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On the sup-measurability of multifunctions
whose values are allowed to be noncompact

Grazjma Kwiecinska Witodzimierz Slezak:

The content of the work was announced during the Summer School on
Real Functions Theory 1992. It concerns sorne generalizations of Zygmunt's
theorem on the sup-measurabilitj' of multifunctions with the Caratheodory
condition. The theorems are given without proofs, which can be found in [5].

Let (X, A4(A')) be a measurable space, (K, d) a complete separable metric
space and (Z,g) a metric space. Suppose that X) has the following
.projection property”:

If A € M(X) ® Bo(Y) then ttx(A) = {a; : 3y € Y(X,y)_£€ A} £ M (X)
where Bo(Y) denotes the cr-field of Borel sets in Y and Ad(A) denotes a
completion of M.{X).

A multifunction F : X x Y — Z is M (X) sup-measurable if for each
M(A'Ymeasurable multifunction G : X —Y with closed values the superpo-
sition $: X —* Z defined by formuta $(x) = F(x,G(x)) = uUy8a(x)f'(x,y)
is Ad(Ar)measurable, i.e. $+(i?) = {x 6 X :$(x) C B} G M.(X) for each
open set B C Z.

Theorem 1 Let (Z,9) be acompact. Suppose that F : X x Y —Z
is a multifunction with A4(A)measurable all y-sections and mightly lower
semicontinous all x-sections. Then F is A4(A)sup-measurable.

The mightly lower semicontinuity of multifunction: H : Y —»Z means
that it is lower semicontinuous and for each point y £ Y there exists an open
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set V(y) C Y suchthaty € CI(V(y)) and H |{y}ui'(y) is upper semicontinuous
at y.

Let we observe that the lower semicontinuity of all y-sections of F is
not sufficient to the Ad(A')sup-mea.surability of F. Consider for example a
multifunction F : R x R —R defined by formuta

{0,1} ifx~"y
F{x,y) = {1} if x = yandx 0 4
{0} if x = yandx (E A

where A C R and A ([t C(R), i.e. A is a nonmeasurable (in the Lebesgue
sense) set. All x-sections of F are lower semicontinuos but not mightly lower
semicontinuous and al y-sections are £(i?)measurable. If G(x) = {x} we have
<h(x) = F(x, {x}) = {\™(x)}. $ isin this case the characteristic function of
the nonmeasurable set.

Theorem 2 Let Z,0 be cr-compact. Let T{Y) be a topology in Y
finer than the metric one such that (Y, T(Y)) is separable. Let us fix some
countable dense subset of Y and denote it by S. Suppose that for every
point v € Y there exist a subset U(v) 6 T(Y) such that for each y € S
By= {u €Y :y € U(v)} €Bo(Y,d) and for every vVinY the family Af{Y) =
{(7(r) fi K(v,2~n) : n 6 Ar} forms a filter-ba.se of T(F)-neighbourghoods of
point v. Assume that F : X x Y — Z is a closed-valued multifunction whose
all y-sections are Admeasurable and all x-sections are T(i')-continuous. Then
F is Ad(A")sup-measurable.

Example Let (Y,d,<) be a partially ordered metric space such that
(Y, <) is a partially ordered set and there is a countable dense set S in (K, d)
such that for any y € Y we have: y = limn_oo yn, for some seguence yn € 5
and yn > yforn £ N. Let calT{Y) be a topology on Y generated by all open
sets in (Y,d) and also by all the intervals la= {y € Y :y < a] fora € Y.
This topology fulfils the assumptions of the theorem 2 as it have shown by
Dravecky and Neubrunn (see theorem 6.5 on p. 156 in [2]). Fromtheorem 2
we obtain a corollary.

Corollary A multifunction F : X x R —+ R having all x-sections right-
continuous (left-continuous) and all y-sections AA~measurable is Ad(A™)sup-
-measurable, provided that values of F are closed.

Remark Let A C R and A £ C(R). Let F : R x R — R be given by
formuta
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f (1.2) if x € A and y < X
F(x.y) = < (1.2) if x (EAand y < X
( {0} in other cases.

Some of its x-sections are right-continuous, remaining are left-continuous,
all y-sections are £(/?)measurable but it is not £(/?)sup-measurable.

This example shows that the assumption of one-side continuity from the
same side for all x-sections is essential.

Theorem 3 Let (A,T(A)) be a perfectly normal topological space and
let (Z, o) be cr-compact. IfF : A xV —Z is a multifunction with T (A )-
lowersemicontinuous y-sectionand upper semicontinuousx-sections, then F
is Z?0(AOsup-measurable.

Remark 2 Let T(X) be the density topology in A. A multifunction
H : A —Z is called approximately lower semicontinuous if H~(U) = {x €
A’ :H(x) DU ™ 0} € T(A") for each open set U C Z. In this case theorem
3 is a generalization Grande's theorem onto the case of multifunctions (see
[4], theorem 30).

Let (Y, d, AA{Y), y) be a complete separable metric space with cr-finite
regular complete measure defined on a cr-field Ai(Y ) of subset of V containing
£0(T). Let V(Y) be a differentition basis for the space (Y,d, A4(V ), y) (see
[lj. p. 30) fulfilling the following conditions:

1 T>(Y) C M{Y) is a countable family of sets with nonempty interiors
and positive frnite measure /£

2. For everv point y € Y there exists a sequence of sets (/NY" from V{Y)
converging to y, i.e. y 6 Int(ln) for n € N and seguence of diameters
of In converges to zero when n approaches innfinity.

(*). A set A C Y has the property (Z) with respect to T>[Y) if for any point
y € Y there exist an open set U C A and a number 8 > 0 such that

n(J n U) 1

n(j) 2
for each set J € P(V’) containing y and with diameter less than 6.
Denote by Zthe family ofsubsets of Y with theproperty(Z). Amulti-
function H :Y —Z hasthe property {Z) if H~{G) € Z andH +(G) €Z
for each open set G C Z.
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Theorem 4 Let (ALZ3(A)) be the Baire space, (Y.d,M(Y), fi) let be
as in (*) and let Z be cr-compact. Suppose that F : X x A —Z is a mul-
tifunction such that all its x-sections ha.ve the property (Z) with respect to
calD(Y) and all its y-functions have the Baire property. Then F is Z3(Ar)sup-
measurable, where 5(A’) denotes the crfield of the subsets of X with Baire
property.

Theorem 4 is a generalization of theorem E. Grande and Z. Grande (see
[3], theorem 1) onto the case of multifunctions.

Each of these above theorems serve as a kind of generalization of Zyg-
munt’'s theorem (see [7], theorem 2):

Theorem (Zygmunt) If all x-sections of multifunction F : X xY —2Z
with compact values are continuous and all its y-sections are A f(A’)sup-mea-
surable, then F is A4(A")sup-measura.ble.
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Streszczenie

O Supermierzalnosci multifunkcji o nie koniecznie zwartych warto$ciach

W tym komunikacie, prezentowanym na konferencji w Czecho-Stowacji,
sformutowane zostaly kryteria na cigecie multifunkcji 2 zmiennych gwaran-
tujgce jej superpozycyjng mierzalnos¢ wzgledem zupeitnej sigma-algebry. W
odréznieniu od wczesniejszych prac Caljuka, Spakowskiego i Zygmunta nie
wymaga sie ciggtosci zadnych cie¢, lecz zastepuje sie ja pewnymi uogél-
nieniami jednostronnej ciagtosci, silng potciggloscia z dotu lub warunkiem
(Z) Grandego. W prezentowanych wynikach nie jest istotne, aby wartosci
rozwazanych multifunkcji byty zwarte. Ponadto przedstawiono 2 kontrprzyktady,
wskazujace, ze nie jest mozliwe dalsze ostabianie zatozen w pewnych narzu-
cajacych sie kierunkach. Peine dowody znajdujg sie w [5].
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