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Continuity Points of a Multifunction iIn
a Term of the Function “dist”

Jan M. JastrzebskKi

In the article we shall characterize the set of points of continuity
of a multifunction with values in a compact metric space. We make no
restrictions for the values of a multifunction except the nonemptiness
of them.

Let ¥ be a metric space, z £ Y and A C Y. By dist(z, A) we un-
derstand the distance of the point z from the set A. By A we denote
the closure of A, A! will denote the complement of A. We shall di-
scuss multifunctions F defined on a topological Fréchet space X with
nonempty values in a metric space Y.

A multifunction F : X — >Y s called upper - semicontinuous at
x0 £ X iff for each open set U for which F(x0) C U there exists an
open neighbourhood V of xq such that F(x) C U for every x £ V. The
set of all points of the set X at which F is upper - semicontinuous will
be denoted by usc(F).

A multifunction F : X — >Y s called lower - semicontinuous at
Xg £ X iff for each open set U for which UUF(xo0) d 0 there €) ists an
open neighbourhood V of xq such that F(x) UU ¢ O for ever} x £ V.
The set of all points of the set X at which F is lower - semicoi.tinuous
will be denoted by Isc(F).
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Let z be a fixed point of Y. For a given multifunction F : X —yY
we define a function fz : X — y IR in the following way:

fz(x) = dist(z, F(x)).

Theorem 1 If a multifunction F : X — yY is upper - semicontinu-
ous at xq £ X, then the function fz is lower - semicontinuous at Xo
for each z GY.

Proof. Let z £ Y and suppose that the function fz is not lower -
semicontinuous at x0, i.e.

Ioicm ixr(l)f fz{x) < fz(x0).

Then there exists a sequence {xn} convergent to x0 and a G IR such
that
lim fzgxn) = ac< fz(xO).

n oo

Let
U= Yoy distzy)>at”™ |,

Then F(x0) C U and F(xk) LU for almost all kK £ N.

Corollary 1 If a multifunction F : X — >Y is upper - semicontinu-
ous then for every z £ Y each of the function fz is lower - semiconti-
nuous.

The analogous proof can be presented for the next theorem.

Theorem 2 If a multifunction F : X — ¥Y is lower - semicontinu-
ous at xq, then fz is upper - semicontinuous at x0for each z £ V.

Corollary 2 If a multifunction F : X — YY is lower - semicontinu-
ous then for every z £ Y each of the function fz is upper - semiconti-
nuous.

We shall show, that, with the additional assumption for the space
Y, the converse theorems are also valid.
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Theorem 3 If F : X — yY is a multifunction, X is a metric space
and, Y - a compact metric space and for each z £ Y the function
fz : X — YIR is lower - semicontinuous at a point Xo £ X then F is
upper - semicontinuous at Xo.

Proof. Suppose that F is not upper - semicontinuous at Xo- Then
there exists an open set U such that F(x0) C U for which for every
neighbourhood V of the point x0 there is x £ V such that F(x) (f U
In that way we define two sequences {xn} and {yn} such that xn £ X
and yn £ F(xn) \U. Let z £ Y be an accumulation point of the
sequence {yn}. Then z £ U and IximTix?fIZ(x) = 0, but fz(x0) > 0- a
contradiction.

Corollary 3 Let X and Y be metric spaces, Y - a compact one. If
F : X —yY is amultifunction for which fz is lower - semicontinuous
for each z £ Y, then F is upper - semicontinuous

In the analogous way we prove the next theorem:

Theorem 4 Let X be a metric space, Y a compact metric space. If
F : X — vy Y is a multifunction for which fz is upper - semicontinuous
at Xo for each z £ Y, then F is lower - semicontinuous at xo.

Proof. Suppose that F is not lower - semicontinuous at Xo. Then
there is an open set U such that F(x0) MU ¢ 0 and in each neighbo-
urhood V of the point x0 there is an x £ X such that F(x) MU = 0.
Let 2 £ F(x0) MU. Then fz(x0) = 0 and

lim sup f(x) > dist(z, Y\U) > 0.

X— Yxo
The contradiction completes the proof.
Corollary 4 Let X and Y be metric spaces,Y - a compact one. Iffor

a multifunction F : X —y Y each of the functions fz are upper -
semicontinuous, then F is lower - semicontinuous.

We shall give a similar characterization by the aid of a smaller
family of functions fz.
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Theorem 5 Let F : X — Y be a multifunction from a topological
space X to a metric space Y. Then the functions fz are lower - semi-
continuous at a point Xo for each z £ Y if and, only iffor some set O
dense in Y the functions fz are lower - semicontinuous at Xo for each
z £0.

Proof. The necessity condition is obvious. Assume that for some
20 the function fAQ)is not lower - semicontinuous at a point xg. Let
{zn} be such a sequence that zn £ 0, zn — >zo. Then there are a, B
such that
limhiffzo(x) < ot < B < fZ(x0).

Notice, that for every x £ X
IFzO(x) - fz(x)l < dist(z0,{z}).

Therefore one can choose such a sequence {x,} convergent to Xo that
fzn(xk) < a and fZn(x0) > B

for almost all k-s, what is impossible in view of lower - semicontinuity

of fzn-

Theorem 6 Let X be a topological Fréchet space and Y a metric
space. The functions fz for z 6 Y are upper - semicontinuous at xq if
and only iffor each dense in Y subset O the functions fz are upper -
semicontinuous at xo for each z £ 0.

Let us denote by C(F) the set of all points of continuity of the
multifunction F (i.e. C(F) = usc(F) Mlsc(F) ) and by C(f) - the set
of all points of continuity of the function /. Then the set C(F) can be
characterized in the following way:

c(F)= lMNc)= Mcuy,

ZEY ZE&
where 0 is a dense subset of Y.
Theorem 7 Let X be a metric space, Y be a compact metric space.

If F : X — >Y is any multifunction, then the set C(F) is of the type
Gs.
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