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On Cartesian Products and Diagonals 
of Quasi-continuous and Cliąuish maps
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1. Let two classes of topological spaces {AT}, {T }} and a class of 
functions { / , } ,  where f s : X s — > Ys, be given. The transformation 
associating to each point x =  p , , }  E fis X s the point { f s(xs)}  E 
is called the Cartesian product of functions { / s} and is denoted by the 
symbol Us fs-

For a class of functions {/.,} , f s ■ X  — > Ys, where X  is also a 
topological space, the transformation associating to each point x E X  
the point { / sp ) }  E n T s  is called the diagonal of functions { f s} and 
is denoted by A f s. (See e.g. [2], pp. 108-109)

Let Y  be a topological space, as well. We say that a function 
/  : X  — * Y  is ąuasi-continuous at a point x0 E X  iff for each open 
neighbourhood U of the point x0 and for every open neighbourhood V 
of the point /p o ) ,  U fi in t /_1(V) is non-empty (i.e. x0 E in t /_1(F )). 
A function is ąuasi-continuous if it is so at each point of its domain (5, 
see also [1]).

It is well known that if the functions f s are continuous then their 
product and diagonal are continuous. In the first part of the article 
we investigate the problem whether the product or diagonal of ąuasi- 
continuous functions are ąuasi-continuous. Let us remind first, that 
(evidently) if a function /  : X  — ■> Y  is ąuasi-continuous at a point 
£o E X  and g : Y  — > Z is continuous at the point f ( x 0), then the 
function g o f  : X  — > Z is ąuasi-continuous at xq.
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Let pt : f is Ya — ł Yt be ż-th projection on Yt for each t £ 5, i.e. 
Pt({y»}) =  Vt• Remind that is always a continuous and open function.

Proposition 1 The Cartesian product of functions { f s} is quasi-con- 
tinuous at a point {£.s} iff each function f s : X s — > Ys is quasi- 
continuous at the point x s.

Proof. Assume first that the function /  =  fL  fs is ąuasi-continuous 
at a point {x 5} se5 . Let us fix t E S. Then the transformation f i  =  
P t° f  '■ — * Yt is ąuasi-continuous at the point {.rs}. Let W  C X t
be an open neighbourhood of the point x t and let V  C Yt be an open 
neighbourhood of the point ft{x t). Then the set U =  ELs^, where 
Us — X s for s ^  t and Ut =  W  is an open neighbourhood of the point 
{x s}, so mt(U  n /i-1(V) 0. Since /i-1 (V) =  { { z s} : f t(zt) E V } then

int(W  n f t~\V )) =  Pt(mt(U n f~ '(V ))  ±  0.

Hence f t is guasi-continuous at a point x t. Assume now that for each 
s (E. S the function f s is ąuasi-continuous at a point xs. Let us fix a 
neighbourhood U of the point belonging to the standard basis of 
Y [,X . (i.e. the family of all sets of the form fis where every set 
Ws is open in X s and Ws ^  X s only for a finite number of elements 
of S ) and similarly, let V  be a neighboui-hood of { fs {x s )}seg from the 
standard basis of EL^ś- Then U — fis Us and V  =  EL K , where for 
each s E S, Us is open in X s, Vs is open in Ys, Us — X s and Vs =  Fs 
if s S0 =  { s i ,s 2, . . .  ,sn}, and xs E Us, f s{x s) E Vs if s E S0. Then 
for each s E 5o there exists an open, non-empty set Gs C Us such that 
fs(G s) C Vs. Then the set W  =  fis Ws, where Ws =  X s for s (£ So and 
Wa =  Gs for s E Sq, is open and non-empty, W  C U and f (W )  C V, 
hence /  is ąuasi-continuous at the point {x s}.

Corollary 1 Cartesian product of quasi-continuous functions is quasi- 
continuous.
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Proposition 2 (a) If f  =  A J s : X  — > n s Y, is quasi-continuous at
a point xq, then for each s 6 S the function f s is quasi-continuous 
at that point.

(b) There exist functions fi : IR — » IR (i =  1,2) that are quasi- 
continuous but fi  A f i  is not quasi-continuous.

(c)  U f s : X  — > Ys, s /  so are continuous at the point xo € X  
and f So : X  — * YSo is quasi-continuous at xo then f  =  A sf s is 
quasi-continuous at Xo.

Proof. The part (a) is implied from the fact that f s — ps o /  for each 
s e  S.

(b) Suppose that for arbitrary ąuasi-continuous functions f i , f i  the 
function fi  A /2  is ąuasi-continuous. Since the sum s : IR2 — * IR, 
s(x ,y ) =  x +  ?/, is a continuous function, we infer that the class of 
ąuasi-continuous functions is closed with respect to addition. This is 
a contradiction with Grande’s result saying that each cliąuish function 
is a sum of four ąuasi-continuous functions [4]. (See also [7] and [8] for 
another arguments.)

(c) Let us fix Xo £ X  and an open neighbourhood U of the point 
To, moreover, let V  C lis Ys be a neighbourhood of f ( x 0) from the 
standard basis at that point. Then V  =  ELKs? where Rs is open in 
Y. and Vs — Ys if s ^ So =  { s i , . . . , s n}. If s0 ^ So then x’0 is a 
point of continuity of each of the functions f s, s £ .S'0. Then the set 
W  =  U fi HseSo int(y~1 ( ) )  =  U fi / -1 (R) is open and non-empty, 
W  C U and f (W )  C V. Hence /  is ąuasi-continuous at the point x q . 
Let us assume now that t 0 is a point of discontinuity of f SQ and so £ ^o- 
Let Si =  ■S'o\{s0}. Then the set Wi =  U nflsg51 int(/s-1 (^s)) *s an °Pen 
neighbourhood of the point x q . Since f SQ is ąuasi-continuous at Xo, there 
exists a non-empty, open set W  C Wi C U such that f So(W ) C P5o. 
Then f ( W )  C V  and conseąuently, /  is ąuasi-continuous at Xo- This 
completes the proof of ąuasi-continuity of the function /  at .To-

Corollary 2 If f  : X  — > Y is continuous and g : X  — * Z is quasi- 
continuous, then f  A g is a quasi-continuous function.

2. Let Y  be a uniform space i.e.Tychonoff space in which the topol- 
ogy is generated by a uniformity 77, see [2], pp. 515-518 or [6], pp.



12 T. Natkaniec

176-180 for the definitions. Let /  : X  — > Y  and x0 £ X . We say 
that /  is cliąuish at the point x0 iff for each V  £ U and for every 
open neighbourhood U of xq there exists a non-empty open set W  such 
that W  C U and the diameter of the set f ( W )  is less than V,  i.e. 
(3/1 ̂ 2/2) £ V  for each yi,j /2 £ f ( W) .  Let us notice that if Y  is a metric 
space with the metric d (for example the real line with the Euclidean 
topology) then taking for U the class

{Ve : e >  0}, Ve =  { ( z ,y)  : d(x,y)  < ej

we get the well known notion of a cliąuish function with values in a 
metric space (real cliąuish function [1] and [3]).

Notice that for a function /  : X  — » Y  the following implications 
hołd:
/  is continuous at a point Xo =>■ f  is ąuasi-continuous at xq =>• /  is 
cliąuish at xo.

Let the class {(Lś,7/S) } 5£5 of uniform spaces be given. The family 
B of neighbourhoods of the diagonal

y , € Y , } c U Y , x H Y ,
s s

consisted of all sets of the form

{ ( { V M )  ■ (y-i.**) € VSi for i =  1 ,2 , . . . ,  k where k £ N,

S i , . . . , s * £ 5  and VSię.USi for i =

induces in a uniformity U-the Cartesian product of {ZYS}. The
topology in fis generated by this structure coincides with the Ty- 
chonoff topology, if we consider the product of topologies generated by 
the uniformities Us (s £ S). (See [2], pp. 531-532 or [6], pp. 182-183.)

Proposition 3 Let {X s}ses be a family o f topological spaces and let
{l^ }s6s be a family of uniform spaces. The Cartesian product

nr. ■■ ru .—
s s s

is a cliquish function at a point {a;s} iff the functions f s : X s — > Ys
are cliguish at x s for each s € S.
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Proof. Assume first that /  =  fis fs is cliąuish at {x 5}. Let us fix t from 
S, an open neighbourhood U C X t ol the point x t and V £ Ut. Then 
Vi =  { ( { y » } , { « » } )  : (yt,Zt) G V } £ u. Since W  = YI.W, C fL, X ,  
where Ws =  X s for s 7  ̂ t and Wt — U is a neighbourhood of the point 
{ x s}, there exists an open set B =  fis Bs such that B belongs to the 
standard basis of FL^s, B C W  and 6( f (B) )  < V\ (i.e. the diameter 
of f ( B )  is less than V\). Then Bt C U and 8(f t(Bt)) < V,  so the 
function f t is cliąuish at the point x t. Assume now that for each s £ S 
the function f s : X s — > Ys is clic[uish at a point .-rs. Let U =  fis Us be 
a basis neighbourhood of the point {xs}, where each Us, is open in X s 
and Us — X s for s So — { s i , . . .  , sn}, moreover let V  be a set from 
the uniformity U for the space We can take that V is of the
form {({j /s}, {z s})  : (yai,z ai) E VSi for i =  1 , . . . ,  ra} , where VSi £ USi. 
From the cliąuishness of the functions / Si, i — 1 , . . . ,  n, the existence of 
non-empty open sets W{ C USi, such that 8 (fSi (LV,)) < VSi is implied. 
Let W  =  fis be a base set such that Ws =  X s for s $ So and 
Ws =  W{ for s =  Si, i =  1 , . . . ,  n. Then W  C U and 6( f ( W) )  < V and, 
conseąuently, /  is cliąuish at {.rs}.

Proposition 4 Let X  be a topological space and let {Ts}, s £ S, be a 
family of uniform spaces.

(a) If the diagonal of the functions f s, A sf s : X  — » [Is Ys is cliquish
at a point xo £ X , then each of maps f s : X  ----> Ys is cliąuish at
that point.

(b) If x o has the property that for each s £ S there exists a neigh­
bourhood Us of Xq on which the function f s is cliąuish, then the 
diagonal A sf s is cliąuish at Xo-

Proof, (a) Assume that /  =  A sf s : X  — » []s Ys is cliąuish at x0. 
Let us choose t £ S, an open neighbourhood U of the point x0 and 
V £ Kt. Then the set V\ — { ( { 2/s}, {^s}) : (yt,zt) € Vt} belongs to the 
uniformity TA of the product space [Is Ys, and hence there exists a. non- 
empty, open set W  C U such that 6( f ( W) )  < what means that
H M W ) )  < v .

(b) Assume now that Xo £ X  and for each s £ S there exists an open 
neighbourhood Us of the point xQ on which the function f s is cliąuish.
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Let U be a neighbourhood of the point x0 and let V  G U.  We can 
assume that V  is of the form {({j/«},  { —«}) : (ys, zs) 6 Vs for s G .So}, 
where So =  { s i , . . . , s„}  is a finite subset of S and Vs G Us for s G So- 
We can choose (inductively) a seąuence of non-empty, open sets W{ C 
U (i — 1 , . . . ,  n) such that:

(1) f St is cliąuish on Wi,

(2 ) Wi c  f]{Us -.seS0}nu,

(3) Wi+1 c  Wi,

(4) 6{fSi(Wi)) C Vai.

Let W =  f)”- i  W{. Then 0 ^ W  C U and 6( f ( W) )  < V, hence /  is 
cliąuish at the point Xo.

C orollary 3 If all functions / 5, s G S are cliąuish then the diagonal 
A sf s is so.
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