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ZBIGNIEW GRANDE 
WSP w Bydgoszczy
ON CLIQUISH FUNCTIONS

Let X,Y be topological spaoee and let M be a metric 
apace with metric d .

A funotion f: X — Y le eald:
quasicontlnous at a point x q£ I, If for every neighbour­
hood V of fC*0) and every neighbourhood U of there
exists a nonempty open set U^C-U such that fCU^)^Y 
cliquish at point x q£ X, if for every £ > 0  and every 
neighbourhood U of xq there exists a nonempty open set
U 1 с  U such that d(f(x), t tx'')) < £ for x',x С U 1 .

Fudali proved:
Theorem 0. Let X be a Baire space, Y be a space that for 

each point y€.Y there exists an open neighbourhood which 
satisfies the second countability axiom and let M  be a matric 
space with a metric d . Further let f :X x Y — M be a 
function such that for each x e. X the seotion f is cliquish 
and for each y £  Y the section fy is quasioontinuous. Then 
f is cliquish.

I proved the following generalisation of Fudali"a theorem: 
Theorem 1. Let X,Y and M be this some as in theorem 0 
and let f :X x Y — ^ M be a function such that for each 
x <- X the section f is cliquish. Then f is cliquish 
if only if (a> for each £>0, the set A£ = {(x,y)feX x Y; 
x ф. Cl (Int t fc X; d(f(t,y), f(x,yj)<:£j)jis non dense 
( Int A and Cl A being interior and closure of the set A 
respectively) .
Remark 1. Theorem О is contained in theorem 1. Then A ^ =  О 
for each £ > 0.

2Remark 2. There exists a real function f :R —^  R such that 
for each x £ X and y ć Y  the section f and fy is cliquish
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2 Vand f la not cliquish and the set В (f ) = (fx ,y)ć. R ; f la not 
quaaloontlnuoua at xj la of flrat category.
For example, we give a characteriatlc function of a denumerable

2 y, danae aot AC R such that all aectiona A and are' x
empty or have one point.

I proved another theoreme thla aome type :
Definition 1. Let S bo a aet of Index and M

(a £. S) be a family of functiona. Ve a add that the functions 
£a(ać. S') are equlcllquiah at a point x feX If for every £ > 0  
and for every neighbourhood Ü ^ X  of x there exists a non-в
empty open set G C U  such that for every a é S and every 
x 1 ,x2 G ,

d(fe (x1), .
Theorem 2. If all sections f of a function f:XxY — M

■yare equlcllquiah and all sections are cliquish, then f
is oliquish.

Theorem 3. Let X be such that for every x €. X there 
exists an open neighbourhood which satisfies the second 
countability axiom. Let f:X x Y — > R a function. If all 
sections fy are cliquish and all sections f^ are increasing, 
then f is oliquish.

Remark 3. Let T. be the density topology ln R.
2There exists a function f:R — > R such that all sections

yf are approximately continuous, all sections f are
cliquish in T and f is not cliquish in T x T .a d a

2Remark Ił. If all sections f of a function f:R — * Rx
are upper semi equicontinuous £i.e. for every £ > 0  and for
every y é. R there exists cT> 0 such that for every xt R
and every te(y -сГ, у + <T ) » f (t) - f (y><£) and if all 

У X Xseotions f are cliquish, then f is cliquish.
Let X = Y = M = R and T be the topology of all sets of
form U — V, where U is open and V is denumerable. There
exists a function f:R fo,lj such that all sections f^
are upper semi equicontinuous relative T and all sections
fy are cliquish relative T and f is not cliquish relative

i



T x T.
Remark 5 . The family of all cliquish funotlons f:R — > R 

relative the Euclidean topology is an algebra of functions. I 
proved that this is the smallest algebra of functions who 
include all quasioontinuous functions.

Theorem k, Every oliquish function f:R — -?R is the sum
of four quasioontinuous functions.

Remarque 6 . There exists a function cliquish f:R — R(even 
of Baire 1 class) who is not a finite product of quasioontinuous 
functions. For example,

( 1/q if x = p/q and (p,q) = 1
f(*)= ]

C o  if x is not rationnel .
Remark 7. Every derivative f:R — ► R is oliquish

function. Analogy every partial derivative f' or f' of
2 x y

continuous function f:R — R cliquish function. A partial
derivative f^ of discontinuous function perhap not be cliquish
function. For example, if a function g:R - 4 8  is not cliquish,
the partial derivative f^ of the function f(x,y)= x. g(y)
is not cliquish. Davies proved that the partial derivative

p
f'" of funotion f:R — R is Baire 's class 2 and hexy
proved that there exists a partial derivative f'' = f'' of 

2 .. xy, xyfunction f:R — ^ R such that ' is not Baire's 1 class.xy
There exists a partial derivative g = f " = f" of2 xy xy
function f:R —> R who is not cliquish at any point such
that all sections g and g^ are approximately continuousx 2
Simultaneous every funotion f:R — > R such that all

•yseotions f and f-' are approximately continuous and
almost everywhere continuous is cliquish.
Finished we give an partially answer to the problem of 
Petruska.

Problem. Is there a function f such that f' and f °У xy
exists everywhere while f y* does not exist at any point.

Theorem 5. If a function f:R^ — R is such that the 
partial derivatives f ” and f'' exists everywhere and the
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partial derivative is bounded in an olosed interval
Ca.b1] X [o,dJ, then the partial derivative exist and is
equal t ” also at everywhere in fa,bj x [c,dj .
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