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On D**-Darboux functions

Tomasz Natkaniec

Let us establish some of the terminology to be usecl. 3? denotes the
real line and Af denotes the set of all positive integers. Let A £ &
be a c-dense in itself set and let 5 be a subset of 3. We say that
/ :A — >B is an (A, t5)-Darboux functton iff / has the intermediate
value property, i.e. (f(x),f(y)) fis C f((x,y) fi A) for each x,y £ A.
Let T>(A, B) denote the class of all (A, B)-Darboux functions and let
V**(A, B) be the class of all functions / : A — >B which take on every
y £ B c times in every non-empty set of the form | fi A, where / is
an interval (c denotes the cardinality of the continuum). It is elear
that T>**(A,B) C T>(A, B) for each bilaterally c-dense subset A of &
and every subset B of 32 For A = B = 3? we shall denote the classes
V(A, B) and V**{A, B) by V and V**.

Let us remark that the class T> is egual to the family of all Dar-
boux functions and the class T>* is ecpial to the family of all Darboux
functions for which all level sets are c-dense in 3?. These classes are
well-known and studied by many mathematicians (see e.g. [1], [2] and
[3]). If B ~ 3 then the classes £>(A, B) and T>**(A,B) are more spe-
cial, nevertheless they are helpful in a discussion on many questions
connected with the Darboux property.

For a family A of real functions let

M alA) = {/ :ygeAf +g €A},

M mM(A) = {/ :V3eAfg £ A},
M max(A) = {/ :VgeA max(f,g) £ A).
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The classes M a(V ") and M m(T>**) are characterized in [2] and [3]. In
this note we shall prove that M max{V**) is empty.

Theorem 1 Let A,Z2? C be subsets of $, F : Ax B — > and f
R ——= A. Tlien there exists a d £ V**(tR.,B) such that F(f,d) £
C) i1 the fotlowing conditions hotd

1. for every x £ 3? there exists y £ B such that F(f(x),y) £ C,

2. card ({x £ I : F(f(x),y) = c forsome y £ B}) — c for every
c £ C and every internat Z,

3. card {a: £ 1 : F(f(x),y) £ C}) —c for every y £ B and every
internat Z

Proof. (4=) Let T bo the family of all non-empty open intervals in 5T
Well-order the set T x B x C as (/Qya,ca),a < c. We can choose (in-
ductively) sequonces xa, za, ta such that xa,za £ la\{xPiZp : f3 < cv},

xa ™ F (f ),j/la) € C,IQEf B and F (f (za), &) ca. Let us
put
{vya for x = xa, a < ¢,
ta for x= za, a < c,

y £ B such that F(f(x),y) £ C for x”™ {xa”za:a <c} .

Then d £ B) and F{f,d) £ V ‘'n$t,C).

(=>) Letd £ V(% B) and F{f,d) £ P**@3I,C). Then 1 holds.
Now let | be anintervaland c £ C. Then card ({x £ | : F(f(x),d(x)) =
c}) = c and d(x) £ B, therefore

card ({z £ | : F(f(x),y) = c for somey £ B}) —c.

Tlius the condition 2 holds. Lety £ B. Sinced £ Z?), card ({z £
I . d(x) = ?2/}) = c¢. From F(f(x), d(x)) £ C we obtain {x £ |
dx) =y) ={z £1 :d(x) =y and F(f(x),d(x)) £ C} C {x £ 1 :
F(f(x)iy) € C} and 3 is proved.

Remarks From Theorem 1 we can immediately obtain the fotlowing
results.
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1 For A —B —3? F(x,y) = x + y we obtain Theorem 3 from [1],
i.e. for / :3? — »3? there exists a d G T such that (/ + d) G
T>**($4,C) ifFcard ({z G I :f(x) +y GO}) = c for everyy G 3
and every interval /.

2. IfA =B = 3 F(x,y) = xey, f : &% —*3and 0 G C then
we have the fotlowing corollary. For / : 3 — > 3? there exists a

dG C)ilfcard ({z G/ :/(z) ™~ 0}) = c for every interval
I and card ({z G 1 :f(x) my Gc}) = c for every y G E and every
interwal 1.

Some interesting conseguences of Remarks 1 and 2 we can find in
[2] and [3], respectively.

3. LetC —{—1,0,1}, A —3?, B — (0,00) and F(x,y) = x/y. For
every /| G P there exists a function d G such that
fjd G TyY*(3£, C) and therefore f/d ™ T>

4. Let C = 3\ D, where fl / 0 and card D < c. Then for ev-
ery function / G T>* there exists a function d G T5* such that
max(/, d) G X)**(3?, C). Hence max(/, d) (f ™=

Lemma 2 Forg : 3?2 — >3? the following are equivalent.

1. max(f,g) G T>* for each f G V**,

2. for every interral 1 and for eremy y G 3? there exist: a subinterral
J of | and a sabset A of J with card A < ¢ and g(x) < y for each
x G J\A.

Proof. 2 => 1 Assume that for g : 3 — > 3? the condition 2 holds. Let
F G V**, | be an inteiwal and y G 3?. The there exists subinteiwal J of
I such that g(x) < y for each x GJ \ A, where card A < c. Therefore
card ({z G J : max(/(z),<j(z)) = y}) = cand max(/, (/) G V**. 12
First notice that if max(/, g) G B for some / G TT*, then g has the
fotlowing property:

card ({z G/ :g(x) < y}) = cfor every inteiwal | and eachy G 32

Indeed, in the other case we have card {z G | : max(/(z),9(x)) =
?1}) < ¢ and max(/,<?) £ TT*
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Next suppose that for g : 32 — > 9? the condition 2 does not hotd.
Then there exist a i/o 6 S and interval 7 such that card ({z G « :
g(x) > y0}) = c for every subinterval J of 7. Let us put B = 3? and
C = (yo,00). Then the condition 1 of Theorem holds. Let ¢ > y0
and let J be a subinterval of 7. Since card ({i 6 i :g(X) < c}) = ¢
and {z G J : max(</(x),c) = ¢} C {z G J : max(y(z),y) = c for
some y G 3?, the condition 2 of Theorem holds too. Now we shall
verify the condition 3. Let J be a subinterval of 7 and let y G 32
If y > yo then card ({z G J : max(y(z),y) G C}) = c¢ (because
{z GJ :g(x) < y0} C {z GJ : max(j(z),y) G C7}). Ify < yo
then {z GJ :g(x) > y0} C {z GJ : max(y(z),y) G C} and therefore
card ({z GJ : max(y(z),y) GC*}) = c.

Since the conditions 1, 2, 3 of Theorem hotd, it follows that max(/, g\I) G
V**(1, C) for some / G 1?**(/, 3ft). Therefore max(/,y) ™~ L)** for some
f e L and 1 does not hotd.

Corollary 3 For every function g : 3? — > 3? there exists a function
d G 'ZT* such that max(g,d) T>**

Proof. Suppose that tlie condition 2 of Lemma holds for some g : 3£ >
3?. Then there exist a closed interval 70 C Re and a subset AO of /0
such that card Ag < ¢ and g(x) < 0 for each z G/ \A. We can
choose two disjoint, closed subintervals / (1, 1), 7(1, 2) of 70 and subsets
>1(1,1) C 7(1,1) and >1(1,2) C 7(1,2) such that g(x) < —1 for each
X G 7(1,7) \>1(1,7), i = 1,2. Assume that for fixed n G V' we have
already chosen a secpience of pairwise disjoint, closed intervals I1(n,j)
and sets A(n,j) C I(n,j), j = 1,2,...,2" such that card A(n,j) < c
and g(x) < — for each z G 7(n,j) \A(n,j),j = 1,2,...,2”. Now,
for every 1 < j < 2n we choose two disjoint, closed subintervals 7(n +
1,2j —1), 7(n+ 1,2j) of 7(n,j) and subsets A(?z+ 1,2j —1), A[nA-1,2j)
such that card A(n-\-1,7) < c fori = 2j —1,2j and g(x) < —(n + 1) for

2”

eachz G 7(?z+ 1,i)\A(n+ 1,2),i=2j—1,2j. PutC = Q (J 7(n,j)\
neAT j=1

( fi U A(n,j) u>l0J- Then C ~ 0 and y(z) < —n for each z G C

and n G 7V, what is impossible.
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