ZESZYTY NAUKOWE WYZSZEJ SZKOLY PEDAGOGICZNEJ w BYDGOSZCZY
Problemy Matematyczne 1985 z . 7

MAREK BALCERZAK
Uniwersytet todzki

A CLASSIFICATION OF (I-IDEALS ON THE REAL LINE

Throughout the paper we shall consider subsets of the real
line TR equipped with the natural topology. By 0J (resp.

we mean the first infinite (resp. uncountable) ordinal number.

Let Sb denote the family of all Borel sets. We shall also
consider families F~., G,< ,o0cc , defined as in L2J , pp.251-
-252.

A family ~ of sets will be called a jr'-ideal if and

only if It fulfils the conditions:

(i> if 1C. 3 and BE A, then B t u;
(ii) if A for alln €0 , then nluPn 3
(iii) if AéO i then theinterior of A is empty;
(iv) if x é 3R, then (x} ¢ 3.
A family 3 will be called movable if and onlyif it
fulfils thecondition
(v) if ACU and x é. 3R, then A +x 3
where A + x ={yC-1R:y = a +x for some a £ A}.
Remark 1. If 3 is movable, conditions (i) ,(ii) hold

and IR ®3 , then conditions (iii), Civ,) hold, as well.
Let 3 be a tf'-ideal and let "C be any of the families
A B, , GN, oc 0J1 . Define
1 (3,C)=£a : AEB for some Be

3 w ill be called a Borel (reap. non-Borel)<r-ideal if
andonly if I(S,(b)=3i (reap.1(3*~ N $

We define RF(3) (resp. RG( 4")) as thefirst ordinal
number y-~ Cd, SUCh that 1HtOb)=1(3,F" (resp. I(™ ,(b)= 10,&Y

Here F2~j = G(J =(E> We shall say that the (3-ideal 3 1» of
type («C ;{1)if and only if cc = RF(3) and b- RG(3).

Lemma 1. If 3 i* a (Fr-ideal of type ~ ;1), then
o(=p or jjsoft1l or bl =18 +1.
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Proof, Suppose that of/ R , and let for example oc <B .
Ve have
I(4 ,0b) = 1(3,r,.)6 1(4 ,e-+1) i ¢ ,6b)
Thue 1(3,G~+7) = 1(.3,6b) and by the definition of (b , we
have ((bE£ot+ 1, which together with oi <B gives fl = < ¢ 1.

In the case (b<cc the proof is analogous.

Lenina 2. If 3 is a (~-ideal of type (@CiB), then
oC>1 or p>1.

Proof, Suppose that oc = 1 and A* 1. Since oC & 1, we
have I (3t<b)= I(3 , F~) e Henoe, from (in ) and the definition
of ' I(t),F~" it easily follows that all sets from ond> are
of the first oategory. Since B < 1, we have I+ <Sb) =175,V .

In virtue of Uv), (iij , the set W of all rational numbers
belongs to 1(,3,6b) , So, by the definition of" 1(3 ,G6M ,
there exists a set BE 1 N such that WGC- B . The set B

belongs to 3n(fg, so it is of the first category. But the Baire
Category Theorem easily implies that the set of type Gg
and of the first oategory is nowhere dense. This gives a
contradiction since B cannot simultaneously be nowhere

dense and contain V

From Lemmas 1,2 we immediately obtain the following

Theorem 1. If U is a d'-ideal of type ;p) ., then
(4) 2i =R or 2 +1 =Rz. or

Z+t p + 1=0oC
Conversely, we shall prove Csee Theorem 2 below) that
if a pair oC,p fulfils condition (je) , then there exists
a O'-ideal 3 of type (oc; p). Thus, condition (*) charac-

terizes the type of cr--ideals.

Denote byand JL respectively, the d'-ideal of
all sets of the first category and the »"-ideal of all sets
of the Lebesgue measure zero. It is easily checked that

and X, are Borel (S'-ideals of types C1;2) and (2;1), respec-
tively.

Let L 1 =1¢(.,E ,F.j) . Notice that it isa Borel (T-ideal
of type (;2) .We obviously have l C.JCni. Let A be



53

a closed nowhere dense set of positive measure and let B4 A be
a set of type GTf suoh that B belongs to X and oontalns
a countable dense subset of A. Then we easily observe that

BC CUn X )™ X4".
Proposition 1. i* a Borel tf'-ldeal of type 232

Proof. Let 311£- be of type («c >p) <« Slnoe clearly
RFC/MO-t, Umax~RFCtf.), RF(I »,
RG (& O X )»max(RG(tt), ROUI),

therefore 2 ,jii 2 . Let denote the family of all no-
where dense sets. We have

I (3-1"£ fFt)= K&.F,) n lex ,Ft)sst* - LA4t.rL

X ,Gt)= 1 (1 "~) nHX ,ot) = A 4

thus oCi 2, (i~> 2, which ends the proof.

Now, we are going to give a few examples of non-Borel
s'-ideals.

In the sequel, we shall always assume that a perfect set
is nonempty.

Recall that a totally Imperfect set means a set which
does not contain any perfect set doomp. f2_}, p.k2") .

| f C1 ,C 2$|re families of sets, then denote

Ci1®l2 =1~ 1I/Aj : A~C 1, A2E
3 be a family

(1) 3 fu lfils conditions (1), (11)
(2) 3 consists of totally imperfeot sets;
(3) there is a set A¢.3*4
Let 32 be aC-ideal included in n and let 3=3 1©23 .
Then we have:
(a) 3 is a non-Borel G-ideal;
(b) if *jl» 3~ are movable, so is 3 ;

(c) if 3" is a Borel C-ideal, then 1(3,b)= 3™ and

Proof, (a) Conditions (i), (ii),div) of the definition



of a C'-ideal are easy to verify . It remains to prove (ill).

Suppose that there is an open Interval UcU .Then there
exist sets ANE A, fc. 2 such that J A2 . Let
BtJ be a Borel set such that n ® « Then U\B is
Borel and uncountable, so, in virtue of the Alexandroff-
-Hausdorff theorem (see C2], p.355), it contains a perfect
set C , Then Cé& A( which contradicts (2) . Thus (iii) hold

and 3 is a (S'-ideal. To prove that 3 s non-Borel, observe
that AC 3 and AN 1(3, ). The former relation is
obvious. To prove the latter, suppose that A ¢ 1(3, <0).

Then there is a set . such that A g B. Let

B = B1V B2 where Bl<L3I , BZ"?:1 e Ve waYassume that B1,
B2 are disjoint. The set Bl = B \ B2has the Baire property
or is Lebesgue measurable since B¢ jj and B2t brf£

Moreover, B1L ~ since, in the contrary case, we would have
Atd , which contradicts (3) =« Thus B.) contains a Borel
uncountable set. So it has a perfect subset and this contra-
dicts (23 . Therefore AA 1(3 ).

Statement (b) is self-evident.

(0) The inclusion 32 - I(3,fc) is obvious. To prove
the converse inolusion, assume that E <£ I(,3.fc) . Then there
is a set Be 3fl4¥ such that E”™ B. Let B = d Bj where
B/t 31 , 282 £b e Since 23is Borel, we may assume that
B2 t (fo . Then B N B2 is Borel. Observe that it is countable.
Indeed, in the contrary case there is a perfect subset C of
B N b2 and then C ¢ B) which contradiots (2) . Thus
B \ B is countable and consequently it belongs to 3
Hence B £ 32 . The inclusion 1(3,&) C 3 has been proved.

Since 3, I(3, & are of the same type, therefore 3,b2

are of the same type. This ends the proof.

Observe that, by the Alexandroff-Hausdorff theorem,
eaoh ff-ideal which consists of totally imperfect sets and
contains uncountable sets is non-Borel. Several examples of

such g'-ideals aj-e described in (comp, also f2),8 36).
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Now, we shall give some other examples of non-Borel o—ideals,
using Proposition 2.

Example 1. Let be the <r—ideal of all sets possess-
ing the property <s0? (eee [8]; one of possible definition
is : a set E has the property (SQ if and only if every
perfect set contains a perfect set disjoint from E). Then

31 fu lfils (2) and, by assuming the Continuum Hypothesis

condition (3) is fulfilled, as well (see [8], 5.3? = Observe
that 51 is movable.
Lemma 3. Every perfect set contains Z”° disjoint

perfect sets.

Proof. By the Alexandroff-Hausdorff theorem, a perfect

set contains a set C homeomorphic with a Cantor set. Let

h be a homeomorphism which maps C x C onto C (comp. [2J,

P.235). The sets h(C x~t}), t C, just fu Ifil the assertion.
For any set A denote by 9(A) the family of all subsets

of A.

Example 2. Let E be a Bernstein set, i.e. a set such
that D MNEOO, D\ EOO for each perfect set D (see [5],
th. 5.3). By Lemma J, the sets DOE, D \E are of power 2~°°

The set E is totally imperfect, nonmeasurable in the Lebesgue

sense and has not the Baire property (see t"5j, th. 5tbh, 5.5).
Thus the family j1 = 9(E) fulfils conditions (1),(2),(3) of
Proposition 2.

Example 3. Let N be the family of all subsets of IR.of
power less than 0O . Clearly, TR4-~ » 34 is movable
and fu Ifils condition (i) . in virtue of the Kdnig theorem
(C33 , P.198), oondition (ii) holds, as well. Thus, by Remark 1,
W is a d'-ideal. Sierpinski constructed in 17] a Bernstein
set E such that the symmetric difference E&(E + x) belongs
to 34 for each 1 t IR . Let H(e)= 9(E)® W . Observe that
if we put t1 = 3Ue), then conditions (1),(2), (3) of Propo-
sition 2 will be fulfilled. Indeed, (i), (ii) obviously

hold, thus (1) i* valid. To verify (2) , suppose that there
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le a perfect set D é Hc(E). Then we have D~ E<H for some
HéMH , and EOH = 0 can be assumed. Consequently, DnE£H,
which is Impossible since D~E is of power 27° and Hfc'tt .
Clearly, the set E quarantees the validity of (3) < Next,
notice that J>XE) forms a movable O'-ideal. It is a non-Borel
©--ideal since Etn (E) and E ~ i(itCE) , <fc) ,

Now, our aim w ill be to demonstrate thatif (*)hol
then there is a movable S'-ideal 3 of type

For any nonempty family C of sets, denote by CO Creep.

Cg), the family of all countable undone (resp, intersections)

of sets from C

Let

X* = EA + x : Ait, x C no

SHC)= £A : A : A~B for borne
Proposition 3. Let t be a family of sets which contains

a nonempty set andlet IR Then S+CC) is the minimal
movable ~N-ideal including t . If . tsfo , then the S'-ideal
S+U ) is Borel.

Proof. By the definition of S+CC), it follows that
S+(C) is a movable family and it fu lfils conditions Ci), Cii).

Thus, by Remark 1, S+("C) forms a <r-ideal. The inclusion

t S S+t) is obvious. If 3 ia a movable cr-ideal such that
Xt£3 » then (CH)crC Y and consequently SHt) C*3 . Thus

the first assertion holds. If Ch<o, then (,C+)e.4 ¥ and so,
by the definition of S+(C) , the CT'-ideal S+C?®) is Borel.

The proof is completed.

In f6] Ruziewioz and Sierpinski constructed a perfect
set P suoh that theset CP + *)OP is at most one-point

for eaoh x 00. Notioe that each set

(P + x) n CP +vy) where x,y < IR , x 0y ,
is also at most one-point.
Let C be a set of measure zero which is included in

P and homeomorphic to the Cantor set GCsee f5D» lemma 5.1,).

Choose pairwise disjoint, perfect sets c~r, CN; aCiB 1»
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contained in C (coup. Lemma 3) e+ Sinoe they are included in
P; therefore, for all O, b<i»} x,y t IR, eaoh of the sets

(Cr+ X) f) (Cp* Y) !

(Cp+ x) O (cp+ Yy) , (Cr+x) (cc*e y) for all
for cC/ p orx Oy, is at most one-point.
Let Do :Dlz E o :Elz 0 and, for each or.. 2£oT£ch,
le* D<*-. be suoh that De.”™ , E..C , Dx £ FANG«.,
E~¢ GOr ' (*e* L1J) e For eaoh oC, OrcCMruJ™t we denote
by T (or) the family ofall double real-valued sequences
= N
stntl’n’\u A For any t & T(of),, t [t<n}3 nN<Utf<ac let
us denote

nent) =U U Dr++)» mew>UU (& )

r<—«r ~<u) ® X<n <4<J
u. Let 2 i <« , t eT («r).Then
D(oC,t ) é. _1, E(»f,t) é. G» when or - 1 existe,
and
D@Ctt) , E(*c,t) é&. F~ N when oc is a limit number.
Proof. Ve shall demonstrate the assertion which deals
with D («T,t); the proof concerning E~”or,*' is analogous,

Notioe that 0(2,t) = 0 £ F), therefore, in this case, the
assertion holds. Now, let oC>2. Let t =1itny} M<:10.y<or
Denote

anj. f nj- Dny t *X Dny - Cny )D n y- :

n<C, y 40C.
From the notations and properties desorlbed above it follows
that for all K, ™~ ; K n cf , there is a countable sei

n inoluded in such that

“kj \ Dc«,0 - \ \ =

Ve then have

D(*,t) =N D (U wm (ecn A ~ ) ~ 3)
K <n * 5
vhieh easily implies that D )6 f U =*n . cm the



58

equality *

D(<*,t) = U U D

i’ foliowe that D@C,t)chl pont.)p o-Since Di%'y <e ¢ for all n
and for each NE£0oC. Thus we have obtained

Dfrf.tJ C ( ]
Assume that ox- 1 exists, Ve have

( U *>) =N IV =cr-1 when e €ven-

(3<eC -

=(F>-1>6 = when * ie °dd*

Thus D{qt) ¢ FGC—l’ If ¢cC is a limit number, then

e AV Ls|h 4

Thwis D (oC',t) £ FK O G~, The Lemma has been proved,
Le—»a 5. If 3 <occt?i 3i (3Co», 2fr ~<lol, ,

4 e T(k)t tET(p), then
(a) there is no set A £ G”suchthat
- AN E(<,s) W D(p,t) ;
(b) there is no set A £ F”such that
ER9 A £ B («;,d9) U D (($,t)

Proof, Ve shall show (a); the proof of (b)
Suppose that there ie a set A £ G~ such that

Dy¢ AC EOr,s.) UD(p ,t)
Then, obviously,

DA — C| fl A.

is analogous.

Let a = 15 h ’\IIIK WA shitp-t XMO), "CoCIn virtue of the con-
etruction and notations, the sets Cj n (E~ + ®n M)y cjocbn
t-y)>n<:Cv),E-<Or * 3 /3 » are most one-point except

for the case J =", t =0 (then C~n(Dj+ *n$)= -Hence
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= U U ccnEe +i uy U ccono +t \) c. DruB
J r * o<fJh s o] 1

nj
where B is a countable set. Ve may assume that Dj-,B are
disjoint. Thus
D] £ C'r\ Aé \JUB,
and so
=(C?NA) 4YB.
Since D~ equals the difference offhe sets of types
therefore it is of type G . This contradicts the definition
of

Proposition k. For an arbitrary pair oc ,p of ordinal

numbers such that

3* of =(in0Oy or 3é «"+1=/i<'~r1 or 37?2/3 +1=«r cli,
there is a (i'-ideal which is Borel, movable, of type
(cT;B) , inoluded in « . Moreover, (y-ideals
can be defined in such a way that if or « andp gp then

Proof.'I For the of,/? fulfillin g the assumption, let
us put

= S+
Since r CY¥ and C are closed sets
belonging to , therefore 4 (%l From Proposition 3
it follows that 3(er, R3) is a movableBorel 5"-ideal. It is
easy to check that if o0*<00 and |bE(b’ , then
Ve have only to show that the a-ideal 3 =3t fs) is of

type (oc ;p) . At first, assume that <w ,~/u)” By the
definition of 3 , for each Afe3 , there are sequences

s £ TCof) i t €T (p) suah that
(0) Aé E(*,a) UD("™,t)

Of course, the set B = E(<*,s) Vv Dfp,t) belongs to 3

Moreover, by Lemma 4, we have

B ¢ PCIN GoC when 3é oC =1/3 i
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Bé Fa. when 3r cC +1

:p ,
B¢  GR when 3# ft+l =<me
Hence RF(3) -gaf, RG[3™ gft . In order to prove the in-
equalities RF(3)?0(. , RG(3)>(b f observe that if 2 ij<e ,
2 £ ft , then E~ ¢ f De3" | N , Gj). For example,
we shall show that E.f N 1(3 ,Ff) . By the definition of 3
we have E~fe3 .Suppose that E”6 I(3,F”~) . Then there are
a set A £ Ffand sequences sfc Tot, t t T(({i>) , such

that ENE£ A and condition (0) holds. This contradicts
Lewa 5 (b). Now, assume that bl= po =u) , The inequalities
RF(3)$00”, RG(3)Scon are evident. The converse inequalities
follows from the relations EN M 4 1(3, F~, D,CIK 1(3,&V

Fbr instance, we shall prove the first of these

relatlohs.By the definition of ¥ , we haveE~t3 . Suppose
thateE~fc 1(3, F,~ . Then thereis a set At 3 n F* such
that E~ £ A, By the definition of 3 , there are a number
J ., P and sequences a,t e ?($) such that

ANNE(J,s) VD ft). This oontradicts Lemma 5 (b).

Theorem 2. Let oc ,p be anarbitrary pair of ordinal
numbe{s Shlch that (*) holds. Then there are movable <r-ideals
3(ok,(b) ,3(oc ft) of type (bl ;P)" eouh that (y%ft>
Borel and included in JL , and (K™*!?») is non-Borel.

Proof. Put *30 ,a>*= Jtt, 3(2,1) =X, 3C2,2;=".nx
(comp. Proposition 1). Let the remaining or-ideals be the

same as in Proposition U, Let

3(<t'ft) =N (E) ® 3(*,?)

where H(E> isnthe <T-ideal described in Example 3. BY
Proposition 2, 3(<*p) i* non-Borel movable &--ideal of
type (" ;p),
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ABSTRACT

In the paper, for any S—ideal | of subsets of the real line,

a type of | is defined as a pair (J'; B) of ordinal numbers

such that each Borel set from | has supersets from | of clas-

ses F~ (G~ and octp are minimal. Some examples are given
and a condition necessary and sufficient for a pair (b. ;p) to be

a type of a (T-ideal is formulated.

KLASYFIKACJA C- IDEALOW NA PROSTEJ

Streszczenie

Wprowadza sie pewien sposéb klasyfikacji C-ideatéw podzbioréow

prostej. Jednoczes$nie autor dokonuje wedtug tego kryterium

klasyfikacji kilku znanych przyktadoéw C-ideatow.



