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On the Extending of Baire 1 Functions

Ewa Lazaréw

Let IR be the real line, IN the set of all natural numbers and B
the cr-algebra of subsets of IR having the Baire property and 7 the
cr-ideal of sets of the first category on the real line. For E C IR, let
int(72), cl(7?) denote, respectively, the interior and the closure of E in
the natural topology. In [4] there were introduced notions of 7-density
point and 7-dispersion point of a set E having the Baire property. We
recall that O is an 7-density point of a set A € B if and only if, for every
increasing seguence {"n}nej\] of real numbers such that lim~oo tn = oo,

there exists a subseguence {*nm}m€]N such that {xt»mrym[-i,i]}
converges to 1 except on a set belonging to 7.

Further, a0 is an 7-density point of A E B if and only if 0 is an
7-density point of the set A —x0 = {z —x0 : x G A], and x0 is an
7-dispersion point of A if and only if xq is an 7-density point of IR\ A.

Let <f)(A) denote the set of 7-density points of A. It turned out
(see [4]) that the family Tj = {A C B : A C <!>A)} is a topol-
ogy. It is called the 7-density topology. Continuous functions mapping
IR with the topology T/ into IR with the natural topology are called
7-approximately.continuous. The family of these functions will be de-
noted by C/.

For any x € IR, we denote by V{x) the collection of all intervals
[a, 6] such that x 6 (a, b) and of all sets E of the form

a a

E = oL u 7'1J—1[Ch>(|n] u
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where, for every n,
an<bn< antl < x < dn+i < cn< dnand x £ <t>(E).

In [2] there was introduced a topology r which consists of all sets
U £ Ti such that if x £ U, then there exists a set P 6 'P{x) such that
P C int(U) U {a:}. It was proved that r is the coarsest topology for
which all 7-approximately continuous functions are continuous.

For any subset M C IR, define A(M) as the set of all x such that,
for each P £ V{x), we have 0 P DM 7 {a:}.

We shall need the following theorems and lemmas.

Theorem 1 (2) Let X C IR. Then r-d(X) = X UAclI(A) C cl(A).
Moreover, x0 is a limit point of X in the t-topology if and only if
x0eA{c\{X)).

Theorem 2 (3) Let G C IR be an open set with respect to the natural
topology. Then 0 is an I-density point of G if and only if, for euery
natural number n, there exist a natural number k and a real number
6 > 0 such that, for each h £ (0,<9 and for each i £ {1,..., n}, there
exist two natural numbers jr,ji G {1, === Kk} such that

Gn ((V 5+ 3X MK +§ ) h
and

G (~(Hr +i£)K~(hr +3k

Lemma 1 Let A C IR. Then 0 £ A(cl(A)) if and only if there exists a
natural number n such that, for each k £ IN and for each real number
6 > 0, there exist h £ (0,~) and i £ such that for each
i £{1,..., k},

Ar((hr4djr)d (Hr +s)"9

or
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An(~C~ir +ik)H ~(M +h r)p * 0

Proof. Necessity. Suppose that this is not the case. Then, for
every natural n, there exist a natural number k and a real number 6 > 0
such that, for each h £ (0,5) and for each i £ {I,...,n} there exist
jr(, h),ji(i,h) £ {1,..., k} such that

fn((lr +M 1 )" Gir +1i

and

An(~(rr+i1) ~(rr +rr)h~0
Let n £ IN. Now, we shall define the family of sets {P £} where
m £ IN,i £ {1,...,n} andj £ {1,..., k}. For each natural number

*£ {1,..., n}, we shall say that h £ P% if and only ifj is the above-
described natural number jr(h,i), and m £ BEMis such that

nNi-i)k+j-iy [(,e-D)k+3-i\m1
Vo (i-Dk+j ) V i)
We observe that the sets TmEKNL i S {1,.. ..,n}, j £ {1,..., k}

have the following properties:

0) U~-=1U*, PU= (04S) for alli €1,...,»};

(ii) if hi,h2£ P%, then

[ (i- Dk+j- 1A, (.'-Dt+jJ n
\ nk nk J

n/(i-1)*+j- 1+, (i~ )t +3J0 fi O;
\ nk nk
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(iii) if PS, # 0 and ald = infP ", ii« = sup then

i- Dk+j-3_h {i- Dk+j~»
U nk nk

~EPmM

(i-Dk+j- 1 m - D:+j
nk nk

"(i- Dfe+i - 1 (i-1)k +j =
-bz

nl nk

nA =

(iv)

where a”, b% are described above.
To prove the above statements, see [2], theorem 2. Let

r 1

r=(- Hk+j, cE -aZ + rr-raZ and dz =TT

( ) J nk 3nk nk m 3nk m
Then

¢JdJ c — a- —V
nk nfo ”
and, for any m, m’ £ IN, for which |m -m 1,
[<E,<«] n [e«,4 ] = 0.
For any i € {1,..., n}, andj €{1,..., fc}, let F{j = U" =1 [c«,d2\ and
1 1 mon
Ptz y m+1m NU U U *o1u{0}

m =1 7M—1 7—1j—1

Then P+ is a perfect set, P+ fi clI(A) = {0}, and 0 is a right-hand
7-density point of P+ (see [2], theorem 2). In a similar way we can
find a perfect set P~ such that P~ fi ct(A) = {0}, and for which 0 is
a left-hand 7-density point. Let P = P+ UP~. Then P is perfect in
the natural topology, P fi cl(A) = {0} and 0 £ <I>(P), which gives a
contradiction since, for each P 6 ~(0), {0} ~ P fi cl(v4) ~ O.
Sufficiency. We suppose that there exists P £ ~(0) such that
P Hcl(j4) = {0}. Then IR\ P D A \ {0}. By assumption, we have
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that there exists n £ IN such that, for each k G IN and for each real
8 > 0, there exist h G (0<!>) and i G such that, for any

Jtidl £ {lj ===5

M2Apn {{lir +3~7r1r)h' +
an((— + hwf— + /

or

RY n(-(¥+s)2- (¥ +" ) /)3

Thus, by lemma 1, 0 is not an /-dispersion point of IR\ P which
gives a contradiction since 0 G 4>{P)- So, the lemma is proved.

We shall use the above lemma for each x G IR by translating the
set if necessary.

Theorem 3 Let A C [0,1]. Each Baire one function restricted to A
can be eitended to [0, 1], resulting in an l-approximately continuous
function, if and onty if A(c\(A)) = 0.

Proof. Necessity. Let A C [0,1] be such that A(cl(A)) / 0. We may
assume that 0 G A(cl(yli)) and A\ = {ar G A : x > 0}. By lemma 2,
we know that there exists a natural number n G IN such that for each
k G IN and for each real $> 0, there exist h G (0,8) and i G {1,..., n),
such that, for each j G {1,..., Ar},

An((hr+htH)h’ (hr +£)h*0

We shall define sequences {zP}pe]N C Ah 13?} eIN ~ suc™ ™ at
for each p G IN, xp ™ Xp and

0GA (cl ({zp}p€In)) HA (cl ({®P}pEjf))
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Let k = 1. For 6 = 1, there exist h\ E (0,8) and i E {1,..., n} such
that Ai fi (~-h! | i/ij) = O.

Let Xi E A\C\ , h™"1) «TLen for 5 = xi, there exist h\ E (0, &
and i E {1,... ,n} such that A\ fi n0-

Let Edifi (7771 >~ 1) «Assume that the seguences

{xplp<rtrxtl 5 { Xp}p<r(r+i) ; {~p)p<r’ {’\p}l’6<r

where r E IN, have been defined.

Let K — r+ 1 For 8 = xr(rgl) L i5 there exist hT+1 E(0,5) and
t
i E {1,..., n} such that for eachj E {I,...,r + I},

An((hr + FTT) M (€ T'+n(r+T) Ad)

Let
I~ + ie”~ n((hr +4 T i))" ' “+"" +
for each j E {I,...,r + I}.

Then for 8 — x f(r+D there exist /ir+tl E (0,6) and i E

2
such that for each j E {I,...,r + 1},
*.1 ~1 \,> Uu-1 j

- A m i H N _ 1 N\

Ai Fl + 7i7(} +..1)/JI /IH-I|1« 4 Z]7(Z _271; | Ar+i | 7 ®
Let

I+ 7 A~ n((V L+7rTI1))A+." (hr +S7TT)) A+._

for each j E {I,...,r + I}~
Now, we shall prove that

0EA (@ (M ~in) nA (cl (K }KIN)) .
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Let P be a perfect set such that Pn{xp}pe]® = 0 and let G — IR\P.
For any A € IN and 6 = x'(k_l%(k_Z), , there exist hk G (0,6) and

+

i G{1,..., n} such that for eachj G{1,..., k},
n ((“ +inr) m(V + £ ) hi) # O-

Let {hks}sej™~ be a subseguence of corresponding to
the same i G{l,...,n}. Then for each subseguence {6/Sr} of
{*helN

limsup — =G
r—mo i
is residual in - C [0,1].

Thus 0 is not 7-dispersion point of the set G and, thereby, of the
set P. Therefore for each P G ~(0), P fi {*P}p6\A O0-

In a similar way we can prove that 0 G A “cl

velN
Let
9 at x = xn for n=1,2,...
X
&) 0 at x $ {zn}ne]N
The function g is Baire 1, sifice for each n G IN,
«£(n:|)n_lil A ~ 3?(n+é)n ,ﬂ'\ X n(Té_i) p<...»
Let / :[0,1] — >IR and /(a:) = for all x G A We suppose that

/ G Ci. Then the sets {x :f(x) >0} Gt,{i :f(x) <1} Gr and 0 G
cf{x) > 0} U{x :f(x) < 1}. We suppose that 0 G {i : f(x) > 0}.
Then there exists P G ~(0O) such that P C int{a: : f(x) > 0} U {0}.
This is a contradiction since 0 ~ P fi Jan} C {a: : f[x) < 0}. In a
similar way we can show that 0 {a; : f(x) < 1}. Thus / ~ C/.
Sufficiency. It results from the following theorem [1; 3-e, 21-a, p.
121]: Let r be a fine topology on a metric space P having the Lusin-
MenchofF property. Let M be a r-isolated Gs subset of P. If / is a real
Baire 1function on M, then / can be extended to a real r-continuous
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Baire 1 function on P.
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