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On Darboux Multifunctions

Jan M. Jastrzebski Jacek M. JedrzejewskKi

First let us introduce some of the notions well known in the theory of
real functions which can be extended quite easily for real multifunctions
i.e. multifunctions defined on the set IR of all real numbers with the
values contained in IR too.

By L(F,x),L+(F,x),L~(F,x) we shall denote, as usual, the set of
all limit points ( numbers ), right-sided limit points, left-sided limit
points of the multifunction F at the point x, i.e. the set of all points y
such that there exists a seguence ((xn,yn)) such that

yn &F(xn), (xn,yn) — >(x,t/)and xn%* X, Xn>x, xn< X,

respectively.

For L*(F,x) we shall denote by £*(F,x) the set {x} x L*(F,x),
where * stands for the sign +, or for empty sign. To denote that each
point y belonging to F(x) is greater than c, we shall write F(x) > c.

Repeating the arguments from the article [3] we can notice that

Isx>IOf (F ,a:)e £ +(F,a:0).

where Is denotes the limit superior of some family of sets in IR2.

Definition 1 A real multifunction F is said to have the Darboux prop-
erty iff F(C) is connected for every connected subset C of IR

Definition 2 A real multifunction F is said to have the Darboux prop-
erty at a point a0 6 IR from the right side iff
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(i) F(xo) is a connected subset of IR,
(if) F(xo) fi L+(F,x0) ™ 0O,

(iii) for each ¢ 6 (infL+(F, x0), sup L+(F, £0)) and 6 > 0 there is
X 6 (zo,£0 + 7) such that ¢ € F(x).

In the analogous way we define left-hand sided points of Darboux of a
multifunction, and we say that a multifunction has Darboux property
at a point if it has Darboux property from both sides at that point.

Lemma Let F be a real multifunction of a real variable with connected
values fulfilling the following condition

F(x) fi L+(F,x) / 0, F{xX)nL~(F,x)"ili.

If there exists ¢ G IR such that
(1) ¢ ™~F(x) for eachx GIR,
(2) F(JR) n(c, oo) / 0/ F(R) n (-00,0),
then the sets

E\= {x GIR: F(x)<c}

E2— G IR: F(x)>c}
are complementary and K = Fr(f*i) is a perfect set and the sets I{ C\Ei
are dense in K for i —1,2.

Proof. Suppose that K is not a perfect set. Since it is closed, then it
is not dense in itself. There exists a point xo € K which is isolated in
I\. There exist two numbers a, b such that a < b and
[a, b] fi K = {x0}-
Each x € («(fe), x / Xo belongs to Int(Ei) or Int(£2). Assume that
af£ Ei. Then theset Ci = {ir € [a,b]: [a,x] C Ej} is nonempty. Let
aj = sup Ci.

If aj < Xo, then aj G K, a contradiction, hence aj > r0. We would get
a contradiction, if aj were greater than Xo, so aj = xO0.
In the analogous manner we can prove that
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(3) x0=inf{x G [a,b: [z,6 C E2} if F(b) > c,
or
(4) to=inf{x G [ai]: [a 6 C E\} if F(b) <c.

Since x0 G k, then (4) is impossible, so must (3) hotd. We know that
%0 G Ei U E2. Assume that, for example, io G A . Thus F(x0) < ¢ and

F(xo)nL +(F,x0)"0.
Since in view of (3)
L+(F,x0) = L(F\e2,x0),

then we have come to a contradiction. Thus the set K perfect.
Suppose now that the set K fi Ei is not dense in I\. Then there is
Xo G K and an interval (a, b) such that

(5) {(a, b) fi 1< T E-) \ {.t0} = O.

Since K is dense in itself then one can choose a and b such that a G K
and b G K and moreover also a G K fi E2, bG K fi E2. Then

sup{T G [a, 6 : [a,a] C E2] = b,
what contradicts to the fact that t 0o G K = Fr(E2) = Ft(Ei).

Theorem 1 A real multifunction has Darbouz propety if and only if it
has Darbouz property at each point of IR.

Proof. Suppose first that a multifunction F has Darboux property but
is not Darboux at some point x0 G IR. Assume that F is not Darboux
at t o from the right side. Then there exist a positive 8 and

¢ G (infL+(F, «o), sup T+(F, x0))

such that
cF(x) for x G(,t0+ 8)

but there are xi,x2in the intervat (to,70 + 8) such that

F(xi) <c and F(x2) > c
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Thus the set F([:ri,;r2]) is not connected what is impossible.

Assume now that F has Darboux property at each point of IR and
suppose that F has not Darboux property. Then there isa connected
set C such that F(C) is not connected. The supposition that C is a
singleton is impossible. Then there is a point ¢ E IRsuch that ¢ 0 F{C),
what means that

F(C) = [F(C) n (-00,¢)} u [F(C) n (c, +00)]

and the sets F(C) fi (—00,c), F(C) fi (c, + 00) are nonempty and sep-
arated. There are points x\,x2 E C such that

F(x1) < ¢c < F(x2) and, for example, x\ < x2.

To simplify the denotations, assume that Fi = F\[XIitX2y Of course,
Fi([xi, a2]) is not connected and F\ C A\ U A2, where

Al - [xuxZ x (-cx>,c),

A2= [x!,x2] x (c, +00).

The sets Ai and A2 are disjoint and open in [x\,x2\x IR. Since ™ ("i)
is a connected set, then for each x E [xi,x2],

F(x) ™ (c,+00) or F(x) C (—00,c)

and
Fi OAi ~ 0™ \n A2

Let for i = 1,2,
Ei = {x E [xi,x7: F(x) C Ai}.
Of course, Ei U E2= [x!,x2], Ei/ 0, ExXOE2= 0. Let
I< = Fr(Ei)

where Fr denotes the boundary of a set with respect to the interval
[a?, x2\ In view of the lemma the set K is perfect and K O Ei are dense
in K fori= 1,2.

E(x) <c for each x E K OE\
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then
L(F,x) <c

and
L(F,a) > c for j: £/( fiA.

Let x0 e A', for example x0 G Ai. Since I\ fi A2 is dense in I(, then
there exists a seguence (xn) such that xn — >x0and xn G A fi E2. In
view of the properties of limit numbers of multifunctions,

Isnf (A ,xn) C C(F,x0).
Each of the sets L(F,xn) lies above c, then
L{F\e2, xq) fi [c,+00) ™ O.
Of course,

L(F\EI, x0) U L(F\e2, x0) = L(F,x0),

then
¢ G L(A]B}x0) n L(F\e2, x0).

F(x0) < c, then the set L(F\EI, x0) is nondegenerated. Let now,

E® = GK: (c+ e L(F¥ehx)}

for i = 1,2. For each x,c ™ A(a;) and F(x) fi L(F,x) ™ 0, hence

A= U (Ef> UE<>)
n=1
We infer, from the properties of limit numbers ( see [3] ), that the sets
are closed, thus at least one of them must not be nowhere dense
with respect to K, therefore there is A*") that is dense in a portion of K.
Let it be A*1), and let it be dense in I<fi [a b] for some a,bG IR, a< b
The set A™) is closed, then

E~O[a,b] = KD[a,b].
In that way we have proved that

¢ G (inf L(F, £0), sup L(A, x0))
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and
Foaixix2] N (IR X {C}) = O,

what is impossible.
Following the standard way for real functions one can get the ana-
logues of Young's theorems on asymmetry.

Theorem 2 For any real multifunction F the set
{rG IR: F{x)\L+(F,x) = 0}

is denumerable.

Theorem 3 For any real multifunction F the set
{xGIR: L~(F,x)z* L+(F,x)}

is denumerable.

Theorem 4 The set of all points at which a real multifunction has
Darboux property from exactly one side is denumerable.

Proof. Let F be an arbitrary real multifunction and E be the set of all
points of IR at which F has Darboux property from exactly one side.
We shall give the proof that the set A of all the points of IR at which
F has Darboux property from the left side and has not this property
from the right side.

Let An be the set of all points x from A for which there is

cE (infL+(F, x), sup L+(F, x)),

sup L+(F, .t) —infL+(F, x) > ~
and
c”™N F(t) forall t£ (x,x+ 1)

One can see that each of the sets An contains no right-hand sided
accumulation points, hence each An is denumerable. Moreover,
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what proves that A is a denumerable set. Similarly, one can prove that
the set B of all points of IR at which F has Darboux property from the
right side but has not this property from the left side is denumerable,
therefore E = A UB is also denumerable.

Theorem 5 The set of all points at which an arbitrary real multifunc-
tion has Darbouz property is of the type G&

Proof. Let F be an arbitrary multifunction and E be the complement
of the set of all Darboux points of F. Let

A= {xeE: F(x)\L(F,x) = 0}

B ={xeE: L~(F,x) ™~ L+(F,x)}
C —{x £ E: F is Darboux from exactly one side}
D = E\(AU BUC).

In view of theorems 2, 3 and 4, the sets A, B, C are denumerable.
Let Cn denote the set of all points of the set C for which

(3c € (infL(F, x), sup L(F,a:))) (vt € (x,x+ ™)) (c£ F(*)) =

It is easy to see that
Cne Cn+l)

hence

(e]e]

U :UCn and D:UCn.
n=1 n— n=1
Therefore E = AU B UC UD is of the type of Fa.

In the end it is worth to add that Theorem 4 can be completed and
we can get a fuli characterization of the set of Darboux points of an
arbitrary real multifuntion. Namely, each function is a multifunction
too and for them Darboux properties as well global as local ones coin-
oide. Since each set of the type Gs can be the set of Darboux points of
some function ( see the article [4] ), then the next theorem is a simple
corollary of that fact.

Theorem 5’ The set A C IR is the set of all Darboux points of a real
multifunction if and only if it is of the type Gs-
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Next part of the article will deal with the problems of functionally
connected multifunctions.

Definition 3 A real multifunction F is said to be functionally con-
nected iff F is Dax-boux and each continuous function meeting F(+)
and F(-) cuts F as well, where F(-\-) and F (—) are defined for real
multifunctions in the following way:

F(+)

{(x,y) © y>F(x)},

F(=) = {(™.y)= y<F{x)}.
Definition 4 A real multifunction F is said to be fuctionally connected
at a point ro 6 DI from the right side iff
(a) F(xo) is a connected subset of IR,

(b) F(xO)nL+(F,x0)™(H,

(c) for each 6 > 0 and continuous function / : [ao, £0 + £] — * DI for
which f(xo) € (inf L+(F, x0), sup L+(F, x0)) there is x belonging
to (x0,a:0 + 6) such that f(x) € F(x).

In the analogous way we define left-hand sided points of functional
connectitivity of a multifunction, and we say that a multifunction is
functionally connected at a point if it is so from both sides.

Theorem 6 A real multifunction is functionally connected if and only
if it is functionally connected at each point of IR.

The proof is guite analogous to Theorem 1 and Theorem 1 from the
paper [2].

Theorem 7 The set of all points at which a real multifunction is func-
tionally connected from exactly one side is denumerable.

Theorem 8 The set of all points at which an arbitrary real multifunc-
tion is functionally connected is of the type Gs-
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Theorem 8’ The set A C IR is the set of all funtional connectivity
points of a real multifunction if and only if it is of the type Gs-
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