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On algebra generated by derivatives 
of interval functions

Aleksander Maliszewski

0.1 Introduction.

In 1982 D. Preiss [4] proved the following

T h e o r e m  0.1.1 Wheneuer u : IR — * IR is a function o f  the first class, 
tliere are functions f , g and h possessing finite derivative euerywhere such 
that u =  f  ■ g' +  h ' . Moreouer, one can find such a representation that g' is 

bounded and h' is Lebesgue and in case u is bounded, such that f  and h' are 
also bounded,

which was the solution of A. Bruckner’s problem concerning the algebra gen
erated by derivatives (it is exactly the first class).

In this article we generalize this theorem changing the domain of u. How- 
ever, we obtain the generalization only for bounded functions. In the proof 
we use the Preiss’s method.

0.2 Preliminaries.

In this section we develop notation and state some known results to which 
we shall refer.

The real line ( —c c ,+ o o )  we denote by IR and the set of positive inte- 
gcrs by N. Throughout this article m  is fixed positive integer and the word 
function means mapping from IR.m into IR unless otherwise explicitly stated.
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A function is said to be in the first class of Bairc (Z?1) if it is a pointwise 
limit of a sequence of continuous functions (with respect to natura! topol
og}'). We denote by C the farnily of all Lebesgue rneasurable subsets of IR” ‘ . 
The Euclidean distance of two points in IRm, of a point in IRm and a sub- 
set of III”1 and of two subsets of IR” ‘ are denoted respectively by n (x ,y ) ,  
g (x , A ) =  inf { g ( x , y )  : y £ A )  and o (A ,  B )  =  inf { g (.r, y) : x £ A .y  £ D ) .  
For eacli A  C IRm we denote by \A\ its outer Lebesgue measure, by diam/1 
its diameter and b}- \ a its characteristic function. A  differentiation basis is a 
pair ( I ,  =t>), where 2  C £  is composed of sets of positire finitc Lebesgue niea- 
sure and => is a relation (called the convergcncy relation) betwecn sccjucnces 
of elements of 2  and points of IR"1, sucli that the following two conditions 
hołd:

1. for each x £ IR"1 there is a secpience { I n : n £ N }  o f elements of 2  
convergent to x.

2.. each sub&ecpience of a sequence coneergent to sonie x is also conrergent 
to x.

I f P  : 2   > IR tlien the notation lim P { I )  =  a means “ for each secpience
I = > X

{ I n : n 6 N )  C 2, if { I n : n £ N }  => x, then liny P  (7n) =  a.v We ca.ll 

function / a derivative (with respect to the differentiation basis (2 . =>)) iff 
there exists an additive function F  : 2  » IR such that lim F(I)/\ I\  =  f ( x )

1 = > X

for each x £ IRm. We sa\r that / is a Lebesgue function (w.r.t. (2 .  =>)) iff 
lim f j  | f ( t )  — f ( x )| dt/\I\ =  0 for each x £ IRm. (W e reca.ll t hal each Lebesgue
J=>r
function is approximatcly continuous and each bounded approximately con
tinuous functions is Lebesgue.) Point x  £  1R"‘ is a density ])oint ol A  £  C 
(w.r.t. (T ,= ^ ) )  iii lim 1.4 fi /1/J/j =  1. By .4 -< B  we denote that A C B

1 = > T

and eacli x £ A  is a density point of B. We cali function / approximatelv 
continuous i 1 f for each .r £ IR”1 and each £ >  0. :r is a density point of 

{?/ £ IIP11 : |/(j/) — /(•'!')! <  ^}- ^ (> denote liy a V b (a A b) not smaller (not 
greater) of real numbers a and b. respect i vely. II j  is any function and ./• £ 1R"‘ 
then by u.’(/. .r) =  inf {sup {|f ( y )  — / ( ;  ) j : \y — x\ <  £, \: — .7'| <  £} : £ >  (l) 
we denote the ości Hal i on of / at x: 1 >y \\ I \] w o denote sup{|/(.r)j : :r £ 1!!'''). 
By sgu we denote the sign function.

! 11 i the en d of this article (2 . =:■} den ot es so called on h nary di llertuit ialion 
basis ( i.e.. 2  is t he lamih' of all ui-dmiensioiiai mtereals and { /,, : ii £ X ] =t- ./■
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ilF =  n -= i Fu, linin—,» diam I n =  0 and limsuprl_ 0O (d ia in/„)m / |/„| <  oo) 
and terms derivative. Lebesgue function. approximately continuous function 
and density point are used with respect to this basis.

The iollowiiig t.hree theorems are due to M. Chaika [1 ] and Z. Grandę [2].

T h e o r e m  0.2.1 Assurne that .1 £ C. F  is closed and F  -< A. Then there is 
a closed set B  C .1 such that F  -< B .

T h e o r e m  0.2.2 Assume that E. F  are dis jo in t  sets o f  type Gs, such that the 
scts IR"1 \ E and IR,,l\ F  contain only the density points o f  themsehes. Then 
there eiists an approximately continuous function f  such that:

• f { x )  =  0, i f  X  £ E.

• /(.r) =  1. i f  x £ F .

• 0 <  f ( x )  <  1, i f  x ( E  U F ) .

T h e o r e m  0.2.3 Wheneuer f  £ B l and E  C IRm is a nuli set, there is an 
approrimately continuous function g such that f ( x )  =  g (x )  fo r  x £ E .

0.3 Auxiliary lemmas and main results.

L e m m a  0.3.1 Suppose that B  £ C. F \ , . . . , F n are pairwise disjoint, closed 
subsets o f  B . such that Fi -< B  f o r  i =  l . . . . , n  and c i , . . . , c n £ IR. Then
there is a Lebesgue Junction f  such that f ( x )  =  c,- i f  x £ Fi, i =  l , . . . , n ,
/(.r ) =  0 if  x (f B and ||/j| <  max { c, : i =  1 ,.. .  ,rt}.

P ro o f .  For i =  l , . . . , n  we put </, =  { g ( x , F j )  : j  =  l , . . . , r i , j i  7  ̂ i }  and 
.1, =  {.r £ B : o ( x , F,) <  d ,j. Then F, -< A ,, sińce if x £ Fi, x £ / £ X 
and diam I  <  r/, . then l  D .1, =  / H B. Let B t C .4, be closed and such that 
F, -< Bi (Theorem 0.2.1). Find a Gs set C t containing all points of Bi that 
are not points of density of such that |C,| =  0 and Ci fi Fi =  0. Apply 
Theorem 0.2.2 to find an approximat,ely continuous function f, such that:

.  /,(.r) = 0 .  if .r £ IR"1 \ ( Bi \ C i),

. f , ( x )  =  1. if x £ Fi.

• 0 < ./ ' ,<  1 on IRm.
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Put / =  C\ ■ f i  +  • • • +  Cn • /„. This function satisfies claimed conditions sińce 
the sets B \,. . . ,  B n are pairwise disjoint.

L e m m a  0.3.2 Suppose that the set A  C IRm is nonyoid, bounded and mea- 
surable, and function v is measurable, such that ||u • <  c <  oo. Then fo r
each s >  0 there exist approximately continuous functions f  and g, such that

i) / { * )  =  y {x ) =  0 f o r  x A,

ii) 11/11 < c V v / c ,  ||5 || <  1 A \/c,

iii) Jr f { t ) d t  <  e, £ g ( t ) dt <  £ fo r  every interual I g i ,

iv )  [  \v(t) -  f ( t )  ■ g (t)\dt <  £.
J  / ł

P ro o f .  Represent A  as a union of nonempty, pairwise disjoint measurable 
sets A i , , A n, such that

diam A; <
• (1 V diam A ) 

3m  • (1 V c)

1 — m

and u  (u, A,-) <
31A | +  1

for i =  1 , . . . ,  n. For i — 1 , . . . ,  n, find closed, pairwise disjoint sets P i , Qi -< A,- 
such that |P;| =  \Qi\ and |At- \ ( P t U Qi)\ <  e/(3n ■ (1 V c)). Choose also any

Xi e  A,-. Put a i =  |u(x,)| V yj\v (xi)| and b{ =  ( l  A yj\v (x , )| )  • sgn (u (x , ) ) .
Let / and g be Lebesgue functions such that:

• f ( x )  =  a,-, g (x )  -  bi, if x G P iy i =  1 , . . .  ,n,

• f { z )  =  - a ; ,  g (x )  -  - bi, if x G Qi, i =  l , . . . , n ,

• f ( x ) — Oi <j(x ) — 0, if x (f A,

• 11/11 < c V / ,  ||tf|| <  1 A / ć .

(W e use Lemma 0.3.1.) Then i) and ii) are obviously satisfied. Since for 
i =  1 , . . . ,  n

[  / (O  dt — [  f ( t ) d t
JA,

< {c V y/c)
3n • (1 V c )  ~  3n

<



O n  a  i . c ; i '  b  i i  a  g i c n k u a t m o  » v  D E i m w m o c s

s u  f u r  e v e r v  i n U - r v ; i l  /

! / / ( , ) , " !  = j / o i  / (o . " |

< E | /  n n M - r  E
A,\I^ I I n  A t

/ n U  A i<  n -c -/ (3 ;t )+  / |/(/)|^ < c / 3  +  ll/ll

<  ć/3 +  ( c V v'/cj  • 2/łi ■ max {diam /l, : i =  1 , •  (diam A )

<  c/3 +  2?77 ■ ( c  V \/c) • (diam .4)’;

771 — 1

.j £ • ( i V diam .4) 

3m • (1 V c)

1 — m
< 5 .

Similarly 

intcrval /. Clearlv

[  g ( t )  dt\ <  5/(37?) for ? =  1,...,?7 and [  q { t )d t  
Ja, I 2/

<  5 for every

/  N O  -  /(<) -y(0|<A =  E  /  N O  _  / (O  • //(Ol
. / . 4  { = 1  *7 .4 ,

t/£

< E /  N 0 - / ( 0 - $ ( 0 l < f t  +  E  / N O - / ( O - 5 ( 0 1 *1=1 2p,uQ, 1=1 2.4,\(AuQ,)

<  E  I I V  -  /  ( x i )  ■ 2  ( i i ) I I  • I A -1 +  E  l | w -  /  • 5 || • \ A i  \  ( P i  U  Q i ) \

:=1 i=l

<  y ^ ( v . A t ) • 1/1,1 +  V 2 c -  ; < • L 4 | +  2 n
3  n3 ? i  • ( 1  V  c )  -  3 1. 4 1 +  1

which completes ihe proof.

L e m m a  0.3.3 Assnme that U 1 . //>,... i.s a seguence oj pairwise disjoint 
compact subseds oj IR’71 and A/. l\ >. . . . is a seguence o f  non-negative real 
nu ni bers such that the function ' \Hn belongs to the Jirst class of
Bnire. Th en I herc is a seguence 5i.5-j,... o f  posiline numbers such that the 
foliowing condit ions hołd:

'./ ./1 -./:•••• <1' "  deriratires. such that fo r  fach n £ N, |/n| <  I\Tl ■ \ u n 

mul IJ  l n(t.)il,‘ \ <  5n Jor crery i niemal I . then function f  — f n is

77 ile ri.ru tire.
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ii) i f  w i , w?, . . .  ci rc. approzirnutcly continuous functions. such that f o r  cuch

u.'n(/ )d/j <  su. then func t ionu 6 N, |ic„| <  K n ■ \ h„ and 

u1 =  u'n Os fi Lebcsguc function.

P r o o f .  Since the function K n • \//„ is in Ihe first class of Baire, there
cxists a family of compact sets T  =  {T , : i £ N } ,  sucli that for each r >  0 the
set {a- £ IRm : ] T ^ i  K „  • ,\7/„ <  r ] >s a union of some subfamily of T .  For

each n £ N set I I n =  [J  //,U T, and £„ =  2_n - f l  A (//n- F/n) )  j-
_ TnU -fl O /»<n r,n//n=p

i) Since for every intcrval / the series f j f n( t )d t  is absolutely con-
vergent, so the interval function F ( I )  =  // f n [ i )d t  is additive. We
will show that it satisfies the following condition:

(T )  for each z £ lRm and each £ >  0 there exist.s an ij >  0. such that for
r ^ - r ^ r  , ,  , , |F(/) -  / (x )  • |/| | „ .

every 1 £ I ,  i f  x  £ I  and d iam  / <  rj. then  — ------——------- <  5.
( d i a m / )

Then for each z £ ]Rm and each sequence {/ n : n £ N }  C I  convergent 
to r  we will have

lim
Ti — >-00

F ( I n)
~  f ( x )

(diam I ) m 
lim sup ----- =  U,

r  F <'> f I i
'■c "  ! t s  I T T  =  / ( 'T ) '

Take an z  £ IRm and £ >  0. Note first that if z £ I IV for some 

p £ N, tlien for everv n >  p and every intcrval /. if z £ I .  then:

ł l n f i  / ^  0 im plies o ^//„, //„) <  d iam  /, so

J ,
f n ( ł ) d t <  <  2' (ff ( U , - U . . ) )

\ \ I I ,  +  1

<  2' (diam I ) 771 +  1

• //„ Pi / =  0 im plies j  f n( t ) d t  =  0.
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Ilence-if diam / < d, then ^ =P+lf , f M ) d t OO .
< ć, i.e., Y  \

(diam I ) m
OO

n=p+l 1

satisfies condition ( T )  with lespect to ^  /„, and sińce each of func-
n = p +  l

tions f \ , . . . , f p is a derivative. so condition ( '£ ) is in this case satisfied.

On the other side, if x 77n, then for r  =  e/2 choose p G N,
such that x € Tp and Kn ' \H„ <  r  011 Tp. Then for every n >  p
and every interval 7, if x G 7, then:

• Hn O Tp ^  0 implies K n <  r, so

dt </•• |/| <  r • (diam 7)m,

if H n n Tv =  0 and Hn O / ^  0, then o ( H n, 77n) <  diam 7, so 

J fn ( t )d t \m+l<  £ <  2_n • [g  [ H n, H n) )  <  2_n • (diam 7)

• fmally //7l fi 7 =  0 implies J  f n[ t )d t  =  0.

Hencefor every interval 7 of diameter less than £>(x,Un=i Hn)A (e/2 )  

L Z J , f n ( n d t
<  r +  diam 7 <  s,

(diam /)”*

so condition (D ) is in this case also satisfied, becanse / (x )  =  0.

ii) Let .r G lRm. Put u =  Yinn^r iL'n RR<1 u — w — u. Since u is bounded and 
approximatelv continuous, x is a Lebesgue point for u. On the other 
side from i) |e| is a derivative, and sińce v (x )  =  0. x  is a Lebesgue point 
lor v. Hence x is a Lebesgue point for w.

L e m m a  0.3.4 Whcncerr u is u function o f  the first class o f  Baire there exist 
u function oj the jirst class oj Baire r. a srtiuence { I I rl : n G N }  oj pairwise 
disjoint compact sets and a sciiucnre {cn : n G N )  oj positirc numbers such 
that the Jollowin/j condilibns an satisjird:
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i) u — v i-s H/i approsimati Ig continuous function ,

ii) (> /.s <ipprosimale.il/ continuous at uli points oj (J',t=i ^ ri <

iii) e(.r) =  O, i/.c G //„ f or no mc. n G N and x is not a dcnsity point o f  I I n,

IV) |(’ | <  Z n = i  c» ■ \//„ OK IRm.

v ) cn • \//„ belongs to the first class o f  Baire,

vi) v is bounded procided that u is bounded.

P ro o f .  Let E  be a set of measure 0 containing all points of approximat.e 
discontiuuity of u, such that IR.’" \E  is a O-dimensional space. Let p be
an approximately continuous function, such that p ( x )  =  u(.r ) for x G E
(Theorem 0.2.3). Put v\ =  u — p  and .V =  {x  G lRm : p {x )  f i  u (.r)}. Then 
function log|i>i[ is a function of the first, class of Baire on .Y, so there exists 
a function g : .Y ——» IR of the first class of Baire 011 .Y, such that the set 
of its values is discrete and jlog jL’ 1 ( .r) j — //(.r)| <  1 for x G -Y (§31, Chapter 
V I I I .  Theorem 3 in [3]). Using that .Y is a O-dimensional space and an 
Fa set. we can represent X  as the union of pairwise disjoint compact sets
X  =  ur= i Hn> such that g is constant on each I I n (§30, Chapter V  in ;3j).
Put w (x) =  cxp (g (x )  +  1), if x G -Y and w (x) =  0 otherwise. Let cn be 
the value of w on I I n (n  G N). Then condition v) is satisfied because w is 
non-negative and for every a >  0

• {.r € IR'" : w(x)  >  a ) =  j.r G X  : g ( x )  >  — 1 +  log a }  G F„.

9 {•/' G IR"1 : tŁ’ ( . r )  <  u} =
=  {■/' G A : //(.r) <  — 1 -f log a)  U {.r G lR.m : 1111 ( ,r) j <  a ■ e ~ '}  G F„.

Let E x be a set ot measure 0 containing all points of approxirnate discon-
tinuit.y of function r, and all x G IR’", such that x G Hn for some n G N and
x  is not a density point of //„. Put /.:• =  ( u, A (u, V U)) V i A 0). where c>,
is an approximately continuous function. such that cR .r) =  u ( x )  for x G E\ 
(Theorem 0.2.3). flien function o  is rlearly approximat.ely continuous. and 

smee (’ ! A 0 <  c  <  et V ,0 and |/’i| <  tu — !Cn=i ( n ' Xl f „  - srt »’ =  t-*i — c  satisiies 
condition iv). fl ie  ot her conditions are obvious.



O n  a l g e b r a  g e n e r a t e d  b y  d e r i y a t i y e s 29

T h eo rem  0.3.5 W henever u is a fu n c t ion  o f  the f irs t  class there exist a 

derivative f , a bounded derivative g and an aproximately continuous fu n c t ion  

h such that u =  / -g +  h (a l l  notions with respect to the ord inary d ifferentia tion  

basis). In  case u is bounded we can firid such a representation that f  and h 

are also bounded. (So, in particu lar, h is a Lebesgue fu n c t io n . )

Proof. Choose an approx im ately  continuous function v a seąuence o f  pairwise 

disjoint compact sets { I I n : n £ N }  and a seąuence o f reals { cn : n £ N }  ac- 

cording to Lem m a 0.3.4. For the seąuences {//„ : n  £ N )  and { K n '• u £ N } ,  

where I\n — cn V \/c„, we find posit ive numbers { en : n. £ N }  according to 

Lem m a  0.3.3. For each n use Lem m a 0.3.2 w ith  A  — H n and e — en to con- 

struct functions f n and gn w ith  properties described there. F rom  Lem m a 0.3.3 

we see that the functions /  =  fn  and g =  Y)ŹLi 9n are derivatives. Using

the conditions i i) and iii) o f  L em m a  0.3.4 we get that for each n £ N  function 

v ■ x h u is approx im ate ly  continuous. B y  Lem m a 0.3.3 we get that function 

v -  /  • g  is a Lebesgue function (sińce v -  f  ■ g  =  £ ^ = 1  ( u 4 XHn ~  fn  • ^n))- 
There fore  the function h =  u — f  ■ g  =  (u  — v )  +  (v  — /  • g )  is approx im ately  

continuous.

I f  u is bounded then so is v and, conseąuently, so is /  and hence so is h. 

T h e  other conditions are obvious.

0.4 Queries.

Q u ery  0.4.1* Giuen an unbounded Ba ire  one fu n c t ion  u : IRm — > IR, can 

we f ind  derivatives f ,  g and h (with respect to the ord inary d ifferentia tion  

basis) such that u =  f  ■ g +  h?

Q u ery  0.4.2 Giuen a fu n c t ion  u in the first. class o f  Baire, can we f ind  

deriuatiues f ,  g  and h (with respect to the strong d ifferentia tion basis) such 

that u =  f  • g  +  h ?

(W e  recall that strong differentiation basis is a pair (X, =4>), such that X  is the 

fam ily  o f  all m-dimensional intervals and { I n : n £ N }  x  i f f  { . r }  =  D,tLi In

*Recently, R. Carrese answered this ąuestion in the positive— R. Carrese, On the algebra 
generated by derivatives of internat functions, Real Analysis Exchange 14 (2), (1988-89), 
307-320.
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and l im ^ o o  diam I n =  0.)
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