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ON UNIQUENESS OF MINIMAL PROJECTION IN 11

Blatter and Cheney [} studied the existence of a minimal
projection from the Banach space 1 of all absolutely hum-
mable real sequences onto its condimension one subspace
D=f ~(0), where f€ In particular, they proved that

if the linear functional f is of the form:
(O f =(fn>’ 1=f, > f2~ ... 20, f3~ 0,

Then the hyperplane f”~(0) in the space 1 admits at least
one minimal projection, whose norm is greater than 1.

In the present paper we establish a necessary and suf-
ficient condition for the uniquencess of a minimal project-
ion from 1~ onto f 1(0) under the assumption (1) . Our
terminology and notation follows [l ] and [23

Let B be a Banach space over the field R of real
numbers, SR =[iEB : |Ix]I:I} , the unit sphere. By B*
we denote the dual of B,

For every f £ B*\”~0~we shall consider the family of

linear operators

nan Pf,z =1 “ f®z : B — B, z £ B,
i.e. PI_,z-(X): x - f<x)z.
Let z £ f 1(1), then PI . is a projection from B
onto D = f“1(0), (cf. [13).
Let
(3) q(f)y= inf {I|PffZI}: z £ f~1 (1)} ,

the relative projection constant of the pair (B, f"V o)),



and let
0) of ={zef 1l cly: IIPf>zll = qCf>),

the set of the points z corresponding to minimal project-
ions. The equality card ( GN1= 1 expresses the uniqueness of
a minimal projection on f“].(O). For every z =Czi) we
write z>0(reap. z?20) iff ™ > O/reap. z ’\O) for all

indices i. We let

B+ =[z 611 : * > °} e

Ve shall need the following results of he papers [1]
and [23 :

Proposition Lenina Let B

. If f Sg«

satisfies the condition (1), then

(5) of = . **o, |IPf>zH=
Proposition 2. (fl], Lemma 3). Let B =1 , f€.S «, and
Then
(6) Ilpf>zll=»up Jh - fnzn | ¢ |fn] (llzn - 1IznD).
In particular, if f>0 and z O,then
(7) lpfl] Z1l= 1 + S«P ri * where rt=(llz I 2zJ_r)fi

Proposition 3.f[13. Theorem 7). Let B=1" and let

f Sg* satisfying (1) . Assume 1/0:00, O- °e = O and

denote " i

<8) j b, fi* b3i= *2 f' o Pj =V «-2>for
J>2 ;

(9) Cj= min s/jbj., , aj_l} for Jo» 2

(10) k = k(f)= max ~j :Cj-j ~ -3}.
Then

(i) iff = f° >, then q(t)= 2 :
(ii) iff 7 f°( thenq(f)= 1 +u , where



- I/fKU K-2) + if ark-2 ,

(1) u

=1
U (V k -k )-1 L if ank -2

and

0 2) Bk N 1/fk -

Remark 1. By 223, Lemma 3. 1» RCf)AZ for f / f°
Adapting Proposition 3to the case of the n-dimensional
space B = 1" (n>h) we get: if 1:f1’\ N fr &0, fANO,
then q(f)= 1 + u with u defined by (1), (of. zradca),

Proposition h. ([2 3, Theorem 3»2). Let B = 1" , n-~.3,
f£S Q* satisfying
13) 1 = f3>0.
Let
Sl(*) > n »
(I) m=m(f)=
Cr»in £ie {3,M.iet k(f)y> 1/fi+1 =ftc(f)5 >

otherwise.

/J
Then the minimal projection of B onto f~ (0) is unique

iff one of the following two conditions is satisfied: ,
ci) a_>n2 :
m
(ii) anicm-2, 12<1, aml> 3 .

Proposition 5.£f23. Theorem 3-3)* Let B = 1™ | b,
f Sg* satisfying (133, m = m(f)53, s =1,
f =(f ,...,fm)€ B*. Then m(f)= m, q(fJ= q(f) and
Gf =[ze.B+ : ( n™,... txmeG" »2j =Of0r m<rj<n3;

in particular, card ( Gf)= card ( G™r).

The next theoremis our main result:

Theorem 1. Let B = 1, ft Sg* suchthat 1 = f 5f"
f’\>0.
Then
i3 if f =+¢ =1,1,...,1,...) then card (ch> 1;

(ii) if f 4 f, 8=1m and f =(f1f...,fm, where /



\
m is given toy (11, then the minimal projection of B onto

f (0) is unique iff the minimal projection of B onto f (0)

is unique.
Proof, til Let f = f° and z1 =(1/72, 1/k, i/'t, 0,0,..J»eB,
z2 =0/3. 1/3, 1/3,0,0, ...") €.B. Evidently z1,z2€ f-1f1),
Pfo z1 / PfO z2. By (.70 Proposition 3, and Remark 1,
Po ljl=llP,o 21 = = 2. Hence card( @GnN)>1.
IF o ,lil=lIP o, (G

(ii) Let f / f°. By Remark 1, q(f)= 1 +un~2. Let m= m(f)
be defined by (1*0.Let B = 1™ | f = (f1,..., ). Recall,
that by Proposition 5, gq(f)= qCO*

First, we prove that

(15) G c{z£Bt (z ..., zhVE€G-, z+= 0 for all i> mn
To this end let >ze. GfF and z =(z1,...,zm)e B. By(5),
Z£b+.
In the case f . = 0 (and hence f, = 0 forall j~-m+11
~ i mtl j

we have 1z <=f~ (1), and, by Proposition 2,

q(f I ~I]= 1 + max (HzIl- zx~) f~ :1i ii
A1+ max{(llzhh- 2z f~ :1iif nj =q(f).

Therefore llz =1z I and hence z. = 0 for all i? mtl, and
z 6. GE.

Now consider the case: frml / 0. Observe that
(16) z1> 0.
Indeed, liz]]=]lzll |If]]?f(z)= 1 and by Proposition 2 and
Remark 1,z Il - 2r.~ =(Jl1z Il - 2z{) f1— H zH”1 = ud 1. By
(16) and the fact that z € B+ ,we have t -= + KEE

. oL A
+fmzm>0. Evidently vy t-1z~1f V 1)

By Proposition 2 there exists an index io0o such that
1 i--m and Il P;r~H= 1 +(llyll- 2y )f . Hence
° **xy o (0]

tu ~ t(llp-~1)-D= t(llyll - 2Yi ) ft =( |yl -2*lo)fio = n
=(1. «- * *] -V t.°- v w11 - »e,) - F ,o*

j=m+1 o0 o] o] 0 o] 0

u - o Z N *

3=m+i



Since fj< f» for all JE mtl and wu<ft 1 (by Remark 1), we
get zj = 0 for all j > m+1. Moreover, HPffZIl=I|Pf T\\= qCf) =
= e(f)t 2~ GE» This establishes (15).

Finally we prove that
@a7) Gj ™ |]z6 B+ | Cz-jpeeeizra) =0 for all i”™ m+11#

To this endlet z"G-, z =(z,..., z) , and

2 =Z1lreee»zmi°» =*+) <@ B. By Proposition 5 z e.B+ and there-

fore z 6®+* Proposition 2 and by (1)
I|Pf>JI= 1 + max (u, fmed U zIl Y,

In the case:]]ﬁI =0, byPropositions 3 and 5, we have
IHPf | ZI1l= = q(f)= q(f) and 2z £ Gf

In the case where fm+l > °» we let f =Cfl*eee*fm+l)»

B=1“+41 , z =("1li.»+,zm,0)EB. By Proposition 5,
Gf =(X€B+ VvV > * Gf’ *mtl = 0}
and IIPfAMIPfAIlI = q(.f)= g(f.) = 1 + u. Hence
fm+1HS|JUu , because HPE glI'= 1 + max ~u, frm+l Jzl]}= 1 + u.
Observe next that llzll= R% Il = J|zll. Therefore
NPf 211 = 1 + majc furfmtl HZH}= 1 + u = qtf) and z£Gf.

Example 1. Let f =(21“n)e (1)*. By (10) ai.u(lU), m(fj=
= k(f) = 3. Hence, by Theorem 1 and Proposition U, the minimal
projection from 1™ onto f~1(0) is unique.

Remark 2. Since the space 1n is symmetric, our Theorem
1 yields a necessary and sufficien condition for the unique-
ness of minimal projection from 11 onto its subspace g_1(0.)
in the case that there is a permutation £p(n))of positive
integers and the sequence (£ n) £i = +1 or -1 such that
the linear functional f =(/£ngp(n5\)fe(l'1)* satisfies the condi-
tion (1). As far as | know, the remaining case is unexplored.
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Note
he projection (= an idempotent bounded linear operator) Pq
from a Banach space B onto its subspace D is minimal if
JIJPOH ~ IN\P |Ifor every projection P : B —} D.
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Streszczenie

W artykule podano dowéd koniecznos$ci i dostatecznosci
warunkéw, dla ktérych rzut z minimalng norma > 1, odwzorowu-
jgcy przestrzen 11 na podprzestrzen Ker f , gdzie
f =(f,t f2,..,)fc (1 ~* i
1 =fINf2 eee? °y 3 > 0 » JOst J«dyny.

Podane warunki dla funkcjonatu f sa obecnie prawdopodobnie
jedynymi znanymi warunkami, przy ktérych wiadomo, ze istnieje

rzut z minimalnag normag >1 z 11 na Ker f



