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MINIMAL PERIODIC ORBITS OF MAPPINGS OF AN INTERVAL

1. Introduction,

Let I denote a compact interval on the real line and let
C°(1,T) denote the space of continuous maps from 1 into
itself. Let N denote the set of positive integers. For any
n £ N we define 1 inductively by fl1 = f and fll=fefn”1 .
Let f° denote the identity map of [I. A point x£1 is said
to be a periodic point of f if M (e= x for some n«tN. In
this case the smallest element of intN : 7 (*)= x} is called
the period of x. We define the orbit of x to be )»x0 XA\
If x 1is a periodic point we say the orbit of x 1is a
periodic orbit, and we define the period of the orbit to be
the period of x. Clearly, if x is a periodic point of Ff
of period n, then the orbit of x contains n points and
each of these points is a periodic point of ¥ of period n.

Let a,b be real numbers and let A,B be subsets of
the real line. We denote f(a>= b and f@®=B by a-9 b
and A—f> B , respectively. Similarly, A f B means
f(B)= A and AB means f(A)= B and Ff(B)= A. Finally,
fIM denotes the restriction of f to the set M.
THEOREM (.A.N. Sarkovskii, see [2J or C3&. bet fAC°(l,D).
Let us consider the following ordering of the positive *
integers 3,5,7,...,2*3,2-5,2*7.,,,, **3%*5__... 83,8-5, ...,
...,8,U,2,1 Let F have a periodic orbit of period n. If
m is to the rightof n (.in the above ordering), then f has
a periodic orbit of period m.

It is known that for every n there exists a function

f such that f has a periodic orbit of per a m 1if and
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only if m 1is not to the left of n. Similarly, there exists
a function Ff such that ¥ has a periodic orbit of period m
if and only if m is a power of 2.
DEFINITION. A periodic orbit P of f of period n is a
minimal periodic orbit of f, if fhas no periodic orbits of
periods less tin SarkovskiT sense) than n.
DEFINITION. We say that a periodic orbit P of Ff is poten-
tially minimal if there exist a compact interval 1I1P and
a continuous function g from I into itself with the following
two properties :

ci) flp = eyp

(i) P is a minimal periodic orbit of g

It is possible that for some P, » ¥ the set P is a

periodic orbit both of  and fand the periodic orbit P
of f1 is potentially minimal butthe periodic orbit P of
~ 1m not potentially minimal.

Similarly, it is possible that P 1is a periodic orbit
both of g1 and g2, gl|P=g9g2|P , P 1is a minimal periodic
orbit of g1 and P is not a minimal periodic orbit of g2>

The main problem connected with minimal periodic orbits
is the following.

PROBLEM. Characterize potentially minimal orbits.(Clearly,
without loss of generality we may solve this problem only for
periodic orbits of the form {l,2,...,n}. Hence, let us assume
that f has a periodic orbit {lI,2,...,nj and investigate
under which assumptions this orbit is potentially minimal.)
RESULTS

D) case n=2p + 1, p™N

p- Stefan £33 1018 proven that there are exactly two

types of potentially minimal orbits of period 2p+l. They

have "spiral"™ structure (see Fig. 1).
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n=5
Asimilarly for n = 3,7,9...)

Fig. 1

2) case n = 2l , m<E-N
From Theorem A 1in ) It follows a necessary condition
for a periodic orbit P of f of period 2* to be poten-
This necessary condition is the following:
,q-~ of P where «k divides
which

tially minimal.

For any subset (q1,...
2™ and k-T2 , and any positive integer r

divides 2m , such that jq,|,---,0k$ is periodic orbit

of flLwith gl<g2< ...<gk , we have

fr(lq, .....4k/2)) =igk/2 + 1,***»gk3 *

3 case n =2,(2p + D, pé. N (L.Snoha 1983)
Let L =1,...,2p+1}, R =[2p+2, ...,2. (2p+tD)}. Let
of period 2.(2p+1l). The

P=LVR be a periodic orbit of Ff
in the characteri-

following conditions play an important role

zation.
NC Periodic orbit P of f of period 2.(2p+l) is

stich that
@ »L R
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@ L and R are Bd.nlmal (In Stefan senia) periodic

orbite of the function '

@) ¥ Ila monotonie on L or on R.

@ Four numbers 1,2p+1, 2p+2, 2.(2p+1) are 'neighbours”
in the periodic orbit P. This means, that there exists
such a permutation (@©,ac",oc®, o) of the set 1 ,2p+l,
2p+2, 2. Q@p+l)}, that

f f f

N 2 N 0/\3

@) ,2p+1} _£* 2p+2,2 @p+1)} or £1,2pH} <c& JI2p+2,2 @p+L}

THEOREM.
@ Periodio orbit i.1,2,3»K5%6]r of f period 2.3 1is
potentially minimal if and only if (NCICa) is true.
(i) Periodio orbit @,...,2@p+1DJ, P>1 of F of period
2(2p+l) is potentially minimal if and only if at
least one of the following conditions is satisfied:

(NCO) and (D) ,(NC) and (2),(NC) and ()
Consequently, there exist 12 types of potentially
minimal orbits of period 2,3 and 8 types of potentially mini-
mal orbits of period 2(2p+1l), p>1
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