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TOMASZ NATKANIEC
WSP w Bydgoszczy

ON POINTS OF THE APPROXIMATE SEMICONTINUITY

Ws use the following notation. The sign | denotes the
S'-ideal of the Measure zero subsets of H, If XfR s
measurable then if £x> denotes the set of all density points
of X.
For the function f:R — R the signs ap-Illm inf f (t) and

* X
op-11* sup f(t) denote the approximately lower and upper
t “*mx
limit of f at x, respectively. Notice that

ap-lim inf f(t)= sup [y : D*(x,[t: f(t)<.y}) = 0~ and

t ->x

ap—11* sup f(t)= inf £y : D *(x,[t: f(t}>y})= 0}, where
t enX

d;cx,a)= ix» eup(-5-i"n . m@IJ)<iz,

n eeco
The signs A (f), SB_tf), SA’\LCf) denote the sets of all points
at which f is approximate continuous, upper and lower semi-
contlnuous , respectively!

A((f)= jitH : fCx)= ap-llm Inf f(t)= ap-lim sup f(t)},
1 t -»X t + X

S (f) = $xfcR: f (x)*ap—11lm sup f(t>i ,

a t-»X
T Cf)c {"xXAR: f(x)>ap-lim sup f (t>",
t -*Xx
S1(f)=[xCRs ftx)< ap-Illm inf f(t)j,
* t + X
T1(f) =fxERs f(x)< ap-llm inf f(t)}.
a t X
Z. Grande showed in the following faots.

FACT O. For every funotionf:R —aR the set A(f) is measurable.
FACT I. For every f:R —m R we havej TCLCf)V T:IéL(f)t3

FACT 2. The sets Sa(f)- A(f) and S~CO- A(f) do not contain
measurable sets of the positive measure.

FACT 3» Let A,B,C sure subsets of R such that
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- CfcJ,
- BS A and CE£ A-B,
- there exists a Gif set D such that B = D-C,

- the set A-B do not contain ameasurable sets of positive

measure,
- R-D is the sum MUN, M and N area F-~ sets, N6-3
and MS'f(M).
Then there exists a function f:R — R suoh thatA (f)=B,
Sa(f): A, and Ta{f)z C.

My results are following {see [2]).
FACT U, (MA) Let A, C, A” and C'are subsetsof R such
that

(i) CucC'63 ,

(ii) B = An A",

(iii) CE£ A-B andc'sa'-B ,

(iv) there exists a G~ set D such that B = D-(C~™ C;,
(y) the sets A-B and a'-B do notcontain ameasurable

sets of the positive measure,

(vi) thereexists a sequence (G™) n~jj ofopen sets such
A ) .
that Gn+1'€ (rB1 Da n'f_!:N Gn and nOeNT,f{Gn), B is
a set
0
Then
(x) there exists a functionf:R — R such that A(f) = B,

s,(0= A T (f)=C,sl(f)= A" and TI(f)= C

FACT 5.(MA) Let A, B, C, A* and C' are subsets of R and

the conditions (i)-(v) and

(vii) R-Dis the sum MUN, M and N area F»~ sets,
Nt.3 and MS (f CM)

hold. Then the statement {x) holds too

REMARK O. None of the implications {vi) Cvii) and

(vii) (yi) holds .

Ve consider the following examples.

EXAMPLE O. Let C£70,1> be the Cantor'a set such that

CE£.t! and P be the set of all birateral limit points of
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C. Slnoe the set C-Pis dense in C and Pis of the

second category in C,P is not Fg. set.
Let us assume that B = R-P . Then the condition (vi) does
not hold. |If D is a G~ set and B £ D then R-D P and

R-D&J . Thus for M= 0 and N = R-D we have R-D = MUN.
So the condition (vii) holds.
EXAMPLE 1. Let C be the Cantor's set such that C4” and

C£<2,3> , ¢' be the set of all birateral limit points of C
and Cl = C-c' . |Itis clear that *f(C) £C".
| f ME C' is a F<y set then N = C-M is a Gj- set andN
is dense in C. Hence N is residual in C.

Suppose that N is a F;. set. Then N = x.&m':n and
are closedand pairwise disjoint sets [3],Since N is of the
second category in C,there exists Fnwhich is of the
second category in C. Since Fq is closed, there exists
an open interval | such that 0 O C() I£ F~™. Hence Fn~™-" o
Assume that B - D - R-C. Then the condition(vii) does not hold.
Let G = D for n=1,2,... . Notice that B = O*

Hence the condition (vi) holds.

REMARK 1. There exists a set B and there exists a function
f:R —~ R such that A(f)= B and the conditions (vi) and (vii)
do not hold.

We consider the following example.

EXAMPLE 2. Let P be the set defined in Example 0,C be the
Cantor's set from Example 1 and B =R.(CUP).

Let g:R >R be a function such that A(g)= R-P and h:R -»R
be a function such that A(h)= R-C.
Let us define a function f:R —>R as follows f(x)= g(x)+ h(x).

It is easy to show that A(f)= B and the conditions (vi) and
(vii) do not hold.

PROBLEMS

(1) Let us assume that for A, a', B, C, ¢'S R the conditions
(i)-(v) hold. Does then the statement (x) hold ?

(2) Is there for every function f:R — R a GM set Dsuch
that A (f)= D'(Tft(f) u}'t’\f))? >
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