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B  n c c j i e H O B a n n n x  n o  T eo p w w  c e T e i l  n B y r n e p n o r o  n p o c T p a n c T B a  c  ceTŁJO 

CBH3biBaeTC.fi p a n  T a n  n a 3 U B a e M b ix  r e o H e 3 n n e c K n x  u  He6bimeBCKMX B eK T opoB ,  

H B H aH io m w x cH  liocMTejiHMM reo n e3 M n ecK M X  m Me6bmieBCKHX c b o m c t b  ceTM. Mbi  

S y n e M  T a n  n a 3 b i B a T b  n e K T o p

( 1) A ‘r a A \ l t e A \ . . .
L f 3 ^ 7

Ha3BaHHbIM B . M .  IIIyjIMKOBCKMM reOHe3MMeCKMM BeKTOpOM ceTM ” a ” OTHOCM- 

T e j i b n o  TpoMKM c e T cii ”0a” , ” pav , ” 7 (1 ”  m BeKTop

( 2 )  aap =  I- A sp a A is/l  =  -  i  A isQA sp/i, . . .
Z  a  L  a

M 3 B e c T i i b i M  b  H M T e p a T y p e  n a n  n e p n b i M  M e 6 b i i u e B C K M M  n e K T o p  B.C. 2 1 y 6 H 0 B a  

( [ 1 ] ,  2 8 ) .  3 n e c b  0 A ls , p A \, 1 A \  n p M B e H e i n i b i e  a c t n J f M n o p b i  t p o m k m  c e T e n

” 7 0 ”  ( [ 1 ] ,  §  8 ) ,  a  n e p T a  o 6 o 3 n a M a e T  K O B a p M a H T i i o e  H M ( l H j ) e p e n u . M p o B a H M e  

B I i e K O T O p O M  a(J ) ( j)M H HO M  C B H 3 H 0 C T M  T .

P e m a e T C H  3 a n a M a : n a M T M  B c e  n p e o 6 p a 3 0 B a i i M H  c B H 3 n o c T e M ,  c o x p a i i f l i o i H H X  

r e o H e 3 M M e c K M M  B e K T o p  ( 1 )  ( M e 6 b n n e B C K M M  B e K T o p  ( 2 ) ) .

I l y c T b  n p e o 6 p a . 3 0 B a H M e  e r  : F   > F  c o x p a n H e T  B e K T o p  ( 2 ) .  0 6 o 3 H a -

n a n  n e p e 3  T  T e i i3 o p  ne<j)opM auM H, cooTBeTCTByiom M M  a TO M y  n p e o 6 p a 3 0 B a n M K > ,  

MMeeM:

A a 1:  =  +  t l ą ?  -  t £ a *„ =  v ^ ,
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O T K y . a a  c j i e , z i y e T  c o o T n o m e i i w e

(TjkST -  T™s ) A km =  0

C j i e / i o B a T e j i b H O ,

Tń c m  r p m  „  ą m  ni a m
j k ° s  ks s 2^1 k y s 3̂ 4 k ,

i \ g e  X {  m y i - n e K O T o p b i e  B e K T o p b i  n o B e p x n o c T H ,  a  ^ A ™  w  3 4̂ ™ - a( { ) ( J ) M H o p b i  J i b i -  

y 6 b i x  n e 3 a B H C M M b i x  c e T e i l  ” 2 Ci”  n  ” 3 a ” , a r i o j i B p i i b i x  c e T M  ” a ” .

r i p M M e M a u H e :  .a J in  y , a o 6 c T B a  2 i a j i b i i e i ł m n x  p a c c M O T p e i i M M  6 y , a e M  C M M T a T b ,  

m t o  c e T M  ” 2 f l ” , ” 3 f l ” , o 6 p a 3y i o T  T p o M K y  c e T e i ł ,  K O T o p y K )  B b i a e M  0 6 0 -

3I i a M a T b  ” a a ” , ” 7 a ” , y C J I O B M B I I I M C b ,  MTO ( a ,  / ? , 7 ) I i p H I I M M a e T  021H0 H 3

T p e x  3 H a M e i iM M  ( 1 , 2 , 3 ) ,  ( 2 , 3 , 1 ) ,  ( 3 , 2 , 1 ) .  Ta.M, r a e  K o p p e K T H o c T b  3 a B H C H T  o t  

B b i S o p a  T p o M K M  c e T e i l ,  B o n p o c  6 b m e T  p e m a i b c n  o c o S o .

B  n o B b i x  o 6 o 3 i i a M e n n f l x  n o c j i e n n e e  p a B e n c T B o  n p M M e T  b m h

T i  rj-tm ^  /i 77i a m
Oi ^jh^ s ~ 0( 1 ks ~  X s Vs ,

C B e p T b i B a i i  o 6 e  M a c T M  3 T o r o  p a B e n c T B a  n o  M u n e K c a M  m  n  5 ,  n a x o , a H M

aTj/. —p A kx j  —7 A kyj\

rioacTaBnM HaiiaeHHoe 3HaMeHne aTjk b n p en u n y m e  paBencTBo, nojiyMHM b u -  
paJKeime TeH3opa 2ie(J)opMaunn Mepe3 Ten3opbi Tponnu

. K  =  K v i ) K  -  s K  -  v ,  - , a ?  =

=  ( e A z s i  - e  Ą s T t e  +  U A ? ą  - 7  =

=  e"lJXj pAks  4- e mjyj  -yAks =  +  y m ^ A k s

( 3 n e c b  £ i j - H e K O T o p b i n  S n B e K T o p  n o B e p x n o c T n ,  M c n o j i b 3 y e M b m  b  K a n e c T B e  B e K -  

T o p a ) .

H T a K ,  T e n 3 o p  a<J)(J}MiiHOM n e ( J ) o p M a u M M ,  c o o T B e T C T E b M o m e i ł  n p e o 6 p a 3 0 B a -  

u m i o  <J : F   » r  M M e e T  c T p o e n n e :

(3) aT sk =  x ipA sk +  y \ A sk, . . .

r n e  X{,yi-  n p o n 3 B O J t b i i b i e  n e K T o p b i  r i o B e p x n o c T n .

I l y c T b  T e r i e p b  b m c c t o  c e T e f t  ” p a ” , m ” 7 a ”  B 3 H T b i  c e T M  ”  p a  ” , m ”  ”  c

a c j ) M H o p a M M
*

p A \ —p A \  c o s + 7 ,4* sina;
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(4 ) i A \ = p  A* sina; + 1 A* c o s u j

T e n 3op ae<J)opMaunM n p e o 6 p a 30BaiiMH er : T   * T  BbipasH TCH n e p e 3

T e n 3 o p b i  H O B o f i  T p o i i K H  a n a J i o r M M i i o  ( 3 ) :

a T ś k  = x  p A sk +  V  y A s k  

* *

r T o a c T a B M B  c i o a a  B b i p a » c e H M B  j\ n n  p A s^  n  - y A sk n  c p a n u M B a n  n o j i y n e m i o e  p a -  

B e n c T B o  c  ( 3 ) ,  6 y a e M  M M e T b :

*

X {=  X{ cos uj +  iji sin  uj 

* 
Ui— —Xi Sili UJ +  \Ji COS UJ

C j i e a o n a T e j i b n o ,  n p n  i i p e o 6 p a 3 0 B a n n n  ( 4 )  T p o n K n  c e T e i ł ,  c o a e p » t a m e f i  c e T b  

” a ćl” , B e K T o p b i  X {  m i j i ,  o n p e a e j i / u o m n e  n p e o 6 p a 3 0 B a i i M e  c b h 3 h o c t m ,  K O T o p o e  

c o x p a n n e T  H e 6 b i m e B C K M M  B e K T o p  c e r u  ” a rt” , c o o i i p e o 6 p a 3 y i o T C . f i ,  T . e .  m m c i o t  

T y  J+ce M a T p m i y , m t o  m a ([x [ )M i io p b i  c e T M .

r p y n n y  p a c c M a T p M B a e M b i x  n p e o 6 p a 3 0 B a n n M  c b h 3 h o c t m  n a 3 0 B e M  M e 6 b i m e -  

b c k o m  r p y n n o i i  c c t m  ’ a ”  m 6 y / i e M  o 6 o 3 i i a M a T b  C / A ( a ) .

A n a J i o r M M i i o ,  r e o ,z ie 3 M M e c K o ił  r p y n n o i ł  c e T M  ” a ”  n a 3 0 B e M  r p y n n y  n p e o S p a -  

3 0 B 3 H M M  c B B 3 H o c T e M ,  c o x p a i m i O B i M X  re o ^ .e 3 M M e c K M e  B e K T o p b i  ( 1 )  c e T M  ” a ”  

O T H O C M T e j i b H O  T p o e K  c e T e i ł ,  c o a e p > K a u i M X  3 T y  c e T b .  3 T y  r p y n n y  o 6 o 3 H a n n M  

C M M B O JIO M  GT(a).
ripn a a M e n e  tpomkm ceTeił no (JiopMyjiaM (4) reo^e3MMecKMił BeKTop ( 1) 

n p e 0 6 p a 3 y e T C .f i  no 3aKony ( [ 1 ] )

a cv,=Q a,- cos 2uj + a A \  acts sin 2a;

C j i e A O B a T e j i b n o ,  e c j i n  n p M  n e K O T o p o M  n p e o 6 p a 3 0 B a i i M M  C B i r e n o c T e M  o c T a e T c n  

H e M 3 M e i iH b iM r e o / ie 3 M M e c K M M  n e K T o p  c e T M  O T i i o c M T e j i b i i o  K a K O M -H M 6 y ,a b  T p o i ł K M ,  

t o  H e  M 3 M e n i H O T C H  n p M  3 t o m  n p e o 6 p a 3 0 B a i i M M  r e o ^ e 3 M M e c K M e  B e K T o p b i  c e T M  

O T H O C M T e j i b H O  B c e x  T p o e K ,  c o T ie p > K a in M X  3 T y  c e T b .

IlycTb r  : r   > r  - npeo6pa30BanHe, coxpanfliome, reoae3MHecKMe B e n -

TOpbl c e T M  ” a ” . 0 6 o 3 I la H M M  T e i o o p  a(l)(i)MHHOił JietJlOpMailMM, COOTBeTCTBybl- 

y m e i ł  3TOMy n p e o 6 p a 3 0 B a i i M i o ,  n e p e 3  Z, 6yn.eM  MMeTb:



126 B.A. K a M a e B

0 T K y . u a  c j i e ^ y e T ,  h t o

( 5 )  4  , A ) Ó ?  -  t ™  , Ą  =  - P s  p A r  -  ę .  . . .

yMiioH<afi o6e nacTM nocjieanero paBencTBa na -yA^, nojiynaeM

C  =  - , A kn  , A # fc« T  +  Ps a A ?  +  qs6™.

IlpoajibTepHMpoBaB paBencTBO no mmencaM n w S h yMTH CHMMeTpmo TeH3opa
- im .

ns*

£ n * ( 7 ^ m 7 ^ ' 4  A ™ 1 P l  +  CJ™) =  0 ,

n a x o , n n M  B b i p a j + c e n n e  B e K T o p a  ^ A m  7 A * - 4 . n e p e 3 B e K T o p b i  p n  w q n :

^ A m yAjt-^ a A mpi — </m.

Tlocjie no^cTanoBKH nojiynenHoro Bbipa>Keimn b paBencTno (5) nojiynaeM

C  =  ( ~ X p /  +  9 » ) C  +  P s  a A Z  +  ą s K  =

=  +  ? . C  +  « » C  =  p ”  +  2 « ( ™ < 5

TaKMM o6pa30M, Teioop ^ecIiopMaunn npeo6pa30BaHHH reo^e3MMecKOM rpynnbi 
ceTH HMeeT cjie^yiom ee cTpoeuHe

(6) faJt =  pl aA sk +  2q(s8lk) . . .

rne pi  n q{ - npoM3Bojibiibie BeKTopbi npocTpancTBa. EcTecTBenno, m t o  reoae- 
3MnecKafl rpynna ceTH BKJiionaeT rpynny npoeKTHBHbix npeo6pa30Baim ii cBbi- 
a3H0CTen (npeo6pa30Bannn, coxpaiijnomnx reo.a.e3MMecKne BeKTopbi Bcex ceTen 
noBepxnocTn: P [ X 2 )) .

M3 (3) n (6) Jierno ycMaTpMBaeTCH cw ob  Mem^y ne6bnneBCKMMn n reo- 
ae3MMecKMMM rpynnaMH ceTen TponKM, a MMemio: nepecenenne ne6biuieBCKnx 
rpynn a sy x  ceren rponKn n30Mop(Imo (JiaKTop-rpynne reo;ie3HHecKOM rpyrinbi 
TpeTbeti ceTH rio no/irpynne npoeKTHBiibix npeo6pa30BannM:

G A  ( a )  f i  G A  ( a )  ~  G T ( a ) / P { X 2 ).

P a c c M O T p n M  n o a r p y n n y  r p y n n b i  G r ( n ) ,  KOTopyra o G p a a y i o T  n p e o 6 p a 30BanwH 

i n n a  ( —  <7 ,  ( / ) ,  r a e  q —  n e K T o p ,  . n o n o j n i M T e j i b n b i w  k  q ,  b  M C T p w < e  T e i i 3 o p a  A i j  —
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E m j A ™ . T e H 3 o p  Aec{)opMauMM T a n o r o  n p e o 6 p a 3 0 B a H H H ,  c o r j i a c n o  ( 4 ) ,  MMeeT 

c j i e ^ y i o m e e  c T p o eH M e:  

K k  =  A sk  +  2  q ( s s'k ) =  — A t m  A s k q m  +  ^ cl(s6'k ) 

m c^reao B aT e j iŁ H O , m m  HMeeM .zrejro c  r p y n n o M  KOH(J)opMHbix n p e o 6 p a 3 0 B a H M i i  

CBfI3II0CTeM BeMJI.fi C OCHOBHMM T e iI3 0 p 0 M  A { j  ( c M .[2 ] ,  § 4 4 ) ,  KOTOpyiO yCJIO-

BHM Cfl o 6 o 3H a M a Tb  C ( A i j ) .

B k j i i o m h m  c e T b  ” a ” b  H eK O T o p y io  T p o M n y  c e T e n :  ” a a ” , " / j a ” , ” 7 a ” . TI jih  

act)<J)MiiopoB TpoMKM MMeeT MMecTo (fjopMyjia . ( c m . [1],  § 8 )

c,A* aA Jk + p  A \ p A k + 7 A \ 1A k +  8\83k =  0.

143 3T0M (J)O pM yJlbl C nOMOUlblO COOTHOUieHMH

a A 33 a A m n - a A in a A l  =  8lJ 3n

( c m . Ta.M * e )  n o jiy n a e M :

C¥ =  l

I4 cn o J ib 3 y .f i  s t o  c o o T n o u r e i iM e ,  n p e o 6 p a 3 y e M  T er i3 o p  jrecIfopMairHM t ls k  p a c c M a -  

TpM B aeM bix  n p e o 6 p a .3 0 B aH M M  k  BMjry:

t i k =  ( p A i m p A sk + 7 A inV [ sk) q m ,

O T K y ^ a  ir.Jie.nyeT, m t o  p a c c M a T p M B a e M b ie  n p e o 6 p a 3 0 B a r iM H  npM HanJie>KaT Me- 

6 bimeBCK0 M r p y n n e  G A ( a )  ( x l = p  A t m q m , y l = 7  A i m q m ) .  C j i e a o B a T e J ib H o ,  

MMeeM

C ( A i j )  C  G T ( a )  n G A { a )

O S p a T n o e  BKJiroMeuMe OMeBHjnio. TaKMM o 6 p a 3 0 M ,  MMeeT MecTO c j i e n y io m .e e  

yTBep>KjreHMe: r r e p e c e H e i iM e  reone3M H ecK O M  m MeCbinieBCKOM r p y n n  ceTM ” a ” 

e c T b  r p y n n a  n p e o 6 p a 3 0 B a n M M  CBH3nocTeM n o B e p x n o c T M ,  aBTOMop<ł>Hbix o t h o - 

CMTeJlbHO MHOJKeCTBa CBH3H0CTeM BeMJIH c  M3OTpOIIH0M CeTbK) ” a ”  :

G T ( a )  f i  G A ( a )  =  C ( A i j ) .
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3aMeTMM, m t o  n p e o 6 p a 3 0 B a n M H  r p y n n b i  G T ( a ) ,  n p H B o a B i U M e  k  c b h 3 H o c t m ,  b  

k o t o p o m  c e T b  ” a ” H e S b i u i e B C K a H ,  o n p e ^ e J i B e T C B  B e K T o p a M H  p  h  q ,  C B H 3 a H H b i M H  

y c j i O B M e M

P i  =  A - ( a s -  q s ) .

O T c i o . u a ,  b  H a c T i i o c T H ,  c j i e ^ t y e T ,  m t o  e a n H C T B e H H o e  T a n o e  n p e o 6 p a 3 0 B a H n e  

T M n a  ( p . , 0 )  r p y n n b i  G A ( a a )  H M e e T  T e H 3 o p  a e t t o p M a n H H

f i  _  A i m A n
Lsk a a - ^ s k  cxLlm  •

T a n  Ka,K 3 T 0  n e p o 6 p a 3 0 B a n n e  n p M H a , a j i e > K M T  r p y n n e  G A ( a )  H  G A ( a )  ( c m .  

( 5 ) ) ,  t o  o h o  H e  M 3 M e i H i e T  H e 6 b i i u e B C K n x  B e K T o p o B  c e T e i ł  ” g a v  u  ” 7 a ” . O T c i o ^ a  

c j i e a y e T ,  m t o  b  p e 3 y j i b T a T e  K O M n o 3 n n n n  n p e o 6 p a 3 0 B a . H M H

3
i-pi   \  '  A i m Ą  n

sk —  /   ̂ a-**- <ys*sk a ^ m
<y— \

Mbi n o j i y ^ a e M  c b b 3 i i o c t l > ,  M 3 B ecT n y io  n o ^  n a 3 B a n n e M  c b b 3 h o c t h ,  n p n c o e ^ M -  

n e n n o H  k  T p o i iK e  c e -r e n  ( c m .  [1], §§42,78). r T o ^ o 6 n o  TOMy, K a n  b  r e o a e 3 M M e -  

c k o m  r p y n n e  e c T b  n p e o 6 p a 3 0 B a H H H ,  ^ e j i a i o m n e  c e T b  MeGbim eBCKon, b  MeGbi- 

ineBCKoii r p y n n e  G A ( a )  e c T b  n p e o 6 p a 3 0 B a H M H ,  . n e u a io m M e  c e T b  ” a ” r e o n e 3 M -  

M ecKoił.  B e K T o p b i  X  m  y  TaKMx n p e o 6 p a 3 0 B a .H H M  cB B 3 an b i  y c n o B w e M

U i  — a  A j  X s '*y A j  a & S '

E c j i m  X - 2  e c T b  n o B e p x n o c T b  T p e x M e p n o r o  a c M w H H o ro  n p o c T p a n c T B a ,  t o  c  

CeTblO MOJKIIO aC C O nH npO B aT b  .ABC CBH3H0CTM: CBH3HOCTb r p M H a  M CBH3HOCTb 

M e 6 b n u e B a ,  M iu iy n H p o B a n H b ie  AByMH o c i i a m e n n u M n  c  T eM n  »ce Ha3BaHHHMM 

( [ 3 ] ) .  M m c i o t  MecTO ABOMCTBeiiHbie T e o p e M b i :  BCBKan c e T b  HBJineTCH r e o / i e -  

3MMecKoii (M eSbim eB C K oii)  b  CBoeii  c b b 3 h o c t h  T p i n i a  ( c b b 3 h o c t h  H e S b i m e B a )  

( [ 3 ] ) .  Y M H T biB an  3 t o t  (JiaKT, a  T aioK e ( 3 )  m ( 6 ) ,  m o * h o  y n a 3 a T b  MHO>KecTBa 

c B H 3H ocT ei ł  n o B e p x H o c T n ,  b  KOTopbix  a a i m a f l  c e T b  HBJineTCH reo ,ne3M M ecK oił  

(MeGbimeBCKoii)

A’ =  {^)k =  ^)k  +  Pl « A jt +  q(jł>l)/pi, qi e AA2}

M
y  =  { I i#  =  A ji  +  „ A j t  +  y ‘ y< €  X 2]

3 n e c b  T ) ^ . - c B H 3 H o c T b  r p M H a ,  a  T j^ . -  CBH3H0CTh M e G b im e B a  ceTM ” a ” .
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