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On the Extending of Baire 1 Functions

Ewa Lazarów

Let IR be the real line, IN the set o f all natural numbers and B 
the cr-algebra o f subsets o f IR having the Baire property and 7 the 
cr-ideal o f sets o f the first category on the real line. For E  C IR, let 
int(72), cl(7?) denote, respectively, the interior and the closure o f E  in 
the natural topology. In [4] there were introduced notions o f 7-density 
point and 7-dispersion point o f a set E  having the Baire property. We 
recall that 0 is an 7-density point o f a set A  € B  if and only if, for every 
increasing seąuence {^n}nej\| o f real numbers such that lim ^ oo  tn =  oo,

there exists a subseąuence {*nm} m€]N such that {x t » m-ym[-i,i]} 
converges to 1 except on a set belonging to 7.

Further, a;0 is an 7-density point o f A  E B  if and only if 0 is an 
7-density point o f the set A  — xo =  { z  — xo : x  G A ] ,  and x 0 is an 
7-dispersion point o f A  if and only if xq is an 7-density point o f IR\ A.

Let <f)(A) denote the set o f  7-density points o f A. It turned out 
(see [4]) that the family Tj =  {A  C B : A C <!>(A)} is a topol
ogy. It is called the 7-density topology. Continuous functions mapping 
IR with the topology T / into IR with the natural topology are called 
7-approxim ately. continuous. The family o f these functions will be de- 
noted by C /.

For any x  € IR, we denote by V {x )  the collection o f all intervals 
[a, 6] such that x  6 (a, b) and o f all sets E  o f the form

OO OO

E  =  U  u  U  [Cn>(ln] u
n=l 71—1
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where, for every n,

an < b n <  an+1 <  x <  dn+i <  cn <  dn and x  £ <t>(E).

In [2] there was introduced a topology r  which consists of all sets 
U £ Ti such that if x  £ U, then there exists a set P  6 'P {x) such that 
P  C int(U ) U {a :}. It was proved that r  is the coarsest topology for 
which all 7-approxim ately continuous functions are continuous.

For any subset M  C IR, define A (M )  as the set o f all x  such that, 
for each P  £ V {x ) ,  we have 0 ^  P  D M  7̂  {a:}.

We shall need the following theorems and lemmas.

T h e o r e m  1 (2 ) Let X  C IR. Then r - d ( X )  =  X  U A c l(A )  C c l(A ). 
M oreover, x 0 is a limit point o f X  in the t - topology if and only if  
x 0 e A {c \ {X ) ) .

T h e o r e m  2 (3 ) Let G  C IR be an open set with respect to the natural 
topology. Then 0 is an I-d en sity  point o f  G if  and only if, fo r  euery 
natural number n, there exist a natural number k and a real number 
6 >  0 such that, fo r  each h £  (0 , <$) and fo r  each i £ { 1, . . . ,  n } ,  there 
exist two natural numbers j r ,j i  G { 1, • • •, k } such that

G n  ( ( V 5- +  3X r )  K  +  ś ) h

and

Gn (~ (H r + i£)K~ ( h r  + 3±̂k
L e m m a  1 Let A C  IR. Then 0 £ A ( c l ( A ) )  if  and only if  there exists a 
natural number n such that, fo r  each k £ IN and fo r  each real number 
6 >  0, there exist h £ (0,^) and i £ such that fo r  each
j  £ { 1, . . . ,  k },

Ar' ( (h r +3i j r ) h' (Hr + s ) ' “)

or
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An(~C~ir + ik)h' ~ ( M  + h r ) h) * 0-

Proof. Necessity. Suppose that this is not the case. Then, for 
every natural n , there exist a natural number k and a real number 6 >  0 
such that, for each h £  (0,5)  and for each i £ { l , . . . , n }  there exist 
j r(i, h ) , j i ( i , h) £  { 1, . . . ,  k }  such that

/' n ( (Li r  + ^ r ‘) '‘’ Gir + ii

and

An(~ ( r r + ii)  ~ ( r r  + r r ) h) ~0-
Let n £  IN. Now, we shall define the family o f sets { P £ }  where 

m £  IN, i £  { 1 , . . . ,  n }  and j  £  { 1 , . . . ,  k }.  For each natural number 
* £ { 1, . . . ,  n } ,  we shall say that h £ P% if and only if j  is the above- 
described natural number j r(h ,i ) ,  and m £  EM is such that

n i - i ) k + j - i y  / ( , • - !  ) k + J - i \ m- 1

V ( i - l ) k  +  j  )  V +  i  )

We observe that the sets } m£]{\[, i S { 1, . .  . , n } , j  £ { 1 , . . . ,  k }
have the following properties:

0 )  U~ =1 U“ , PU =  (0,«S) for all i e{ 1, . . . , » } ;

( i i )  if h i ,h 2 £  P%, then

/ (i -  l )k  +  j  -  1A, ( . ' - D t + j J  n
\ nk nk J

n / ( i - l  ) * + j - 1 Łł , ( i ~ 1)t  +  J 0  fi 0;
\ nk nk
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(iii) if PS, #  0 and aJJ =  inf P ” , ii« =  sup then

U
€̂Pm

'(i  -  1 )k +  j  -J _ h {i -  l )k  +  j ^
nk nk

(i -  l )k  +  j  -  1 ■ ■ (ż -  1)/: +  j
nk nk

b'3 ■um )

(iv)
'( i  -  l)fc +  i  -  1 (i - l ) k  +  j  ■

nl n k
-bz n A  =

where a^ , b% are described above.
To prove the above statements, see [2], theorem 2. Let

r =  (i -  l )k  +  j ,  clZ 

Then

-clŻ +  rr-raŻ  and dŻ
nk

ć J d,J
S n  5 m c

3 nk

— a -  — V’  
nk n/o ”

r 1— ---------
nk m 3nk m

and, for any m , m ’ £ IN, for which | m - m  1,

[< £ ,< « ] n  [ e « „ 4 ] =  0.

For any i €  { 1 , . . . ,  n } ,  and j  <E { 1 , . . . ,  fc}, let F{j =  U“ =1 [ c « , dZ\ and

P + =  U
m = l

1 1
m  +  1 m

m  n  k

n  U  U  U  *o-1  u  { 0 } -
71 —  1  7 —  1  j — 1

Then P + is a perfect set, P + fi c l(A ) =  { 0 } ,  and 0 is a right-hand 
7-density point o f P + (see [2], theorem 2). In a similar way we can 
find a perfect set P~  such that P~  fi c ł(A ) =  { 0 } ,  and for which 0 is 
a left-hand 7-density point. Let P  =  P + U P ~ . Then P  is perfect in 
the natural topology, P  fi c l(A ) =  { 0} and 0 £ <I>(P), which gives a 
contradiction sińce, for each P  6 ^ (O ), {0 }  ^  P f i  cl(v4) ^  0.

Sufficiency. W e suppose that there exists P  £ ^ (O ) such that 
P  H c1(j4) =  {0 } .  Then IR \ P  D A \ { 0 } .  By assumption, we have
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that there exists n £ IN such that, for each k G IN and for each real 
8 >  0, there exist h G (0,<!>) and i G such that, for any
J t i  J l  £  { l j  • • • 5 ,

M ^ p n { { l i r + 3- ^ r ) h ' +

a n ( (— + h»f-—- + /

or

R^ n ( - ( ¥ +s ) ,>’- ( ¥ +^ ) /‘) 3

Thus, by lemma 1, 0 is not an /-d ispersion  point o f IR \ P  which 
gives a contradiction sińce 0 G 4>{P)- So, the lemma is proved.

W e shall use the above lemma for each x  G IR by translating the 
set if necessary.

T heorem  3 Let A  C [0,1]. Each Baire one function restricted to A  
can be eitended to [0, 1], resulting in an I-approxim ately continuous 
function, i f  and onty if  A (c\ (A )) =  0.

P r o o f .  Necessity. Let A  C [0,1] be such that A ( c l ( A ) )  /  0. W e may 
assume that 0 G A (c l(y li))  and A\ =  {ar G A  : x >  0 }. By lemma 2, 
we know that there exists a natural number n G IN such that for each 
k G IN and for each real <5 >  0, there exist h G (0, 8) and i G { 1 , . . . ,  n ) ,  
such that, for each j  G { 1 , . . . ,  Ar},

A n ( ( h r + h ł ) h ’ ( h r  + £ ) h) * 0-

W e shall define seąuences { z P} pe]N C A h  I 3"?} eIN ^  suc^ ^ at 
for each p  G IN, x p ^  x'p and

0 G A  (cl ( { z p} p€:In ) )  H A  (c l  ( { ® P} p€j f ) )
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Let k =  1. For 6 =  1, there exist h\ E (0 ,8) and i E { 1 , . . . ,  n }  such 
that Ai fi ( ^ - h !  , i / i j )  ±  0.

Let Xi E A\C\ , n^1) • TLen for 5 =  x i , there exist h\ E (0 ,  <!>)

and i E { 1 , . . .  ,n } such that A\ fi 7̂  0 -

Let E d i  fi (77 ^ 1  > ^ 1 )  • Assume that the seąuences

{ x p } p < r t r ± ł l  5 { X p } p < r(r+i)  ; { ^ p ) p < r ’  { ^ p } ?1 p < r

where r E IN, have been defined.
Let k — r +  1. For 8 =  x r(r+1) i5 there exist hT+1 E (0,5) and

2 t1
i E { 1 , . . . ,  n} such that for each j  E { l , . . . , r  +  l } ,

^ n ( ( h r  + ^FTT))'‘r+1’ (t T" + n(r+T)) A'+1) ̂

Let

I ^ + i e ^ n ( ( h r  + 4 : T i ) ) ' “' +' ’ +

for each j  E { l , . . . , r  +  l }.

Then for 8 — x r(r+D there exist /ir+1 E (0,6)  and i E 
2

such that for each j  E { l , . . . , r  +  l } ,

* - 1  , i  ~  1 \ , > U  -  1 j  
i(r +  l )  J  r+l1 y n n (r  - f  1)A i  FI ^ +  777"',..i'V I /lr + i« ( 7   ̂ 777—777 I /lr+ i I 7̂  ®-

Let

I ^ + 7 ^ n ( ( V L +  7 r T I ) ) A' + . '  ( h r  +  S 7 T T ) )  A' +._

for each j  E { l , . . . , r  +  l}- 

Now, we shall prove that

0 € A (cl ( M ^ in)) n A (c l  ( K } kIN) )  .
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Let P  be a perfect set such that P n { x p } pe]^ =  0 and let G — IR\P.
For any A; € IN and ó =  x '(k_1)(k_2), , ,  there exist hk G (0,6)  and

2 +1

i G { 1 , . . . ,  n }  such that for each j  G { 1 , . . . ,  k },

n  ( ( “  +  i n r )  ■ ( V  +  £ ) h i) #  0-

Let {hks} sej^  be a subseąuence o f corresponding to

the same i G { l , . . . , n } .  Then for each subseąuence { 6 /.-Sr}  of

{ ^ h e l N
lim sup ——  • G

r—► oo /ii*

is residual in -  C [0,1].
Thus 0 is not 7-dispersion point of the set G  and, thereby, o f the 

set P. Therefore for each P  G ^ (O ), P  fi {^ P} p6]j\f 0 -

In a similar way we can prove that 0 G A  ^cl 

Let
velN

9{x)
1 at x  =  x n for n =  1, 2 , . . .
0 at x $  { z n} ne]N

The function g is Baire 1, sińce for each n G IN,

«£(n+l)n | i ^  ^  3?(n+l)n , _ ^  X n(T, _ i )  | 1 <C . . . ^„ -r1 2 "■ 71 ó *

Let /  : [0,1] — > IR and /(a :)  =  for all x  G A  We suppose that 
/  G C i. Then the sets { x : f ( x ) >  0 } G t , { i  : f ( x )  <  1} G r  and 0 G 

: f { x ) >  0 } U { x  : f ( x )  <  1 }. We suppose that 0 G { i  : f ( x )  >  0 }. 
Then there exists P  G ^ (O ) such that P  C int{a: : f ( x )  >  0 } U {0 } .  
This is a contradiction sińce 0 ^  P  fi |a:n}  C {a: : f [ x )  <  0} . In a 
similar way we can show that 0 {a; : f ( x ) <  1}. Thus /  ^  C /.

Sufficiency. It results from the following theorem [1; 3 -e, 21-a, p. 
121]: Let r  be a fine topology on a metric space P  having the Lusin- 
MenchofF property. Let M  be a r-isolated  Gs subset o f P. If /  is a real 
Baire 1 function on M , then /  can be extended to a real r-continuous



Baire 1 function on P.
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