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ON UNIQUENESS OF MINIMAL PROJECTION IN  11

B l a t t e r  and Cheney [”l }  s tu d ie d  th e  e x i s t e n c e  o f  a m in imal 

p r o j e c t i o n  from  the Banach space  1^ o f  a l l  a b s o lu t e l y  hum­

mable r e a l  sequences onto  i t s  cond im ension  one subspace 

D = f  ^ ( 0 ) ,  where f €  In  p a r t i c u l a r ,  th e y  p roved  th a t

i f  the  l i n e a r  fu n c t i o n a l  f  i s  o f  the  fo rm :

( O  f  = ( f n> ’ 1 = f ,  >  f 2 ^  . . .  ? 0 ,  f 3 ^  0,

Then th e  h yp erp la n e  f ” ^ (0 )  i n  th e  space  1  ̂ adm its  a t  l e a s t  

one m in im al p r o j e c t i o n ,  whose norm i s  g r e a t e r  than 1.

In  the  p r e s e n t  paper  we e s t a b l i s h  a n e c e s s a r y  and s u f ­

f i c i e n t  c o n d i t i o n  f o r  th e  u n iqu en cess  o f  a m in im al p r o j e c t ­

i o n  from  1^ on to  f  1( 0 )  under the  assum ption  ( 1 )  . Our 

t e r m in o lo g y  and n o t a t i o n  f o l l o w s  [ l  ]  and [23 .

L e t  B be a Banach space o v e r  the  f i e l d  R o f  r e a l  

numbers, SR = [ i £ B  : ||x||:l} , the u n i t  sp h e r e .  By B* 

we d en o te  the  du a l o f  B,

For  e v e r y  f  £  B * \ ^ 0  ̂ we s h a l l  c o n s id e r  th e  f a m i l y  o f  

l i n e a r  o p e ra to r s

 ̂ 2  ̂ Pf , z  = 1 “  f ® z : B —*  B, z  £  B,

i . e .  P- _ ( x ) = x  -  f < x ) z .I  , z

L e t  z  £  f  1 ( 1 ) ,  then  P „  i s  a p r o j e c t i o n  from  BI , z
on to  D = f “ 1 ( 0 ) ,  ( c f .  [1 3 ) .

Le t

( 3 ) q ( f ) =  i n f  {l|Pf f Z l|: z  £  f ~ 1 ( 1 ) }  ,

the r e l a t i v e  p r o j e c t i o n  co n s ta n t  o f  the  p a i r  ( B, f ” V o ) ) ,
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and l e t

O )  Gf  = { z £ f _1 C1) :  l|Pf > z ll = q C f > ) ,

the  s e t  o f  th e  p o in t s  z  c o r r e s p o n d in g  t o  m in im al p r o j e c t ­

i o n s .  The e q u a l i t y  ca rd  (  G .̂1= 1 e x p re s s e s  th e  un iqueness  o f  

a m in im al p r o j e c t i o n  on f “ 1 ( 0) .  For e v e r y  z =Cz i ) we

w r i t e  z  >  0 ( r e a p .  z ? o )  i f f  z^ > 0 / r e a p .  z  ^  0 ) f o r  a l l  

i n d i c e s  i .  We l e t

B+ = [ z  6 1 1 : *  ?> ° }  •

Ve s h a l l  need th e  f o l l o w i n g  r e s u l t s  o f  he papers  [ 1 ]  
and [23 :

P r o p o s i t i o n  Lenina L e t  B = 1  ̂. I f  f  S g «

s a t i s f i e s  the  c o n d i t i o n  ( 1) ,  then

( 5 )  of  = : * * o ,  llPf > z H =  .

P r o p o s i t i o n  2 . ( f l  ] ,  Lemma 3 ) .  L e t  B = 1 , f € . S  « ,  and

Then

( 6)  l|pf > z l l = » u p  J h  -  f nzn | ♦ | fn | (||zn -  lzn D ) .

In  p a r t i c u l a r ,  i f  f >0 and z  0, then

( 7 )  l lpf | Z l l=  1 + S« P  r i  * where r ± = ( || z  II -  2z ± ) f i  .

P r o p o s i t i o n  3 . f [ l 3 .  Theorem 7 ) .  L e t  B = 1  ̂ and l e t

f  Sg* s a t i s f y i n g  (1 )  .  Assume 1/0 = oo, 0 • ° °  = 0 and

den o te   ̂ j

<8 )  ‘ j  '  1? ,  f i ’ bJ = * ? ’ f ‘ '  ’ P j  = V « - 2 > f o r

J > 2  ;

( 9 ) Cj = min S / j b j . ,  , a j _1 }  f o r  J » 2 ;

( 10)  k  = k ( f ) =  max ^ j  : C j - j  ^  - 3} .

Then

( i )  i f  f  = f °  > , then  q ( t ) =  2 ;

( i i )  i f  f  /  f ° ( then  q ( f ) =  1 + u , where



7

-  l / f kU k - 2 )  + i f  a ^ k -2 ,

( 11)  u = I
U ( V k - k ) -1 , i f  a ^ k -2

and

0 2 )  (3k ^  1/ f k  •

Remark 1. By ^2 3 , Lemma 3. 1 » R C f) ^ 2 f o r  f  /  f °  . 

A d a p t in g  P r o p o s i t i o n  3 t o  th e  case  o f  th e  n -d im e n s io n a l  

space  B = l ”  ( n  >  h )  we g e t : i f  1 = f  1 ^  ^  f ^  & 0, f ^ ^ O ,

then  q ( f ) =  1 + u w i t h  u d e f in e d  b y  (1 1 ) , ( o f . CZ-1 and C31 )  , 

P r o p o s i t i o n  h . ( [ 2  3, Theorem 3 »2 ) .  L e t  B = l ”  , n-^.3, 

f £ S Q*  s a t i s f y i n g

( 13)  1 = f 3> o .

L e t

( * ■ ( * )  > ^  »
(1̂) m = m (f  ) = J

C » in  £ i  e  { 3 , ^ ..........k ( f ) >  l / f i  + 1 = f t c ( f ) 5 >

o th e r w is e .
_/J

Then the  m in im al p r o j e c t i o n  o f  B onto  f  ( 0 )  i s  unique 

i f f  one o f  the  f o l l o w i n g  two c o n d i t i o n s  i s  s a t i s f i e d :  ,

C i )  a >  ni-2 ; m

( i i )  ani< m - 2, f 2 < 1 , am_1 >  m-3 .

P r o p o s i t i o n  5 .£ f2 3 .  Theorem 3 -3 ) *  L e t  B = 1™ , b , 

f  Sg* s a t i s f y i n g  (133, m = m ( f ) 5 3, S = l ”  , 

f  = ( f  , . . . , f m ) €. B *. Then m ( f ) =  m, q ( f J =  q ( f )  and

G f = [ z e . B + : (  n.  ̂ , . . .  t xm)e G ^  » 2j  = 0 f o r  m < r j < n 3 ;

in  p a r t i c u l a r ,  c a rd  (  Gf ) = ca rd  (  G^r).

The  n ex t  theorem i s  our main r e s u l t :

Theorem  1 . L e t  B = 1  ̂ , f t  S g *  such th a t  1 = f  5 f  ̂

f  ̂  > 0.

Then

( i 3  i f  f  = f °  * ( 1 , 1 , .  . . , 1 , . . . )  then  ca rd  (  Gf) >  1 ;

( i i )  i f  f  4  f ° ,  8 = 1™ and f  = ( f l f . . . , f m) ,  where /
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\
m i s  g i v e n  toy (1 1*) , then  th e  m in im al p r o j e c t i o n  o f  B on to  

f  ( 0 )  i s  un ique i f f  th e  m in im a l p r o j e c t i o n  o f  B on to  f  ( 0 )  

i s  u n iqu e .

P r o o f ,  t i l  L e t  f  = f °  and z 1 = (1/2 , 1 / k , i/ ' t ,  0 ,0 , . . J » e B ,

z 2 = 0 / 3 .  1/3, 1/3, 0 ,0 ,  . . .") €.B. E v id e n t l y  z 1 , z 2€  f - 1 f 1 ) ,

Pf o z 1 / Pf0  z 2 . By ( .7 0  P r o p o s i t i o n  3, and Remark 1,

||P o lj|=l|P o 2 II = = 2. Hence c a rd ( G■ ^)>1.
f  , z  f  , z  1

( i i )  Let f  / f ° .  By Remark 1, q ( f ) =  1 + u ^ 2 .  Let m = m ( f )

be de f ined  by (1*0.  Let B = 1™ , f  = ( f  1 , . . . , ) .  R eca l l ,
that  by P ropos i t ion  5, q ( f )= qC O *

F i r s t ,  we p ro v e  th a t

(1 5 )  Gf  c { z £ B t  : ( z  , . . . , z h V € G - ,  z ± = 0 f o r  a l l  i >  m^.

To t h i s  end l e t  > z  e. Gf  and z  = ( z 1 , . . . , z m ) e  B. By ( 5 ) ,

z  £ b  .+
In  th e  ca se  f  . = 0 (and hence f ,  = 0 f o r  a l l  j^-m+11

~ _ i m+1 j
we have  z  <=-f~ ( 1 ) ,  and, by  P r o p o s i t i o n  2,

q ( f  II ~||= 1 + max (Hz II -  Zx^)  f ^  : 1 i  i i

^  1 + max { ( I I  z  II -  2z^) f  ̂  : 1 i i f  n j  = q ( f )  .

T h e r e f o r e  II z  II = l l z  ll and hence z .  = 0 f o r  a l l  i ?  m+1 , and 

z  6. G£.
Now c o n s id e r  th e  c a s e :  f  /  0. O bserve  th a tm+1

(16 ) z 1 >  0.

In d e e d ,  llz||=||zll | l f | | ? f ( z )  = 1 and by P r o p o s i t i o n  2 and

Remark 1, II z  ll -  2r. ̂  = (|lz II -  2 z { )  f 1 — H z  H ” 1 = u -d 1 . By

( 1 6 )  and th e  f a c t  th a t  z  €. B+ , we have  t  -= + * * *

+ f  z  > 0 .  E v i d e n t l y  y  = t - 1 z ^ f  V 1 )  . m m

By P r o p o s i t i o n  2 th e r e  e x i s t s  an in d e x  i o such th a t

1 i - -  m and II P;r ~ H = 1 + (  ll y  ll -  2y ) f  . Hence
°  * * y  o o

tu  ^  t ( | | p - ~ | ) - l ) =  t(||y ll -  2Y i  ) f t  = (  ||ty II - 2* lo) f io  = ^

=  (  I .  «  -  ±  * J  -  V  t.°- V  11* 11  -  » • ,  )  -  r ,  *
j=m+1 ° o o o o o

cx?

' u -  z n  *o
3 = m + i

i . e .

i



S in c e  f j <  f^  f o r  a l l  j £  m+1 and u<£ 1 ( b y  Remark 1 ) ,  we 

g e t  z j  = 0 f o r  a l l  j  >, m+1.  M o reo ve r ,  H P f f Z ll=l|Pf  T\\= q C f )  =

= e ( f ) t  2 ^  G£» T h is  e s t a b l i s h e s  (1 5 ) .
F i n a l l y  we p ro v e  th a t

(1 7 ) Gj ^  |z 6  B+ ! Cz -j»• • • i z ra) = 0 f o r  a l l  i  ^  m+11#

To t h i s  end l e t  z ^ G - ,  z  = ( z , . . . , z )  , and

2 = CZ 1 » •• • » zmi ° »  • • • )  <£■ B. By P r o p o s i t i o n  5 z  e.B+ and t h e r e ­

f o r e  z  6 ®+ * P r o p o s i t i o n  2 and by  (1 )

l|Pf>  Jl = 1 + max ( u ,  f m+1 !l z l l  !j ,

I n  the  c a s e :  f  = 0 ,  by P r o p o s i t i o n s  3 and 5, we have1114- I

llPf | Z l l= II = q ( f ) =  q ( f )  and z  £  Gf  .

In  the  ca se  where fm+1 > ° »  we l e t  f  = Cf1* • • • * f m+1) »
B = l “ +1 , z  = ( ^ 1 i . • • , zm,0 )£ B .  By P r o p o s i t i o n  5,

Gf  = ( X € B + V > * Gf ’  * m+1 = 0 }

and l l P f ^ M l P f ^ l l  = q ( . f ) =  q ( f . )  = 1 + u .  Hence

f m+1HS|U u , b ecau se  H P£ g  I! = 1 + max ^u ,  f m+1 |l zl|} = 1 + u.

O bserve  n e x t  th a t  II zll = R % II = ||zl|. T h e r e f o r e

II P f  2 II = 1 + majc f u » f m +1 H Z H }= 1 + u = q t f )  and z £ G f .

Example 1 . L e t  f  = ( 2 1 “ n) e ( l )* .  By (1 0 )  a i .u ( lU ) ,  m ( f  j  =

= k ( f )  = 3. Hence, b y  Theorem 1 and P r o p o s i t i o n  U, th e  m in im al 

p r o j e c t i o n  from  1^ on to  f ~ 1 (0 )  i s  u n iqu e .

Remark 2 . S in c e  th e  space  1^ i s  sym m etr ic ,  our Theorem 

1 y i e l d s  a n e c e s s a r y  and s u f f i c i e n  c o n d i t i o n  f o r  th e  u n iqu e ­

n ess  o f  m in im a l p r o j e c t i o n  from  1 1 on to  i t s  subspace g _ 1 (o . )  

i n  th e  case  th a t  th e r e  i s  a p e rm u ta t io n  £ p ( n ) ) o f  p o s i t i v e  

i n t e g e r s  and th e  sequence  ( £  n ) £ i  = +1 o r  -1 such th a t

th e  l i n e a r  f u n c t i o n a l  f  = (£  g  , ^)fe(l.. ) *  s a t i s f i e s  the  c o n d i -v n p (n ) 1
t i o n  ( 1 ) .  As f a r  as I  know, th e  r e m a in in g  ca se  i s  u n e x p lo r e d .



)

N o te

The p r o j e c t i o n  ( =  an id em po ten t  bounded l i n e a r  o p e r a t o r )  Pq 

from  a Banach space  B on to  i t s  subspace D i s  m in im al i f  

)|P0 H ^  l\P || f  o r  e v e r y  p r o j e c t i o n  P : B —}  D.
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S t r e s z c z e n i e

W a r t y k u le  podano dowód k o n ie c z n o śc i  i  d o s t a t e c z n o śc i  

warunków, d l a  k t óry c h  r z u t  z  m in im alną normą >  1 ,  odwzorowu-

j q cy  p r z e s t r z e ń 11 na p o d p r z e s t r z e ń K er  f  , g d z i e  

f  = ( f , t f 2 , . . , ) f c  ( 1 ^ *  i

1 = f 1^  f 2 • • • ?  ° »  f 3 >  0 » J0st J «dyny.
Podane warunki d la  fu n k c jo n a ł u f  są o b e c n ie  prawdopodobn ie  

jedynym i znanymi warunkami, p r z y  k t ó ry c h  wiadomo, ż e i s t n i e j e  

r z u t  z  m in imalną normą > 1  z  1 1 na K e r  f  .
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