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ON POINTS OF THE A P P R O X IM A T E  S E M IC O N TIN U ITY

Ws u se  th e  f o l l o w in g  n o t a t io n .  The s ig n  I  d en o te s  th e  

S '- id e a l  o f  th e  M easure z e r o  su b se ts  o f  H, I f  X f  R I s  

me a s u ra b le  th en  if £x> d en o te s  th e  s e t  o f  a l l  d e n s i t y  p o in ts  

o f  X.

F o r  th e  fu n c t io n  f : R —* R th e  s ig n s  a p - l lm  i n f  f  (t ) and
* x

o p -1 1 *  sup f ( t )  denote the approxim ately lo w e r  and u pper
t  -*■ X

l i m i t  o f  f  a t  x , r e s p e c t i v e l y .  N o t ic e  th a t

a p - l im  i n f  f ( t ) =  sup [ y  : D * ( x , [ t :  f ( t ) < . y } )  = 0^ and 
t  - > x

ap—1 1 * sup f ( t ) =  i n f  £ y  : D * ( x , [ t :  f ( t } > y } ) =  0 } ,  w here 
t  e ^ X

d; c x , a ) =  i ± »  e u p ( - 5 - i ^ n  . m (J ) < i z ,  .
n •♦co

The s ig n s  A ( f ) ,  S t f ) ,  S 1 C f )  d en o te  th e  s e t s  o f  a l l  p o in ts
BL A

a t  w h ich  f is  approxim ate c o n t in u o u s , u p p er and lo w e r  s em i-

con  t ln u ou s  , re sp ec tive ly !

A ( f ) =  j i t H :  f Cx)=  a p - l lm  I n f  f ( t ) =  a p - l im  sup f ( t ) } ,
1 t  - » x  t  + x

S ( f )  = $ xfcR: f  (x )^ a p —11m sup f ( t > i  , 
a t - » x

T  C f ) c  {"xA R : f ( x ) > a p - l im  sup f  (t>^  ,
t  -*x

S1 ( f ) = [ x C R s  f t x ) <  a p - l lm  i n f  f ( t ) j ,
*  t  +  x

T 1 ( f )  = f x £ R s  f ( x ) <  a p - l lm  i n f  f ( t ) } .  
a t  x

Z . Grande showed in  th e  f o l l o w in g  f a o t s .

FACT O. F o r  e v e r y  fu n o t io n  f : R  —>■ R th e  s e t  A ( f )  i s  m easu ra b le .

FACT I .  F o r  e v e r y  f : R  —*■ R we have T  C f) V T 1 ( f ) t 3  .j CL 6L

FACT 2 . The s e t s  Sa ( f ) -  A ( f )  and S ^ C O - A ( f )  do n o t c o n ta in  

m easu rab le  s e t s  o f  th e  p o s i t i v e  m easure.

FACT 3» L e t  A ,B ,C  sure s u b s e ts  o f  R such th a t
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-  CfcJ,

-  B S A and C£ A-B,

-  th e re  e x i s t s  a Gtf s e t  D such th a t  B = D-C,

-  th e  s e t  A-B do n o t c o n ta in  a m easu rab le  s e t s  o f  p o s i t i v e

m easu re ,

-  R-D i s  th e  sum M UN, M and N a re  a F ~  s e t s ,  N6-3

and M S 'f (M ).

Then th e r e  e x i s t s  a fu n c t io n  f : R  — R suoh th a t  A ( f ) =  B,

S ( f ) =  A, and T  { f )  = C. a a

My r e s u l t s  a re  f o l l o w in g  { s e e  [ 2 j ) .

FACT U,  (M A ) L e t  A, C, A ” and C ' a r e  su b se ts  o f  R such

th a t

( i )  C u C '6 3  ,

( i i )  B = A n  A ' ,

( i i i )  C £  A-B and c ' s a ' - B ,

( i v )  th e r e  e x i s t s  a G ^  s e t  D such th a t  B = D - (C ^  C ;,

( y )  th e  s e t s  A-B and a '-B  do n o t  c o n ta in  a m easu rab le

s e t s  o f  th e  p o s i t i v e  m easure,

( v i )  th e re  e x i s t s  a sequ ence (G ^-) n ^ jj o f  open s e t s  such

th a t  G . €  G , Da H  G and 0 , T^ f{G  )  -  B i s
n+1 n ’  nfcN n n e N  ' n '

a s e t  .
0

Then

( x )  th e r e  e x i s t s  a fu n c t io n  f : R  — R such th a t  A ( f )  = B,

S ( f ) =  A, T  ( f )  = C, s l  ( f )  = A ' and T l ( f ) =  C ' .a a a a

FACT 5 .(M A ) L e t  A, B, C, A* and C'  a r e  su b se ts  o f  R and

th e  c o n d it io n s  ( i ) - ( v )  and

( v i i )  R-D i s  th e  sum M U N, M and N a r e  a F^. s e t s ,

N t.3 and M S  ( f  CM )  

h o ld .  Then th e  s ta tem en t { x )  h o ld s  to o  .

REMARK 0 . None o f  th e  im p l ic a t io n s  { v i )  C v i i )  and

( v i  i )  ( y i )  ho Id s  .

Ve c o n s id e r  th e  f o l l o w in g  exam p les .

EXAMPLE 0 . L e t  C £ ^ 0 ,1 >  be th e  C an tor ' a  s e t  such th a t  

C £ .t! and P be th e  s e t  o f  a l l  b i r a t e r a l  l i m i t  p o in ts  o f



I

C. S ln o e  th e  s e t  C -P  i s  dense in  C and P i s  o f  th e

secon d  c a t e g o r y  in  C, P i s  n o t  Fg. s e t .

L e t  us assume th a t  B = R -P  . Then th e  c o n d it io n  ( v i )  does 

n o t  h o ld .  I f  D i s  a G ^ s e t  and B £= D th en  R-D P and 

R-D & J . Thus f o r  M = 0 and N = R-D we have R-D = M UN.

So th e  c o n d i t io n  ( v i i )  h o ld s .

EXAMPLE 1. L e t  C be th e  C a n to r 's  s e t  such th a t  C 4- ^ and

C £ < 2 ,3 >  , c '  be  th e  s e t  o f  a l l  b i r a t e r a l  l i m i t  p o in ts  o f  C 
and C11 = C - c ' . I t  i s  c l e a r  th a t  * f (C )  £ C ' .

I f  M £  C ' i s  a F<y s e t  then  N = C-M i s  a Gj- s e t  and N
i s  den se  in  C. Hence N i s  r e s id u a l  in  C.

Suppose th a t  N i s  a F - . s e t .  Then N = F and
£> X l & J N  n

a re  c lo s e d  and p a ir w is e  d i s j o i n t  s e t s  [ 3 ] ,  S in ce  N i s  o f  th e

secon d  c a t e g o r y  in  C, th e r e  e x i s t s  Fn w h ich  i s  o f  th e

secon d  c a t e g o r y  i n  C. S in c e  Fq i s  c lo s e d ,  th e r e  e x i s t s

an open  in t e r v a l  I  such th a t  0 0 C () I £  F^. Hence Fn ^-^ •

Assume that B -  D -  R-C. Then the cond ition (v ii) does not h o ld .

L e t  Gn = D f o r  n = 1 , 2 , . . .  . N o t ic e  th a t  B = 0*

Hence th e  c o n d i t io n  ( v i )  h o ld s .

REMARK 1. T h e re  e x i s t s  a s e t  B and th e r e  e x i s t s  a fu n c t io n  

f : R  — ^  R such th a t  A ( f ) =  B and th e  c o n d it io n s  ( v i )  and ( v i i )  

do n o t  h o ld .

We c o n s id e r  th e  f o l l o w in g  exam p le .

EXAMPLE 2 . L e t  P be th e  s e t  d e f in e d  in  Example 0 ,C  be th e  

C a n to r 's  s e t  from  Example 1 and B = R . (C U P ) .

L e t  g :R  -j> R be a fu n c t io n  such th a t  A (g )=  R -P  and h :R  - »R

be a fu n c t io n  such th a t  A (h )  = R-C .

L e t  us d e f in e  a fu n c t io n  f : R  —> R as fo l l o w s  f ( x )  = g ( x )  + h (x ). 

I t  i s  ea sy  to  show th a t  A ( f ) =  B and th e  c o n d it io n s  ( v i )  and

( v i i )  do n o t  h o ld .

PROBLEMS

(1 )  L e t  us assume th a t  f o r  A, a ' ,  B, C, c ' S  R th e  c o n d it io n s

( i ) - ( v )  h o ld .  Does th en  th e  s ta tem en t ( x ) h o ld  ?

(2 ) I s  th e r e  f o r  e v e r y  fu n c t io n  f  :R  —* R a G .̂ s e t  D such

th a t  A ( f ) =  D - ( T  ( f )  u T ^ f ) ) ?  >ft ft
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