <  7  <  /?), we 
have defined functions / 7 ,<7-?, then

1. if ß  =  7  +  2, where 7  is an ordinal number, we have to consider 
two possibilities:

• let ß  be an odd number, then put

and gß =  fif7+1;

• let ß  be an even ordinal number, then put fß =  / 7+i and

2. if ß  is a lim it ordinal number, then we put
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and

9ß(x ) =
jz9ß«{x) if z£[^TT, Й
0 otherwise,

where the sequence {ßn)™=\ was chosen when we were construc
ting the set Wß-

3 . if ß  = 7  +  1, where 7  is a limit ordinal number, then put

Since cl (iR \  Цз<а Wß) =  IR and IR \ Цд<а Wß С {x  G IR; f ( x )  =  0} ,

Consider three possibilities:

1. Let а  — ß  +  2, where ß  is an ordinal number. Let x  G IR. 
If there exists 7  < a  such th a t 7  is an odd ordinal number 
and x  G Жу, then f a( x ) > 0. Thus there exists a sequence 
(xn)^_1 С Ж7+1 such tha t l i m ^ o o  xn = x. Since for each n G IN, 
f a{xn) =  0, we have Н тп_юо f af ( x n) =  0. By the definition 
of the function f a , we infer th a t for each sequence (xn)^L1 in 
U7+K£<a Щ ,  fimn .̂oo f a{xn) =  0. Thus there exists limf_>x f a( t ) 
and limWx f a(t) — 0. Hence x G U (f a ) and i g C  ((/<0 (1)) •

If there exists 7  < a  such tha t 7  is an even ordinal number 
and x G Жу, then / а (х) =  0. Then since Ж7 =  Ж7+1, there 
exists a sequence (xn)^L1 С Ж7+1 such tha t lim ^oo  =  x. 
Since for each n G IN, f ( x n) > W > Q for some n G IN, we have

1 if x  G Ho, 
/ 7 otherwise

and gß = g-у.

First we show that f Q G A \. 
Observe that

{x  G IR ; f ( x )  > 0} С U  Wß.
ß<a

we have
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linin^oo f a(xn) >  0. Since 7  +  1 is an odd ordinal number, for 
each n G IN, x n G U ( f a) ,  hence x  G С  ((/a)(i)) •

If X  G IR \ U7<a кИ7, then there exists no ordinal number 7  < a  
such tha t ж G W*.  Thus lim t->x fa(t )  =  0. Hence x  G C( f ) .

Thus fa  £ A\ .

2. Let a  be a limit ordinal number. Then we can show analogously 
that for each n  G IN, the function ( f a)\\_x i \ € Ai ,  hence

11гп+ 1 ’2"  /
fa € Л -

3. Let a  =  /3 +  1, where ß  is a lim it ordinal number. Then we can 
show similarly to above tha t (/a )|(R\{0}) £ ^ i -  Since for each 
sequence ( i n)“=1 such tha t lim ^oo  x n — 0 and for each n G IN, 
f {xn)  >  0 we have П тп_юо f a(xn) =  0, so 0 G 1/ (fa) - Thus
fa £ Ai .

Similarly to above we can show th a t ga € A i .
Put ha f a T  Qa-
Analogously to the proof of Theorem 13 (see [1]) we can show that

Xwa ^  Aa-
Since for each x  G IR, 0 <  ha(x) <  2 x w (ж), we have by Remark 1 

that ha € Aa- It is easy to see th a t ha $  U/3 <Q Aß.  Thus the proof is 
completed.
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