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ZESZYTY NAUKOWE WYZSZEJ SZKOLY PEDAGOGICZNEJ W BYDGOSZCZY

Probleny Matenatyozne 1987 z. 9

STANISLAW SZUFLA

WSP w Bydgoszczy

ON THE URYSOGN INTEGRAL EQUATION IN BANACH SPACES

1. Introduotion
Let D = fo.dj be a compact interval in Rand let E be

a real Banach spaoe. Conaider the integral oguation

a) X(t) x g(t) ¢A 6 f(t,a,x (a)) da ,
where (t,a,x) f(t,a,x) la a funotion fromD 2x E Into
E whloh la ooatinuous In x fer a.e. t,at D and atrongly
aeaaurable In (t,a) for eaoh x£E , In ¥8] the following
theorem waa proved t

THEOREM 1* If the funetion f la auoh that

() the Integral operator F defined by

FOO) = ¥ f(t,a,x(a)) da
D

oentlnuoualy napa an Orlioz apaoce L~(DtE) Into itaelf ;

(N  @(f(t,a,z)) $ H(t,a)p (z) for a.e. t,aED and
fer every bounded aubaet ZzZ ef E, where H 1la an approprla-
te funetion and [) denotea the meaauro of noncompactneaa,

then for any g&£ (D,E) there exlata a poaltlve nuaber
r auoh that for eaoh A £ R wlth /JUEr the equatlon (i)
haa a aelution x ¢ L~(D,E).

The proof of Theoren 1 eaaentlally uaed a theorem of
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Heinz f3 ; Th. 2.1J3 on the measurability of the funetion

t -~ v(t) = p(v(t)), where V 1is a given countable set of
atrongly measurable functions from D Into E and

V () >» z(t): x£. . Let ua remark that the proof of Heinz
reault is very long and complicated.

In this paper we shall show that Theorem 1 can be pro-
ved without using of Heinz theorem whenever we replace the
assumption /Al <r by JAINr/2 . For simplicity, we restriet
our conaiderations only to the space L2 (D,E).

2. Measurea of noscompactnes

Denote by LP(D,E) (p 1) the space of all strongly mea-
surable functions wu: D —* E with £ Hu(t)iipdt , provided
with the norm Hull :(OS IWOUPdt) .

Let us recal? that theHausdorff measure of noneompact-

ness in a Banach space X 1is defined by
pr(z) = Inf {£>0 ; Z admits a finite £ - net in x}

for Emy bounded subset Z of X. For properties of (i see
[I] 71m For convenience we shall denote by (i and (s~ the
Hausdorff measurea of noncompactness in E and L~(d,e),
respectively.

For any set V of functions from D into E we define

a funetion v by v(t) = p (v(t)) (t£d), where V(t) =

@) : vj (under the conventien that (¢ (z) = oo if

Z is unbeunded). The following lenna playa an impertant role
in eur ezistence proof. -

Lenna 6 ; Th. 1J.

Assume that the apaoe E 1is separable and V is a

countable set of functions belonging to L1(DF E)# If there
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ezists a funetion £ LN(d»R) auoh that W¥x(® £ p(t) for

all z£ V and t £ D, then the corresponding funetion Vv is
integrable and for any measurable subset T of D
fi({ s x(odt ' *e v~ I v(b)dt
T
Moreover, if 1lim sup JIbk(t + h) - x(Ol]dt = 0, then
h 0O xtv D
fi(VME S v(b)dt
1 D

3« The main result

Assume that

1® g¢cL2(D,E) ;

2° there exist nonnegatire functions atL~(D,H) and
KEL2(D2, R) such that DFf(t,s,X)II£K(t,s)(@(s) + b Hxl) for
t,s£ D and x£ E, where b is a positive number,

Let F be the mapping defined by
FOQ) =7 f(t,s,x(s)) ds (xEL2(D,e), tg D).
0
It is known (cf. [hj ) that under the assumptions 1° and 2°
2
F continuously maps L (DtE) Into itself. Assume, in addi-

tion, that for any r > 0

3° lim sup /1IFCOCE + h) - FOCOO)TFIdt = 0.
h + 0 IMKRIir D

Theorem 2. If ¥ and g satisfy 1° - 3° and there

2 2
oxists a nonnegative funetion HE£ L (D , R) such that

&) G(f(t,s,2))E H(L,s) 0 (D

for tfs £ D and for eaoh bounded subset Z of E, then
there exists a posltive number 5 such that for any A£R

vith 1AU f the equation (i) has a solution x £ L2(D,E).
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PROOF. Put

r - 1912 . 1
0= Kin (sup Imm i '
r2Q Jd2 @ a2 + br) * Hhli2

FIx \I R with Thsn there exists r>0 suob that

lis*2 + IM HKil, (Hall 2 ¢br)s r

Lat B b (x£L2(d,E) s IKR" r} and G(X) b g 1AF(x) fsr

X tB. Thsn G 1is a oontinuous nappins B —» B and
(©)) 1IGCOOIN p() for xEB and t¢ D ,

whors p(t) a s(*) +|/\JIK(t» * CHa br) .
Lst V - {fun: ueEN be a oountable subset of B suob that

(< \Y 66nv (G(v)ulo) ) .
Then there exists a subset A ef D suohthat nes (D'>a)=0

and
G) V() C. conv (G<V)(t) O (0} Tfor ttA ,

For any 1C.B we define an operator S by
_ *+1> 1
Shx (©) =] L x(s)ds (xEL (D,e), t<LD).

t—1/m 1
It is well knewn that for any x£L (D,E) the funotion

is oontinuous on D and Ulim IS x- X]},, = 0. Hance for a
given it L (D,E) there exists a subset D(x) of O such
that mes (D\D(x)) = o and the sequenoe (s~i) has a subse-

quence which converges to x in all pointa t£ 0(X).

Let P = ABD(g) OAD@W*)0D(u2)o... . Denote by X the closu-
re of linear hull of the set SmUn~MeEi N mon»* A~ N} o»
where i» a dense sequence in P.

Fix now ttP and put yjs) = f(t,P,un(s)) Tfor s¢éD.
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ut Q x D(t2) ft ee- ud lot Y bo tho olosuro
of Unur fauli of tho aot SrujtnN) o, SAYMIMD):D M,
a, 1 t n] , whoro (@) la a donao aoquenoo la Q.

Fron tho abowo oonatruotion It la oloar that X and Y aro

aoparablo Banach aubapaooa of E and
«(a), un(a) £X for all nt N and aGP
y#(a)i Yy for all n<N and a&Q .
Horooror, XCY, noa (OSP) =0 and noa (o0 ~ Q) s 0. Ontho
othor hond, owing to (3) and (4), we havo
) Hun@)Il £ li@ for a.e* af£D and nE.N ,
and oenseguently
(3) HyMm(e)Illi &y (&) for a«e« atD and n«.N ,
whoro ¢ (a) o K(t,a)(a(a) ¢ bj» (a)), Fron 2° It la oloar
that £€ L1(D,R). Aa G~ Kt) *g(t) ¢J yn(a)dat g(t)+

¢ X noa Q e6onv'yn(<i) £ Y , fron (5) - (8) and Laaaa it fol-

iowa that

Px(v(t))~ 2/3Y(y(t))rf 2 [IY(0(v)(t)) = 2 yn(»)da:
nEN} )~ 2]AI/  Y((yn@®)*n ¢ N})da .

Furtbor, In wlew of (2) we have

A({Yn~adj n*N>)$ 2@ {yn(@): ni N})/ 2H(t,a) @ (v(a))E

£ 2H(t,a) Bx(v(a))

for aC Q. Henco

© xX(V()) ~ 4 [Al T H(t,a) ~x(v(a))da
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By (7)and Lennu the funotlon 9 — "X (v(»)) iameasurable
on Pand &w()) £ p(s) fora.e, a & P. Thus the funct-
lon v doflned by

HXQ(S)) If sfcP
v(s)= 1

I o if sedsp
belongs to L2(d,R). As (9) holdo for every t¢ P, we have
v(t) < Ul H(t,a) v(o) ds for a.e. te6 1.
In virtue of the HAlder Ineguality thls implies that
v(t) 4 h WIh(t, = )H2 |Ivi2 for a.e. téD ,
and consequently
IV ~ 2UiliHIQ i|v]i2

Since #IAIIIHI2 ¢ 1, thls proves that IMQ = 0, i.e.
/x(v(t)) = 0 for a.e. t£ P . On the other hand, ir vlew of

3° and (k),

lim sup f lju (t+ h) - u (&) jdt =0
h~0 n D n n

Therefore, by Lemma,
I3L(V) M/, x(v(t)) dt = 0 ,

P
30 that V Is relatively compact in L (D,E). Moreover, owi™ig

to (» V has equl -absolutely oontinuous normsin t2(D,e).
From thls we deduoe that V is relatively compact Jan Lo(d,e)-
Applying now Monch"s generalization of the Schauder fixed
point theorem (cf. [6]i we conclude that there erists Uu£B

such that u = G(u)x Clearly u is a solution of (i).



111

Remark. Let (t,s,u) —% h(t,»,u) be a nonnsgative
funetion defined for osa~t ~ d, u”0, satisfying the
following oonditions :

(i) for any nonnegative u £L2(d ,R) thpre ejcists the

integral j h(t,a,u(s))d* for a.e. t D ;
0

(ii) for any o, O™ c<id, u =20 a.e. 1is the only non-
0
negative funetion on (0,0] which belongs to L ([0,cj, R)

and satisfies

t
u(t)” k J' h(t,s,u(8))ds almost evwrywhere onl0,0j.
0

Combining the proofs of Theorem 2 and Theorem 2 from
T6J,we can prove the following
Theorem 3«* If 1° - 3° ho#d and H(F(t,s,Di?
~“h(t,s,j3 (z)) Tfor t,sED and for each bounded subset Z
of E, then there exists a subinterval J = f0,aj of D

such that the equation

t
x() =g + j F(t,s,x(s))ds

has a solution itL ((,E).
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ROWNANIE CARJCOWE ¥ PRZESTRZENI BANACHA

Streszozenie

V pracy rozpatrujemy réwnanie calkowe

€D x(t) = g(O) f(t.a,x(s))ds
D
w przestrzeni Banacha E. Pokazujemy, to Jesli operator catko-

wy generowany przez prawg strone réwnania (1) przeksztatkca
w sposob ciagty przestrzen Orlicza LN(D,E) w siebie oraz spek-
niony Jest warunek Ambrosettiego

K (F(E,s,X)) ™ H(E,8)0r(x) ,

to dla matych A istnieje rozwigzanie x” L~(D,E) roéwnania (O.



