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A CLASSIFICATION OF (Г-IDEALS ON THE REAL LINE

Throughou t th e  p a p er we s h a l l  c o n s id e r  s u b se ts  o f  th e  r e a l  

l i n e  TR equ ip p ed  w ith  th e  n a tu ra l  t o p o lo g y .  By oJ ( r e s p .  

we mean th e  f i r s t  i n f i n i t e  ( r e s p .  u n c o u n ta b le ) o r d in a l  number. 

L e t  Sb d en o te  th e  f a m i ly  o f  a l l  B o r e l  s e t s .  We s h a l l  a ls o  

c o n s id e r  f a m i l i e s  F^., G,< , ос с , d e f in e d  as in  L2 J , p p .251- 

-2  52.

A fa m i ly  ^ o f  s e t s  w i l l  be  c a l l e d  a j r '- id e a l  i f  and 

o n ly  i f  I t  f u l f i l s  th e  c o n d i t io n s :

( i >  i f  1Ć. 3 and В £  A , then  В t  ü ;

( i i )  i f  A f o r  a l l  n со , then  ^  A 3 ;n n < u  n
( i i i )  i f  A é O  i then  th e  i n t e r i o r  o f  A i s  em pty;

( i v )  i f  x  é. 3R , th en  ( x }  ć- 3 .

A fa m i ly  3 w i l l  be c a l l e d  m ovab le  i f  and o n ly  i f  i t

f u l f i l s  th e  c o n d it io n

( v )  i f  A C  Ü and x ć. 3R, th en  A + x  3 ,

w here A + x = { y C - I R : y  = a + x f o r  some a £  A } .

Remark 1.  I f  3 i s  m ovab le , c o n d it io n s  ( i )  , ( i i ) h o ld  

and IR ф 3 , then  c o n d it io n s  ( i i i ) ,  C iv ,) h o ld ,  as w e l l .

L e t  3 be a t f ' - i d e a l  and l e t  "C be any o f  th e  fa m i l i e s  

Æ>, F^, , G ^  , oc OJ1 . D e f in e

I  (3 , С )  = £a : A £ В f o r  some B e  

3 w i l l  b e  c a l l e d  a B o r e l  ( r e a p .  n o n - B o r e l )< r - id e a l  i f  

and o n ly  i f  l ( S , ( b ) = 3 i  ( r e a p .  1 ( 3 * ^  ^  $ •

We d e f in e  R F (3 ) ( r e s p .  RG ( 4") )  as th e  f i r s t  o r d in a l

number y - ^  Ceł, SUCh th a t  1 H t  Ob) = I  (,3 , F^| ( r e s p .  l ( ^  , (b )  = 10, Ĝ )) 

H ere F^j = G (jJ = (£>• We s h a l l  s a y  th a t  th e  (з - i d e a l  3 1 »  o f  

ty p e  ( « C ; { î ) i f  and o n ly  i f  cc = RF(3 ) and (b -  R G (3 ).

Lemma 1. I f  3 i *  a (Г- i d e a l  o f  ty p e  ^  ; Г] )  , then  

o( = p  o r  j j s o f t  1 o r  Ы  = ß  + 1.
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P r o o f ,  Suppose th a t  of'/ ß  , and l e t  f o r  exam ple oc <. ß  . 

Ve have

l ( 4  ,0b) = 1 (3 , Г „ . )6  1 ( 4  , e -+ 1 )  i  ф , б Ъ )  .

Thue l ( 3 ,G ^ + ^) = l(.3 ,6b ) and by th e  d e f i n i t i o n  o f  (b , we

h ave  (b £ ot + 1 , w h ich  t o g e th e r  w ith  oi < ß  g i v e s  f l  = <* ♦ 1 .

In  th e  ca se  (b < cc th e  p r o o f  i s  a n a lo go u s .

Lenina 2 . I f  3 i s  a (^ - id e a l  o f  ty p e  (aC i ß ) ,  then

oC> 1 o r  p> >  1 .

P r o o f , Suppose th a t  oc ■£ 1 and A *  1 . S in c e  oC ■£, 1, we 

have I  ( 3 t <b) = l ( 3  , F^) • Henoe, from  ( i n ’) and th e  d e f i n i t i o n  

o f  ’ l ( t ) , F ^  i t  e a s i l y  fo l l o w s  th a t  a l l  s e t s  from  Элdt> a re  

o f  th e  f i r s t  o a t e g o r y .  S in ce  ß  < 1, we have I^*ł,<Sb) = 1 ^ 5 ,G )̂ . 

In  v i r t u e  o f  U v ) , ( i i j  , th e  s e t  W o f  a l l  r a t i o n a l  numbers 

b e lo n g s  to  l(,3 ,6b ) , So, by  th e  d e f i n i t i o n  o f "  1(3 , G^) ,

th e r e  e x is t s  a s e t  BÊ 1 П such  th a t  W Ç- В . The s e t  В 

b e lo n g s  to  3n(fc) , so  i t  i s  o f  th e  f i r s t  c a t e g o r y .  But th e  B a ir e  

C a te g o ry  Theorem  e a s i l y  im p lie s  th a t  th e  s e t  o f  typ e  Gg

and o f  th e  f i r s t  o a te g o r y  i s  nowhere d en se . T h is  g iv e s  a

c o n t r a d ic t io n  s in c e  В can not s im u lta n e o u s ly  be nowhere 

dense and c o n ta in  V .

From Lemmas 1 ,2  we im m e d ia te ly  o b ta in  th e  f o l l o w in g

Theorem  1. I f  Ü i s  a d '- id e a l  o f  ty p e  ; p )  , then

( 4 )  2 i  oc = ß  o r  2 + 1  = ß z .  o r

Z ±  p  + 1 = oC .

C o n v e r s e ly ,  we s h a l l  p ro v e  Сsee  Theorem  2 b e lo w )  th a t  

i f  a p a i r  oC ,  p  f u l f i l s  c o n d it io n  (je) , then  th e r e  e x i s t s  

a O '- id e a l  3 o f  ty p e  ( o c ; p  ) .  Thus, c o n d i t io n  (_*) ch a ra c ­

t e r i z e s  th e  typ e  o f  c r - - id e a ls .

Denote b y  and JL r e s p e c t i v e l y ,  th e  d '- id e a l  o f

a l l  s e t s  o f  th e  f i r s t  c a t e g o r y  and th e  » " - id e a l  o f  a l l  s e ts  

o f  th e  Lebesgu e m easure z e r o .  I t  i s  e a s i l y  ch ecked  th a t  

and X, a re  B o r e l  (S '- id e a ls  o f  ty p e s  Ć 1 ;2 ) and ( 2 ; 1 ) ,  r e s p e c ­

t i v e l y .

L e t  L  1 = I  (  ,£ ,F . j )  . N o t ic e  th a t  i t  i s  a B o re l (T - id e a l

o f  ty p e  (1 ;2 )  . We o b v io u s ly  have 1  Ç. JC П JL . L e t  A be
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a c lo s e d  nowhere dense s e t  o f  p o s i t i v e  m easure and l e t  В 4 A be 

a s e t  o f  ty p e  G f  suoh th a t  В b e lo n g s  t o  X  and o o n ta ln s  

a c o u n ta b le  dense su b se t o f  A. Then we e a s i l y  o b s e r v e  th a t

B C  C U  n X  )  ^  X 4 ' .
P r o p o s it io n  1. i *  a B o r e l  t f '- ld e a l  o f  ty p e  2 ;2 .

P r o o f . L e t  3-1Л£- be o f  ty p e  («с  > p )  • S ln o e  c l e a r l y

t h e r e fo r e  2 , j i  i  2 . L e t  d en o te  th e  fa m i ly  o f  a l l  no­

w here dense s e t s .  We have

thus oC i  2 , (i~> 2 , w h ich  ends th e  p r o o f .

Now, we a re  g o in g  t o  g i v e  a few  exam p les o f  n o n -B o re l 

s '- i d e a l s .

In  th e  s e q u e l,  we s h a l l  a lw ays  assume th a t  a p e r f e c t  s e t  

i s  nonem pty.

R e c a l l  th a t  a t o t a l l y  Im p e r fe c t  s e t  means a s e t  w h ich

d oes  n o t  c o n ta in  any p e r f e c t  s e t  doomp. f2_ }, p . k 2 ^ )  .
1 2 _

I f  С ,C я ге  f a m i l i e s  o f  s e t s ,  then  d en o te

R F C ^O - t ,  ’Umax^RFCtf.), R F ( I  » ,  

R G (& О X )^ m a x (R G (t t ),  R O U I ) ,

I  (3 - l" £  f Ft ) = K & . F , )  n I  e x  , Ft) s St“ - LA 4 'ti.r'-L 
x ,Gt) = 1 ( 1 ^ )  n H X  , o t) = A, 4

C1 ® l 2 = 1 ^  I/ A j : A ^ C 1 , A2É

3 be a fa m ily

(1 )  3 f u l f i l s  c o n d it io n s  ( 1 ) ,  (11 ) ;

( 2) 3 c o n s is t s  o f  t o t a l l y  im p e r fe o t  s e t s ;

( 3)  th e r e  i s  a s e t  Ać.3*-4
2 1 2  

L e t  3 be a C - id e a l  in c lu d e d  in  ^ and l e t  3 = 3  © 3  •

Then we have :

( a )  3 i s  a n o n -B o re l G - i d e a l ;

( b )  i f  *j1 » 3^ a re  m ovab le , so  i s  3 ;

( c )  i f  3^ i s  a B o r e l c - i d e a l ,  then  1(3,öb) = 3^ and

P r o o f , ( a )  C o n d it io n s  ( i ) , ( i i ) , d iv )  o f  th e  d e f i n i t i o n



o f  a C '- id e a l a re  e a s y  to  v e r i f y  . I t  rem ains to  p ro ve  ( i l l ) . 

Suppose th a t  th e r e  i s  an open I n t e r v a l  U cÜ  . Then th e re

e x i s t  s e t s  A^ć Э4, fc. !J2 such th a t  J A2 . L e t

B t  J be a B o re l s e t  such th a t  ^  ® • Then U \ B  i s

B o r e l  and u n c ou n ta b le , s o ,  in  v i r t u e  o f  th e  A le x a n d r o f f -  

-H a u s d o r f f  theorem  (s e e  С 2 ] ,  p . 355) , i t  c o n ta in s  a p e r f e c t  

s e t  С , Then C ê  A ( w h ich  c o n t r a d ic t s  (2 ) . Thus ( i i i )  h o ld  

and 3 i s  a (S '- id e a l.  To p ro v e  th a t  3 i s  n o n -B o re l,  o b s e rv e  

th a t  A Ć. 3 and A ^  1 (3 ,  <fc> ) . The fo rm e r  r e l a t i o n  i s  

o b v io u s . To p ro v e  th e  l a t t e r ,  suppose th a t  A ć  1 (3 ,  <to ) .

Then th e re  i s  a s e t  such th a t  A g  В. L e t
i 1

В = B1 V  B2 w here B1 <L 3 , B2 ^ 3  • Ve шаУ assume th a t  B1 ,

B2 a re  d i s j o i n t .  The s e t  B1 = В \ B2 has th e  B a ir e  p r o p e r ty

o r  i s  Lebesgu e m easu rab le  s in c e  В ć  j j  and B2 t  Ьг £ . 

M o reo ve r , B1 ^ s in c e ,  in  th e  c o n t r a r y  c a s e , we w ou ld  have 

A t J  , w h ich  c o n t r a d ic t s  ( 3 )  • Thus B.) c o n ta in s  a B o re l

u n cou n tab le  s e t .  So i t  has a p e r f e c t  su b se t and t h is  c o n tr a ­

d i c t s  (23 . T h e r e fo r e  A Ą  1 ( 3  j <fc>) .

S ta tem en t (b )  i s  s e l f - e v i d e n t .

(o )  The in c lu s io n  3 2 -  l (3 ,fc ) i s  o b v io u s . To p ro ve

th e  c o n v e rs e  in o lu s io n ,  assume th a t  E <£. l(,3 .fc ) . Then th e re

i s  a s e t  В e  3 fl <fc> such th a t  E ^  B. L e t  В = d B j w here

1 2  2
B ^t 3 , B2 £ b • S in c e  3 i s  B o r e l ,  we may assume th a t

B2 Ł (fo . Then В N, B2 i s  B o r e l .  O bserve  th a t  i t  i s  c o u n ta b le .

In d e e d , in  th e  c o n t r a r y  ca se  th e r e  i s  a p e r f e c t  su b se t С o f

В N b2 and then  С Ç B.) w h ich  c o n t r a d io t s  ( 2 )  . Thus
2

в \  В i s  c o u n ta b le  and c o n s e q u e n t ly  i t  b e lo n g s  to  3 .
2

Hence В £ 3 . The in c lu s io n  l ( 3 , & )  Ç 3 has been  p ro v e d .

S in c e  3 , l ( 3 ,  <fe>) a r e  o f  th e  same t y p e ,  t h e r e fo r e  3 , b 2

a re  o f  th e  same t y p e . T h is  ends th e  p r o o f .

O bserve t h a t ,  b y  th e  A le x a n d r o f f -H a u s d o r f f  th eorem , 

eaoh  f f - i d e a l  w h ich  c o n s is t s  o f  t o t a l l y  im p e r fe c t  s e t s  and 

c o n ta in s  u n cou n tab le  s e t s  i s  n o n -B o re l.  S e v e r a l  exam ples o f  

such g '- id e a ls  aj-e d e s c r ib e d  in  (com p, a ls o  f 2 ) , §  36) .
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Now, we s h a l l  g i v e  some o th e r  exam ples o f  n o n -B o re l о—id e a l s ,  

u s in g  P r o p o s it io n  2 .

Example 1. L e t  be th e  <r—id e a l  o f  a l l  s e ts  p o s s e s s ­

in g  th e  p r o p e r ty  <s0? ( e e e  [ 8 j ;  one o f  p o s s ib le  d e f i n i t i o n  

i s  : a s e t  E has th e  p r o p e r t y  ( S Q) i f  and o n ly  i f  e v e r y  

p e r f e c t  s e t  c o n ta in s  a p e r f e c t  s e t  d i s j o i n t  from  E ) .  Then 

Э1 f u l f i l s  (2 ) and, by  assum ing th e  Continuum H yp o th es is  

c o n d it io n  (3 ) i s  f u l f i l l e d ,  as w e l l  ( s e e  [ 8 ] ,  5 .3 ?  • O bserve 

th a t  5 1 i s  m ovab le .

Lemma 3. E ve ry  p e r f e c t  s e t  c o n ta in s  Z ^ °  d i s j o i n t  

p e r f e c t  s e t s .

P r o o f . By th e  A le x a n d r o f f -H a u s d o r f f  th eorem , a p e r f e c t

s e t  c o n ta in s  a s e t  С hom eom orphic w ith  a C an tor s e t .  L e t  

h be a homeomorphism w h ich  maps С x С on to  С (com p. [ 2 J ,

P . 2 3 5 ) .  The s e t s  h (C x ^ t } ) ,  t  C, ju s t  f u l f i l  th e  a s s e r t io n .

F o r any s e t  A d en o te  by  9 (A ) th e  fa m i ly  o f  a l l  su b se ts

o f  A.

Example 2 . L e t  E be a B e rn s te in  s e t ,  i . e .  a s e t  such 

th a t  D П E 0 0 , D \ E 0 0 f o r  each  p e r f e c t  s e t  D ( s e e  [5 ] ,  

th .  5 . 3 ) .  By Lemma J ,  th e  s e t s  D O E ,  D \ E  a re  o f  power 2^ ° 

The s e t  E i s  t o t a l l y  im p e r fe c t ,  nonm easurab le in  th e  Lebesgu e 

sen se  and has n o t  th e  B a ir e  p r o p e r ty  (s e e  t"5 j, th .  5 t b ,  5 . 5 ) .  

Thus th e  fa m i ly  j 1 = 9 (E ) f u l f i l s  c o n d it io n s  ( 1 ) , ( 2 ) , ( 3 )  o f  

P r o p o s i t io n  2 .

Example 3 . L e t  И  be th e  f a m i ly  o f  a l l  su b se ts  o f  I R . o f  

pow er le s s  than 0 . C le a r ly ,  TR 4- ^  » 34 i s  m ovab le

and f u l f i l s  c o n d i t io n  ( i )  . in  v i r t u e  o f  th e  K ön ig  theorem

(C3J , P . 198 ) ,  o o n d it io n  ( i i )  h o ld s ,  as w e l l .  Thus, by  Remark 1, 

W i s  a d '- id e a l .  S ie r p iń s k i  c o n s tru c te d  in  17 ] a B e rn s te in  

s e t  E such th a t  th e  sym m etric  d i f f e r e n c e  E & (E + x )  b e lo n g s  

to  34 f o r  each  1  t  IR  . L e t  H (e )  = 9 (E )®  W . O bserve th a t  

i f  we put t) 1 = 3U e) , then  c o n d it io n s  ( l ) , ( 2 ) ,  (3 )  o f  P ropo­

s i t i o n  2 w i l l  be f u l f i l l e d .  In d ee d , ( i ) , ( i i )  o b v io u s ly  

h o ld ,  thus ( 1 )  i *  v a l i d .  To v e r i f y  ( 2 )  , suppose th a t  th e re
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l e  a p e r f e c t  s e t  D é ’ł fc (E ). Then we have D ^  E <J H f o r  some 

H ć. îH , and E 0 H = 0 can be assumed. C o n seq u en tly , D n E £ H ,  

w h ich  i s  Im p o s s ib le  s in c e  D ^ E  i s  o f  pow er 2^ ° and H fc 'łt . 

C le a r ly ,  th e  s e t  E q u a ra n te e s  th e  v a l i d i t y  o f  ( 3 )  • N e x t , 

n o t i c e  th a t  Ж.Е) form s a m ovab le O '- id e a l .  I t  i s  a n o n -B o re l 

© - - id e a l  s in c e  E t  Л  (E ) and E ^ i(ïtC E ) , <fc) ,

Now, ou r aim  w i l l  be to  d em on stra te  th a t  i f  ( * )  h o ld s ,

th en  th e r e  i s  a m ovab le  S '- id e a l  3 o f  ty p e

F o r any nonem pty fa m i ly  С o f  s e t s ,  d en o te  b y  C0 C reep.

C g ) ,  th e  fa m i ly  o f  a l l  c o u n ta b le  undone ( r e s p ,  in t e r s e c t io n s )  

o f  s e t s  from  С .

L e t

X,* = £ A + x : A i t ,  X  Ć. ЛО  .

S+fC)= £ A : A : A ^ B  f o r  borne .

P r o p o s it io n  3 . L e t  t  be a f a m i ly  o f  s e t s  w hich  c o n ta in s

a nonem pty s e t  and l e t  IR Then S + CC) i s  th e  m in im al

m ovab le ^ - i d e a l  in c lu d in g  t  . I f  . t s f o  , th en  th e  S '- id e a l 

S+U )  i s  B o r e l .

P r o o f . By th e  d e f i n i t i o n  o f  S+CC ), i t  f o l l o w s  th a t  

S+(C ) i s  a m ovab le fa m i ly  and i t  f u l f i l s  c o n d it io n s  Ci) , C i i ) .  

Thus, by  Remark 1, S+("C) form s a < r - id e a l .  The in c lu s io n  

t  S. S +( t )  i s  o b v io u s . I f  3 i a  a m ovab le c r - id e a l  such th a t

X  Ł 3 » then  (C+) ĉ Ç !j and c o n s e q u e n t ly  S+( t )  Ç *3 . Thus

th e  f i r s t  a s s e r t io n  h o ld s .  I f  СЛ <fo , then  ( ,C+) e. 4 <$Ъ and so , 

by  th e  d e f i n i t i o n  o f  S+( ’C.) , th e  CT'-ideal S + C^) i s  B o r e l .

The p r o o f  i s  c o m p le te d .

In  f 6 ]  R u z ie w io z  and S ie r p iń s k i  c o n s tru c te d  a p e r f e c t  

s e t  P suoh th a t  th e  s e t  CP + *  )  О P i s  a t  most o n e -p o in t

f o r  eaoh  x 0 0 .  N o t io e  th a t  each  s e t

(P  + x )  n CP + y )  w here x , y  <= IR  , x 0 у  , 

i s  a ls o  a t  most o n e -p o in t .

L e t  С be a s e t  o f  m easure z e r o  w h ich  i s  in c lu d e d  in  

P and hom eom orphic to  th e  C an tor s e t  Csee  f5D» lemma 5 .1 ,). 

Choose p a ir w is e  d i s j o i n t ,  p e r f e c t  s e t s  C ^  , C^ ; aC i ß  1 »
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c o n ta in e d  in  С (со и р . Lemma з ) • S in oe  th e y  a re  in c lu d e d  in  

P; t h e r e f o r e ,  f o r  a l l  01 , [b < i»>. } x , y  t  IR , eaoh  o f  th e  s e ts

(C ^ +  X )  f) (  С p * У )  !

(C p +  x )  0  ( c p + y )  , (C^ + x )  (\ c c *  ♦ y )  f o r  a l l

f o r  cC / p  o r  x  0 y ,  i s  a t  most o n e -p o in t .

L e t  D = D = E = E = 0 and, f o r  ea ch  o r ,  2 £oT£cJ ,О 1 О 1 F 1
! • *  D<*-. be suoh th a t  De . ^  , E „ ,Ç  , Dx  £  F^NG«.,

E ^ ć  G0r ' ( * • *  L’ 1 J ) • F o r eaoh  oC, O ^ c C ^ u J ^ t  we d en o te

b y  T  ( or) th e  f a m i ly  o f  a l l  d ou b le  r e a l - v a lu e d  sequ en ces

( t  I . F o r any t  &- T (o f ) ,  t  = [ t  \ . ^ l e tI n t ’ n ^ u , ^ « :  * < n y J П<Utf<àC
us denote

пел*) = U U <Dr + **,)» ■<•'■**>- U U ( ♦  t  )
r<-«r ^<и) ® л х<л  <4<«J 4

U. L e t  2 i  OĆ <r , t  e  T ( « r ) .  Then

D(oC,t )  é. _ 1 , E ( » f , t  )  é. G^ when or -  1 e x i s t e ,

and

D(oCt t  )  , E (*c, t )  é. F^  П when oc i s  a l i m i t  number.

P r o o f . Ve s h a l l  d em on stra te  th e  a s s e r t io n  w h ich  d e a ls  

w ith  D ( «T , t ) ;  th e  p r o o f  c o n c e rn in g  E ^ o r , * '  i s  a n a lo go u s , 

N o t io e  th a t  0 (2 ,  t )  = 0 £  F.) , t h e r e f o r e ,  in  t h is  c a s e ,  the

a s s e r t io n  h o ld s .  Now, l e t  oC > 2 .  L e t  t  = f t  } . , , .I n y  П <,10,У’<оГ
Denote

С = С ♦ t  , D = D „  + t  , D ' = С \ D  ;njj. f  n j-  n y  t  * X  n y  n y  4 n y-

n < CJ , y  4. oC .

From th e  n o ta t io n s  and p r o p e r t ie s  d e s o r lb e d  above i t  f o l lo w s  

th a t  f o r  a l l  к , ^  ; к  ^  c f  , th e r e  i s  a c o u n ta b le  s e i

^ in o lu d e d  in  such  th a t

“ k j  \  D с «-, о  -  \  \ s■

Ve then have

D ( * , t )  =  П  D ( U  и  ( с п Л ^ ) ^ 3 )
к Г<^ * 5

v h ie h  e a s i l y  im p l ie s  th a t  D )  6  f  U * л  • cm th e
»<<



58

• q u a l i t y  *

D ( < * , t )  = U  U  D

i ’ f o l i o w e  th a t  D(aC, t )  fc I F. )  s in c e  D <e F f o r  a l l  nV ' J  p><ot p  o ' i % ÿ  t
and f o r  each  ^ £ o C .  Thus we have o b ta in e d

D fr f . tJ  С (  ■

Assume th a t  o<~ -  1 e x i s t s ,  Ve have

( U *>) = <^_lV = F « r - 1  w h e n   ̂ l e  even-
(3<eС

= (F > -1 > 6  = when *  i e  ° d d *
Thus D { q t )  ć  F ,  I f  cĆ i s  a l i m i t  number, thenOĆ — 1

• ^ V . s | ^ 4 = ' -  •
Thwis D (oC' , t)  £ FK  О G^, The Lemma has been  p ro v e d ,

Le—»a 5. I f  3 < o c c t ^ i  3 i  ( З С о ^ ,  2 fr ^<ГоГ, ,

я e  Т  ( к )  t  t £ T ( p ) ,  then

(a )  th e r e  i s  no s e t  A £  G^ such th a t

-  A ^  E (<  , • )  W D ( p , t )  ;

(b ) th e r e  i s  no s e t  A £  F^ such th a t

E fe 9  A <£• В ( « ; ,  я )  U D (  ($ , t )  .

P r o o f , Ve s h a l l  show ( a ) ; th e  p r o o f  o f  ( b )  i s  a n a lo go u s .

Suppose th a t  th e re  i e  a  s e t  A £ G  ̂ such  th a t

D y ć  A Ç  E O r ,s . )  U D ( p  , t )  .

Then , o b v io u s ly ,

D^ — C| f l  A.

L e t  a = î s  I  s | t  . 1  , - I n  v i r t u e  o f  th e  con -t n ^ I I K W , ^ ;  l  П XMO), ^CoC
• t r u c t io n  and n o t a t io n s ,  th e  s e t s  С j  n (E^. + ®n ^) »  C j OCD^  + 

t - y ) > n < : C v ) , £ - < 0r  * 3  /3 » a re  most o n e -p o in t  e x c e p t

f o r  th e  case  J  =  ̂ , t  = 0 ( th e n  C ^n (D j+  * п $ ) = -Hence
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= U U Cc Л (Е  + i  ) ) u U  U CC? n(D + t  \) c .  Dr uB
J  r  *  -5<fJh s o n j i

w here В i s  a c o u n ta b le  s e t .  Ve may assume th a t  Dj-,B a re

d i s j o i n t .  Thus

D| £  С^r\  A é  \J В ,

and so

= (C ? П А )  Ч В .

S in c e  D ^ eq u a ls  th e  d i f f e r e n c e  o f  £he s e t s  o f  typ es

t h e r e fo r e  i t  i s  o f  typ e  G . T h is  c o n t r a d ic t s  th e  d e f i n i t i o n  

o f  .

P r o p o s it io n  k .  F o r  an a r b i t r a r y  p a i r  oc , p  o f  o r d in a l  

numbers such th a t

3 *  of = ( i n O y o r  3 é  « "+ 1  =/î<'‘^ 1 or 3 ?/3 +1 = « г cJ 1 ,

th e re  i s  a ( î '- id e a l  w h ich  i s  B o r e l ,  m ovab le , o f  ty p e

(  cT ; ß  )  , in o lu d e d  in  « . M o reo ve r , ( y - id e a ls

can be d e f in e d  in  such a way th a t  i f  or  «  and p  g p  then

P r o o f . '  F o r  th e  o f , / ?  f u l f i l l i n g  th e  assu m p tion , l e t
I '

us put

= S+

S in ce  ?r С Г̂ and С a r e  c lo s e d  s e t s

b e lo n g in g  to  , t h e r e fo r e  4 (̂ ac l From P r o p o s i t io n  3

i t  f o l lo w s  th a t  3(er, /3 ) i s  a m ovab le B o r e l 5 " - id e a l .  I t  i s

e a s y  to  check  th a t  i f  о*.<о0 and |b£(b’ , th en  .

Ve have o n ly  to  show th a t  th e  a  - i d e a l  3 = 3(ot, fs) i s  o f

ty p e  (oc ; p )  .  At f i r s  t , as sume th a t  <  ш , ^ / u ) ^  By th e  

d e f i n i t i o n  o f  3 , f o r  each  A fe 3 , th e r e  a re  sequ ences

s €. T C o f )  i t  <£ T  ( p ) su ah th a t

(o )  A é  E ( * , а )  U D ( ^ , t )

O f c o u rs e , th e  s e t  В = E (< * ,s ) v  D f p , t )  b e lo n g s  t o  З . 

M o reo ver , b y  Lemma 4, we have

B ć  PoC П G oC when 3 é  oC = /3 i

I
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В é  F a . when 3 г  cC + 1  = р  ;

В ć. Gß  when 3 #  ft +1 = <*■ •

Hence R F (3 ) - g a f ,  RG[3^ g  ft .  I n  o r d e r  to  p ro v e  th e  in ­

e q u a l i t i e s  RF(3)?o(. , RG(3)>(b f o b s e rv e  th a t  i f  2 ij < ec ,

2 £  f t  , then  E^ ć f D ê 3 "• I И , G j) .  F o r exam p le,

we s h a l l  show th a t  E. ^  l ( 3  , F „) . By th e  d e f i n i t i o n  o f  3
f  t

we have E^fe3 . Suppose th a t  E  ̂6 l (3 ,F ^ )  . Then th e r e  a re

a s e t  A £ F  ̂and sequ en ces  s fc T(,ot) , t  t  T((i>) , such

th a t  E^ £ A and c o n d it io n  (o) h o ld s .  T h is  c o n t r a d ic t s  

L e w a  5 (b ) . Now, assume th a t  Ы = p> = u) , The in e q u a l i t i e s  

RF(3)$oO^, RG(3)Sco^ are e v id e n t .  The c o n v e rs e  in e q u a l i t i e s  

fo l l o w s  from  th e  r e la t i o n s  E^ M  4  1 (3 ,  F ^  , D,C ÎK  1 ( 3 , G )̂
Fbr in s ta n c e ,  we s h a l l  p ro ve  th e  f i r s t  o f  th ese  

r e l a t l o h s .  By th e  d e f i n i t i o n  o f  У , we have E ^ t 3  . Suppose

that E^fc 1 ( 3 ,  F,^ . Then th e r e  i s  a s e t  A t  3 n F^ such

that E^ £ A, By th e  d e f i n i t i o n  o f  3 , th e r e  a re  a number

J  , {? and sequ en ces a , t  e  ? ( $ )  such th a t

A ^  E (  J , s )  V/ D f t ) .  T h is  o o n t r a d ic t s  Lemma 5 (b ‘) .

Theorem  2 . L e t  ос  , p  be  an a r b i t r a r y  p a i r  o f  o r d in a l

numbers such th a t  ( * )  h o ld s .  Then th e r e  a re  m ovab le < r - id e a ls
\ A

3 (ok ,(b ) ,  3 (  oC, f t  )  O f  ty p e  ( ы  ; P ) ^  eouh th a t  (y%f t>
B o r e l  and in c lu d e d  in  JL , and (К '*!?») i s  n o n -B o re l.

P r o o f . Put *3 О  ,a>*= Jt,t , 3 ( 2 , 1 )  = X ,  3 C 2 , 2 ; = ^ . n x

( comp. P r o p o s it io n  1 ) .  L e t  th e  re m a in in g  o r - id e a ls  be the

same as in  P r o p o s it io n  U,  L e t

3 (<* ' f t )  = И  (E )  ®  3 ( * , ? )  

where H ( E >  i s  th e  < T - id e a l d e s c r ib e d  in  Example 3. ВУ
Л

P r o p o s it io n  2 , 3 (<*"'p )  i *  n o n -B o re l m ovab le <5~ - id e a l  o f  

typ e  ( ^ ; p ) ,
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ABSTRACT

In  th e  p a p e r , f o r  any S'—id e a l  I  o f  su b se ts  o f  th e  r e a l  l i n e ,  

a  ty p e  o f  I  i s  d e f in e d  as a p a i r  (Л ';  ß)  o f  o r d in a l  numbers 

such th a t  each  B o re l s e t  from  I  has s u p e rs e ts  from  I  o f  c l a s ­

s es  F^ (G^ and oc t p  a r e  m in im a l. Some exam ples a re  g iv e n  

and a c o n d it io n  n e c e s s a ry  and s u f f i c i e n t  f o r  a p a i r  (ы. ’, p)  t o  be 

a ty p e  o f  a (T - id e a l i s  fo rm u la te d .

KLASYFIKACJA C-  ID E AŁÓW N A  PR O STE J 

S t r e s z c z e n ie

Wprowadza s i ę  pew ien  sposób  k l a s y f i k a c j i  C- id e a łó w  p od zb io rów  

p r o s t e j .  J ed n o cześn ie  a u to r  dok on u je  w ed łu g  t e g o  k ry te r iu m  

k l a s y f i k a c j i  k i lk u  znanych  p rzyk ła d ów  C- id e a łó w .
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