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H e a S e j i e B B i  r p y n b i  c  ^ o n o j i H i i e M B i M H  

c e p B a H T H b i M H  n o ^ r p y i m a M H

J I . M .  K j u m K a i i

T e o p w i a6ejieBbix rp y n n , Ka.K m T eopw i KOHemibix rp y n n , Bcer.ua CJiy- 

>KMJia hctomhmkom hobm x Ba>KHbix M/iew nim  obuieJi TeopMM rp y n n . IlepeH e- 

cenne pe3yjibTaTOB Teopnn a6eJieBbix rp y n n  Ha Te mjih HHbie KJiaccbi He KOMy- 

TaTMBHbix rp y n n  npwBoaMT m ior,aa k noHBJierimo (J)yHjiaMeHTajibiibix TeopeM  

h nonflTHM. KjiaccnnecKMM npHMepoM o to to  cJiy>KMT Teopm i nojiribix r im e p -  

HeHTpaJibHbix m jioKaJibiio-nHJibnoTeHTHbix rpyrm , C03aannaH b p a 6o T ax  C.H . 
MepmiKOBa m A.M . M ajibn eB a. 143 nocJiem m x nocTmKeiiMM na sto m  nyTM mo- 

>kho BbmeJiMTb, nanpMMep, nojiynenubie IO .M . TopHaKOBbiM aHajiorw TeopeM  

Hpioctiepa-KyjiMKOBa ann jioKaJibHO-nopMaJiHbix rp yn n .

B 50-x r o a a x  C .H . HepriHKOBbiM Skijih M3yneHbi aSejieBbi rp yn n w , b KOTopbix 

^onojm neM bi Bce cepBaHTiibie no,nrpynnbi.HcnoJib30BaHHe ocHOBHbix b Teo- 

pim  a6ejieBbix rp y n n  noriTMM cepnanTiioM nonrpynnbi a npnM oro pa3Jioa<eHHH 

npMbejio b 3 tom  cjiy n a e  k KOHCTpyKTMBHOMy onucanHK) yKa3aHbix rp y n n , n p w -  

neM, ocHOBHbiMH ejieMeiiTaMn KoncTpyKnnn HBHJiHCb riojmbie rpynnbi, n p m ia p -  

iibie orpaHHnenubie rpynnbi w rpynnbi K onem ioro pau ra  6e3 KpyHeiiwi. HHTe- 

p e cn o , b MacTHOCTn, mto Bbinejiemibin KJiacc rp yn n  0Ka3ajicn c xapaKTepiibiMM  

ycjioBMHMM KoiieMiiocTM. C .H . MepnHKOBbiM 6bui yna3aH T aK *e nycTb n ep en e- 

cen w i 3tmx pe3yjiTaT0B na neaGejienbi rpynnbi, coctohihhK  b tom , mto ycjiOBMe 

nonojiimeMocTM iiajiaraeTcn na cepBaHTiibie nonrpynnbi Bcex MaKCHMajibHbix 

a6ejieBbix rionrpynn. Ta.Kne rpynnbi nonyMMJiM iia3Bam ie C P - r p j m n .  O n u c a -  

Hue hx npencTaBJineT noBOJibiio cJioiKiiyio 3anaMy na»ce b cjiyn ae .zmycTynemio 

pa3pem nM bix rp y n n  b oSuieM cjiy n a e  nona ne pem em iyio.

B nacTaim ien paSoTe M3yMaeTcn CTpoenne iiepn/iiiMecKnx C P -r p y r m  npH 
ycjioBMM iiajiHMMii y nnx nopM ajibHon MaKCMMajibiioM abeiienon nonrpynnbi. B 
nanbiienm eM  mbi CyneM noJib30BaTbcn cjie;iyiom nM H yTBep>KnennflMH:
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J I E M M A  1. (c m .[2, jie M M a  2]) IlycTb G =  AXB, A  D B — 1 r,ne A 
h i^-a6ejieB bi rpynnbi. Ecjim A\- n o a rp y n n a  H3 A, G1 =  C s iA , ) ,  C2 =  

Ca (Gi ), to  C\ X  C2 -  MaKcnMajibHan aSejien a n on rp y n n a  rpynnbi G.
J I E M M A  2. ( cm .[1 , T e o p e M a  6 ]) . Ecjim G -a G e j i e B a p -n p M M a p n a H  C P - r p y -  

n n a . m G =  17a  G a -H e K O T o p o e  e e  n p u M o e  p a3J io »ceH M e b n p H M o e  n p o M 3 B e a e iiM e  

r p y n n  p a u r a  1, t o  ohhhm M3 n o n ojraeH M M  c e p B a H T H o fi n o .a .r p y n b i b G  HBJineTCfl 

rip o M 3 B e a e iiM e  H e n o T o p o r o  M M H O * e c T B a  n o n r p y n n  Ga.
J I E M M A  3. IlycT b G - nepMaMnecKan C P -r p y n n a , coiiepstainaH MancM- 

MajibHyio HopMajibiiyio a6ejieB y n on rp y n n y  A.  Tor,aa  G  =  A X B , r /ie  A  m 

Z?-a6ejieBbi rpynnbi, A  =  U i A ,  jiioSaB Aj-KBa3MHMKJiMnecKaji hjih UMKJiMMe- 

cKafi npnM apHafl rp y n n a , A{ <1 G. UeiiTpajiM 3aTop jiioGom nonrpynnbi A[ b 

B  coBna/iaeT c ueHTpajiM3aTopoM ee HM>Knero cjio.h.

Z [o K a 3 a T e jib C T B o . FIo T e o p e M e  7 [1]

G =  AX B , A =  U A t, Ai <] G
i

y4i-ripnMapnaH nMKJiMMecKan h j i m  KBa3MtiMKJiMMecKa.fi rp y n n a , B -aS en eB a  

rp y n n a . flycT b (a )-n o jir p y n n a  npocT oro n op n an a M3 A{, D =  Cb{(i)i C — 
Ca{D).  TaK KaK C  <1 G, TO Ci =  C  n  A{ MHBapMailTHO B G  M, 3IlaMMT, 

C X D =  Yli Ci x D. Ilo jirp y n n a  Ct KaK cepBaiiTHaji n ojirp yn n a  mbkcm- 

Ma.jibHOM aGejieBoti no/irpynnbi C  X  D  nonojiim eM a b G, a 3HaMMT m b c o -  

n.ep>KauieM ee n on rp yn n e A ; .  A  3 to  bo3mo>kho TOJibKO b c jiyn a e  Ci =  /l ,- . 

CjiejioBaTejibHo A ;  <  G  =  Ca(B),  n noaTOMy D  =  G e ( a )  <  Cb(A{).  
O T cio /ia  BbiTeKaeT, mto D  =  C g ( a )  =  G g ( A j ) -

ITpMMeMaiiMe. M o * n o  noKa3aTb, mto n ojirp yn n a  B  M3 jieMMbi 3 ne MMeeT n o- 

j i h h x  n o a rp y n n .

CjieacTBMe. Ecjim Ap m i? p-cMJioncKMe p- n o j i r p y n n w  rp y n n  A  n B  cooTBeT- 

cTBenno, to  A p X  Bp - aSejieBa CMJioBCKaH n on rp y n n a  rpynnbi. 

JIoKaaaTejibCTBO. FIo JieM M e 3 Ap fiBJifieTCfi npfiMbiM npoM3BeneHMeM HeKO- 

T oporo M iio*ecT B a hmkjimm6ckmx mjim KBa.3MiiMKJiMMecKMX p -n o jtrp y m i, H op- 

Majibiibix b G . Ilo n rp y n n a  Bp nenTpajiM3yeT n o /irp y n n y  n pocT oro riopn/iKa p 
Ka>K/ioro Miioj+tMTejiH, a  3HaMMT, n e iiT p a jiM 3 y e T  m Becb MHOJKMTejib A p. C n e n o -  

BaTeJibno, A p X  Bp - aSejieBa n on rp y n n a. M aK C H M a jib H O C T b  ee KaK p- rpynnbi 

OMeBM^na.

T E O P E M A  1. ITepMOHMMecKafi rp y n n a , conepsKainaji nopM ajibiiyio m bkcm - 

Majibiiyio a G e jie n y  n on rp y n n y, Tor.ua m TOJibKO Torna. fiBJifieTCfi C -P -rp y n n o M ,
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K o r a a  OHa pa3Jio>K H M a b  n o J iy n p B M o e  n p o M 3 B ea e H H e

G  =  A X B  

O T y x  a 6 e jie B b ix  C P - r p y n n  A  m B ,  n pH M eM , 

1 )  I l o a r p y n n a  A  n B im e T c n  npH M b iM  n p o H 3 B e z te rm e M  H o p M a jib H b ix  b  G  n p n -  

M apH b IX  IIHKJIHMeCKHX HJIH KBa3MnHKJIMMeCKMX n O U r p y n n  Ai  (i G  /) w 

u e H T p a jiH 3 a T o p  K a »c ,n o ro  M H o »c e c T B a  A i  b r p y n n e  G  c o B n a jia e T  c  u e n -  

T p a jiH 3 a T o p o M  e r o  n o ^ r p y n n b i  n p o c T o r o  n o p im K a ;

2 )  / I j i h  j i K j5 o r o  H a 6 o p a  W  n o /t r p y n n  A i  n e n T p a J iH 3 a T o p  npoM 3B e,n ;eH nH  3TM X

n o ,a .r p y n n  b  M H o * e c T B e  B  c e p B a H T e H  b  B .

H e o 6 x o a n M o c T b .  Vl3 jieM M  1,3 c jie n y e T , m to  G  H M eeT  T p e 6 y e M o e  p a 3 J io » c e -  

n n e  ( 1 ) ,  y ^ o B J ie T B o p jn o m e e  y c jio B M io  1 ) ,  C a ( B )  X  j5 -M a K C M M a jib n a H ~ a 6 e jie B a  

n o /i r p y n n a  r p y n n b i  G. T a n  KaK c e p B a H T H a n  n o n r p y n n a  H3 B,  6y\ayM H c e -  

pBaiiTH O M  b C a ( B )  X  B  a o n o j i im e M a  b ć r ,  a  3HaM H T, h  b B , t o  5 - C P - r p y n n a .  

E c jim  C\ -n e H T p a jiH 3 a .T o p  b  n o z ir p y n n e  B  H e K O T o p o r o  H a 5 o p a  n o a r p y n n  A{  
m C a { C \ )  =  C 2 , t o  n o  jie M M e  1 C 2  X  C i -M a K C M M a jib H a n  a 6 e j i e B a  n o a r p y n n a  

r p y n n b i  G.  I l o a r p y n n a  C i -c e p B a H T H a  b C 2  X  C\ u  n o T O M y  ^ o n o j in n e M a  b  

C P - r p y n n e  G ,  a  3HaMMT, m b c o a e p jK a m e n  e e  n o a r p y i m e  B .  C jie .n o B a T e jib H O , 

C\ c e p B a H T H a  b  B .
H o c T a T O H iio c T b . I l y c T b  G - r p y n n a ,  M M eiom a.fi c T p o e m i e , y K a 3 a H H o e B  y c n o -  

bmm T e o p e M b i , M - e e  M aK C M M ajibH aH  a ó e n e B a  n o j i r p y n n a .  B B e n e M  o 6 o 3 H a n e -  

iim h: M a  — A  D  M , A ' / B -n p o e K n n H  n o /ir p y n n b i  M  b B  ( M B =  A M  f i  B ) .  
T a K  KaK M -  M aK C M M ajibH aH  a S e n e B a  n o ^ r p y n n a ,  t o  C a { M )  <  M  u  3HaMMT 

C a { M )  =  M D  A .  IIoCK O JIbK y B c e  A i  HOpM aJIbH bl B G  M C a ( M )  -H o p M a jib H a fl  

n o a r p y n n a  r p y n n b i  G, to C a ( M ) -p a 3 J i a r a e T c n  b  n p n M o e  n p o n 3 B e n e m ie :

CA( M )  =  I l ( A i n C A ( M ) ) .  
i

E c jim  n p n  3 t o m  ju m  K a K o r o -H n S y T b  i n e p e c e n e iiM e  A{ H  Ca (M )  H e paB H O  1 ,  

t o  n o  y c jio B M io  1 )  T e o p e M b i Ai < Ca {M).  3 t m m  a o K 0 3 a H O  m to  C A { M )  = 
A  D  M  =  M a  BB JiH eT cn n p u M b iM  npoM 3B e,a.eH M eM  H e K O T o p o r o  M H o m e c T B a  

n o j i r p y n n  A  m, 3naM M T,

(1 ) Al   AjTą X  A q
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r / i e  A  TaK>Ke fiBJifieTC.fi  n p o M 3 B e ,z ie i iM eM  n e n o T o p o r o  \ m o > K e c T B a  n o ^ r p y n n  A { .  

I . / l o K a a < e M ,  m t o  n o a r p y n n a  A l  c e p B a i i T n a  b  B. C 3 T 0 M u e j i b i o  n o n a j K e M ,  

m t o  a n n  j n o G o r o  p - a j i e M e i i T a  b  M3 M  i i a n f i e T C f i  c o ^ e p a < a u i a B  s t o t  a j i e M e i i T  

n o y i r p y n n a  C r p y n n b i  A l 8 , c e p i i a i m i a f i  b  B, t o  e c  r b ,  B b i c o T b i  a j i e M e i i T a  b  b  

n o , a r p y n n e  A l 8  n  b  r p y n n e  13 o / n i a K o n b i .  T a n  n a K  b  G A l 8 , t o  b  n o ^ r p y n u e  

Al i i a H i i e T C B  a j i e M e n T  g ,  m m c i o i u h m  b  c n o e l i  K O M n o n e i i T O M  b  D , t o  e c T b  3 a n n -  

CblBaiOIHMMCJl B B k ia e

g —  a a i  . . .  ( ia n b  ( a Q> G A a i , u at  1 ) .

Ily c T b  a a i , . . . ,  o Q,-p -3JieM eiiTbi, (Za . + 1 , • • • j p-aJieM eiiTbi. H e orpaiiM -

M WBafl 061IUIOCTH, MOWIIO CMMTaTb 3 JieMeilT g  p - 3 J le M e H T O M . BliM /iy CJie^CTBMB 

M3 jieMMbi 3  cmioBCKa.fi iio a r p y im a  A p =  A a i  X . . .  X A Qf  X ( 6 )  rp yn n b i 

A  =  ( A Ql  X  . . .  x A a s  X  A a s + l  . . . A an  ) A ( 6 ) aG ejicB a. T a K n a n  r p y n n a  K  j i h G o  

K0Hemia.fi, j im G o  M e p n n K O B C h a j i ,  t o  lice  c m j i o b c k m e p - n o jjrp ynrib i ii mcm conpbi- 

aj+ceiibi, m n o B T O M y  b  rp y n n e  A  i i a i i i i e T C f i  Tanon ajieM eirr x  m t o  x ~ l g x  G  A  , 

t o  ecrb  ero m o j k i i o  3 anwcaTb b  BM.ae:

• • • V A  a 'alpha, G  A ° r
I l e T p y a n o  b m j i c t b ,  m t o  K O M n o n e n T a  i i o i i r p y i m b i  X ~ 1 A l x  b  13 c o r n i a / i e l i  c  A l 8  : 

{ x - l M x ) B =  A l 8 .

0 6 o 3 iiaMMM M e p e 3  A  i i o j i r p y i i n y  r p y n n b i  A ,  n o p o j + y i e i i n y i o  n c e M M  t c m m  

MMOfKMTeJIflMM A a , B KafKJlOM M3 KO TOpi»IX X 0 TfI Gbl OJIMII a j i e M d l T  M3 X ~ l A t x  

M M e e T  n e e ^ M H M M i i y i o  K O M n o n e n r y ,  a  M e p e 3 A  n o a r p y n n y  r p y n n b i  A ,  n o p o 3 -  

x e n n y i o  b c c m m  o c T a j i b i i b i M M  A a . I I e n T p a j i M 3 a T o p  C ' n { A ' )  n o / i r p y n r i b i  A  b  13 

n o  y c J i o i i M i o  2 )  T e o p e M b i  c e p n a i i T e i i  n 1 3 . / I o K a a < e M ,  m t o  b j i c m c i i t  b  c o j i e p 3 -  

x m t c b  b  Cb [A ' ) ,  a  ( ^ ^ ( / l ^ - n o y i r p y n n a  A l 8 . 3 t m m  G t w e T  3 a B e p i n e n o  a o K a 3 a -  

T e j i b C T B o  n y H K T a  1 . T a n  K a n  b  c j i y n a e ,  K o r . n a  A g  <  A  f in j i f i e T C . f i  p - r p y r m o n  

3 t o t  (JiaKT y c T a n o B J i e n  b  c j i e n c T B M H  M3 j i c m m u  3 , t o  o c T a j i o c b  p a c c M O T p e r b  

c j i y M a n ,  K o r n a  / l ^ - i y - r p y i m a  ( g  7^ p ) .

M 3  T o r o ,  m t o  A g  m  A  cJ ie .z i .yeT, m t o  b  n o n r p y n n e  x ~ l A l x  H a i iH e T C J i  

a j i e w e i i T  g  M M e i o u i n n  b  A g  n e e / i M H M M u y i o  K O M i i o n e H T y

a g  : g  =  . . .  a g  . . .  b i ,  b x G  1 3 , a g  G  A g ,  a g  ^  1 .

y M M T b i n a f i  M H B a p M a i i T i i o c T b  B c e x  n o n r p y n n  A g  b  r p y n n e  Cl ,  a  'raKj+ce t o t  (IiaKT, 

m t o  c p e / i M  n o n r p y n n  A g l , . . . ,  A g <  i i e T  n o / i r p y i n i b i  A g  n o j i y M a e M :

(x  1g x ) g l =  (aQi . . .  doJ>)(... ag . . .  bx) =  ( . . .  (.bagb ’ ) . .  .)bbx,
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to ecTb &a/36_1-KOMnoHenTa 3JieMeHTa (x~^gx)gi b Ag.
C apyroii cTopoHbi

g i ( x ~ 1g x )  =  ( . . . a g . . . b l ) (aai . . . aa b) =  ( . . .  ag ..  .)bbu

to ecTb a -̂KOMnouenTa 3Jie\ienTa g\ (x~ 1gx)  b Ag.
Tan KaK BJieMeiiTbi g\ w x ~ lgx  W3 o/uion aGejieBon rpyrmbi x ~ 1Alx,  to 

( x ~ lgx)gi  =  g i ( x ~ g x )  n no3TOMy bcigb- 1  =  ag, oTKŷ a cjieayeT, hto 
3JieMeHT b nepecTanoBOMeM c 3JieMenT0M ag , a 3naHHT n c Kajtt̂ biM sjieMenTOM 
H3 Ag, TO ecTb b e C B( A ) .
I I .  M3 cepBanTnocTM noflrpynnbi A1B B C P -  rpynne B  cjie/iyeT ee zionoji- 
iweMOCTt b B :

(2) B =  M b x B0

143 (2) HMeeM:

G  =  A X B  =  ( M a x  A 0)\B =  M a X(A0B)

To ecTb no/irpynna M a aonojiHBeMa b rpynne G , a 3nannT n b co,nep>KameM 
ee no^rpynne M :

(3) M  =  M a x M ,
(4) r̂ e Al =  Al fi AoB

PaccMOTpHM no^rpynny N  =  AIa X M B. Tan KaK no ycjioBmo A m Z?-a6ejieBbi 
C P  - rpynnbi, to ynuTbiBan (2) u (3), nojiywaeM, mto N  'raK>Ke aSejieBa. C P  
- rpynna. IIpnnnMaH bo BiiMManne HUBapnanTnocTb no/trpyrm A , Ao u M a b 
rpynne G , a Ta.K>Ke pa3Jio>KeHHH noarpynn N  u Al nojiynaeM:

(5) A 0N  =  A 0( M a x M b ) =  AA1b =  A M  =  (A 0 x M A) M  =  A 0M

oTK.ŷ a BbiTeKaeT M30Mop<J)M3M noarpynn A l  w N .

IlycTb -̂npoHSBOJibiiaB cepBaiiTHa.fi no^rpynna H3 A l ,  T-ee  o6pa3 ripu ec- 
TecTBennoM M30M0pci)H3Me A l  na N,  to ecTb T  =  AoS fi N. Tor.ua, ynMTbiBaH
(6), nojiynaeM:

A 0T =  A 0(A0S n N)  = A0S n A0N  =  A0S n A 0M  =  A 0S,
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to ecTb

(6) A 0T  =  A 0S.

T a n  H an S  c e p B a H T iia  b  JW, to  T  c e p B a i m i a  b  N  h n o T O M y  nonojraneMa b  

a 6 e j i e B o i i  C P  -  r p y n n e  N  :

(7) N  =  T  x A x  B,

n p n n e M , BBM.ny JieM M bi 2 mo* iio CMMTaTb, mto

a  <  M a , B  <  M B, A  <  G.

HaKOHeu, H3 cooTHouieiiMM (1 ) , (3 ) , (6 ) , (8 ), (7 ) , yMHTbiBaii MHBapnaHTHocTb 

no^rpynn A,  Ao, A  b rpynne G , nojiynaeM:

G =  A \ B  =  A X ( M b x Bo) =  (.A M b ) B 0 =  (A M ) B 0 =  (A 0M ) B 0 =

{ A0N ) B  =  (A 0{T  x /i x B ) ) B 0 =  ((A 0T ) { A B ) ) B 0 =  

{ { A 0S ) (A B ) )B o  =  (S ( A 0A B ) ) B 0 =  S ( A 0A B B 0).

H enocpeacTBennoM  npoBepKon H eTpy/m o y6enH Tbcn b tom, mto nepeceM em ie  

S fi AoA B B o  TpwBnaJibHo. TeopeMa aoKa3aHHa.
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