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The Sum of 1-improvable Functions

Aleksandra Katafiasz, Genowefa Rzepecka

Definition 1 For each function f : IR — > IR, by L (f) we denote
the set of all points at which there exists a limit of the function f.
Furthermore, let

C()

uQ)

{<£ £(/); {imUt) =/(

jx 6 IR; Jim/(f) QW ).

We define the functions /(<¥) for all ordinal numbers.

Definition 2 Letf : IR — >IR andlet f(o)(x) = f(x) for eacha GIR.
For every ordinal number a, let

f(x) if {T<o0: x e U (/(7)} =0,
fa{x) = limt"xfM (t) if xeU (/b1 ),
where 70 = min |7 < a; x GU (/(7))} =

Definition 3 For each ordinal number a, we denote

A, = {/:IR—>IR C (f(d) = IR}.



18. 1. KataBasz, G. Rzepecka

We can state the following remark:

Remark 1 The family (J1a)n>0 has the following properties:
(1) Ao is the family of all continuous functions on D;

(2) for each ordinal number a < uqg, (Jo</3<c* AR C Aa.

Definition 4 Ifafunction f : IR —» IR belongs to [ a\ (Uo</3<a AR) ,
then it will be called an a-improvable discontinuous function.

It is easy to see the following remark:

Remark 2 Let W C IR and let f : IR — >1IR be the characteristic
function of the set W such that f E Aa\ Lis<a AR for some ordinal
number a < Then each function g : IR — > IR such that for each
XE IR, 0< g(x) < f(x) belongs to Aa.

For any subset K of IR by Kd we shall denote the set of all accu-
mulation points of the set K.

Theorem 1 For each ordinal number a < loj there exist functions
f,g belonging to Ai such thatf + g E Aa.

Proof. For each set A C IR and a, b E IR we denote aA + b —
{ax + b;x E A} .

Let a < W be an ordinal number. By the transfinite induction,
we shall define a sequence of sets {WR)R<a in the following way: let
Wo = {0} and let W\ = n E INj and, for each ordinal number
(where 3 < B < a).

1. if8 =7 42, where B is an ordinal number, then put
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2. if B is a limit ordinal number, then we can choose a sequence
(/3n)“ i of ordinal numbers such that limn-*» fn = R and, for
each n € IN, Bn < a, thus we put

3. ifR —7 + 1, where 7 is a limit ordinal number, then
w0 = w~U {o}.

Notice that W~ N = 0 whenever 7 ¢ £ and W1 = W'+l for each
7 < a.

Now, we define a sequence of functions (fR)R<a and {gp)R<a in the
following way: let /o(x) = Oand go(x) = Ofor each x G R; let 7i be the
characteristic function of the set Wo and g\ —go and let /2 = /1 and
g2 = Ixw, * Assume that R is an ordinal number such that 3< 3 < a
and assume that, for each ordinal number 7 (where 3 < 7 < /?), we
have defined functions /7,<F?, then

1. ifB = 7 + 2, where 7 is an ordinal number, we have to consider
two possibilities:

e let B be an odd number, then put

and gB = fif7+1;

* let B be an even ordinal number, then put f8 = /7+i and

2. if B is a limit ordinal number, then we put
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and .
jz0dx) if ZE[ TT, U

M(x)= 0 otherwise,

where the sequence {Bn)™=\ was chosen when we were construc-
ting the set WR-

. ifB =7 + 1, where 7 is a limit ordinal number, then put

1 if x GHo,
/7 otherwise

and gB = gv.

First we show that fQG A\.
Observe that

{x GIR;f(x) >0} C U WR.
R<a

Since ¢l (iR \ U3<a WR) = IR and IR\ Uag<a W C {x GIR; f(x) = 0},
we have

Consider three possibilities:

1. Let a — R + 2, where 8 is an ordinal number. Let x G IR

If there exists 7 < a such that 7 is an odd ordinal number
and x G Xy, then fa(x) > 0. Thus there exists a sequence
(xn)™_1 C XT7+1 such that 1im 00 xn = x. Since for each n G IN,
fa{xn) = 0, we have Htn o faf(xn) = 0. By the definition
of the function fa, we infer that for each sequence (xn)"L1 in
U7+K£<a W, fimnhoofa{xn) = 0. Thus there exists limf > fa(t)
and limWx fa(t) —0. Hence x G U (fa) and ig C ((/<O (D)

If there exists 7 < a such that 7 is an even ordinal number
and x G Xy, then /a(x) = 0. Then since X7 = X7+1, there
exists a sequence (xn)*L1 C XX7+1 such that lim”~oo = X
Since for each n G IN, f(xn) > W > Qfor some n G IN, we have
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linin"oo fa(xn) > 0. Since 7 + 1 is an odd ordinal number, for
each n GIN, xn G U (fa), hence x GC ((/a)(i))

If x G IR\ U7<a K7, then there exists no ordinal number 7 < a
such that »x G W*. Thus limt->xfa(t) = 0. Hence x G C(f).

Thus fa £ A\.

2. Let a be a limit ordinal number. Then we can show analogously
that for each n G IN, the function (fa)\\.x i\ € Ai, hence

11rn+1°2" /
fa € 11-

3. Leta =/3+ 1, where 8 is a limit ordinal number. Then we can
show similarly to above that (/a)|[(R{0) £ ~i- Since for each
sequence (in)“=1l such that lim”~oo xn —0 and for each n G IN,
f{xn) > 0 we have Mtn_tofa(xn) = 0, so 0 G 1/ (fa) - Thus
fa £ Ai.

Similarly to above we can show that ga € Ai.

Put ha faT Qa

Analogously to the proof of Theorem 13 (see [1]) we can show that
Xwa " Aa-

Since for each x G IR, 0 < ha(x) < 2xw (), we have by Remark 1
that ha € Aa- It is easy to see that ha $ Uis<QAR. Thus the proof is
completed.
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