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ON THE CATEGORICALNESS OF THE METRICAL GEOMETRY ON THE SPHERE

In our previous paper a system of ajtioms of the metrical
geometry on the sphere is presented and in f5j a theory built 
on those axlomatics is developed. As the primative notions ser- 
ve a set S containlng at least two distinct elements and the 
function d: S z S — ^ R called the distance function, The 
value d(A, B) will be briefly denoted by AB, the Capital let- 
ters denote elements of S called points and smali letters - 
real numbers. The distanoe function verifies the following 
azioms repeated here for the later use:
A.°. O ^ AB / ST

A, 1. [a £ O A b £ 0 A ( I a - b| ̂  AB i a+b)A a + b + AB ^ 23Tjo
(CA = a A BC = b)

e
A,2. [ a > O A b >  0A(|a - b | ̂  AB 2 a+b) A  a + b + AB ^  ZjT =.i/

^  2C (AC = a ABC = b)

A,3» (A / BA AB + BC = AC A cos AB cos BD = cos ADj
cos CB cos BD = cos CD .

In the aziom A,2, the sign like V  ... means that there
2C

ezist ezactly two points C suoh that ... .
In fUj the following fundamental theorem was formulated:



THEOREM X. A couple <f Sf d > is isomorphic with the 
basie model $ Q = ■( SQ, dQ > of the metrical geometry on the 
sphere if and only if the set S and the function d are 
in compliance with the axioms A.O-A.3. Here So is a fixed 
sphere in the three-dimensional euclidean space, and dQ(P^,P2) 
denotes the spherical length of those points P1 P,, on the 
given sphere Sq.
In TU] only the first half of the above theorem is proved, 
namelys

THEOREM I A. Ali axioms A.O-A,1 are satisfied in the 
basie model

In turn the paper [5] oontains the definitions Df1-Df7 
of speoific notions of the theory developed on the base of our 
axioms A.O-A.1 and proofs of the basie faots concerning those 
notions. The purpose of the present paper is to give the proof 
of the second half of the above-mentioned theorem I, visualy:

THEOREM X B. Each model of aiioms A.O - A.3 is isomor­
phic with the basie model $o .
A numeration of theorems in this article will be a continuat- 
ion of the numeration of theorems T 1-T h2 from the preceding 
article f5j . However, the notation of the proofs will be more 
short that in [5]• Each halting-place of the deduotion will be 
noted in the separated line. At the left will be noted the 
prereąuisites and the numbers of quoted theorems, while on the 
right-hand side we note the conolusions. Those conclusions will 
be enumerated fer the later invocation in others proofs in tbe 
seąuel. Shortly speaking, the notation of the proofs will be 
almost formalized. Theorems from [53 and lemmata from [Jłjwill
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be freely invoked.

T 1*3. V  [(X) A (**) Et E2 = E2 E3 =5T/2j
V  V  E3

proof: From TO, T7 we obtain that V* (*) 0^ E..E„̂  .
K1* E2Let us denote (i) a := 5T/2 . Then

(«), (1) (2) a - a C E Eg ^ a +' a A (3) a + a + E1 E2 -c 2^

(1), (2), (3), A.2 => V  (* *) E ^  = E2 E3 = F/2 .
E3

From (*) and (* x) we deduce our thesis.
Before Crossing over the proofs of the subseąunnt theorems 

we fix sonie triple of points fulfilling the conditions (*-) and
(**) and we introduce the designation P' = (? „ (?). Then

^  L 1 2
we may formulate
T UU p'e3 = 37/ 2

Proofj Directly from the assumption we obtain (a)

P' = ^ E ^

(*) , (O , T 38 = >  (2) w(E2, Elt P')
(**), Df 3 = »  (3) 1  E2 E, E3 ,
(*) , (2), (3), T 26 = >  (Zł) _L P' E1 E3 ,
(**) , (Zł), Df 3 p 'e 3 = 57/ 2

T Z*5 ["(i) o ^AB^3rA(2) w (A,B, C^), (i = 1,2) cos

= COS AB^C2  ̂ " ?AB^C1 ^
Proof: Let us introduce the following designations:

(3) AB =: c (Z,) =: y, (5 ) A C1 =: ^  , (6) BCi= b ^
(i = 1,2).

(i), T32 V[(7) ^ a b ^ )  = xA , (i = 1 ,2)J
Xi
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(1), (2), T 20 =*=> [(8) w(Af C1tC2)ft(9) w(B, Clt C2)J

(8), (U), (5), T 1 , L2 = >  (10) 1 + 2  oos oos ag oos y-
2 2 2— oos â  - cos a2 — oos y = 0 ,

(9)» (i*)t (6 ),  T lif , L2 =v> (li) 1 + 2  oos b1 oos bg oos y-
2 2 2— cos b^ — oos bg — oos a s O

(l)» (7), (2), T 3U (12) a± = lxt(A(l3) oos bA = oos
(o-z^, (i = 1,2)

(12), (13), (1 0), (11) (l*ł) sin o sin (o -Zj - Zg) [bos y-
— cos (x1 - *2)J = o

(I1*). (1), (3) — (1 5) [cos y s cos (x.j“X2) ✓ sin(e - z^ - Zg)
= O] .

If sin (o - x.j - Zg) vanish, then we may introduce an additlo-
nal point CQ suob that the following eąuality holds:

C1Co = C2Co = Cl V  2 

and taking into acoount the pairs (c.j» Cc) and (C2 > Co^ we
may reduce the analysis to the case where cos y = cos (x^ — Zg)
holds,

T 46 n o  J Eie2 (px) = A* a (2) ^  (P4) =<f± ,

(i = 1,2)] = >  oos ^Pg = oos <jf>1 oosfg cos (A1
+ sin sin (f2 ,

Proofs Assumption s (3) P." = E (pj) t

(3) , T kk => P' E3 = TT/ 2 ,
(zz) ,  ( i ł ) ,  T 19 i d ?  [ ( 5 )  w  ( E a ,  C1f Cg) a  ( 6 )  w(ElfEg,Pp}

(z), (3), (5), T ił1 (7) 1  PA .
(zz) , ( i ł ) ,  Df 3 ==? ( 8 )  X  E i p j [  E3

Ł
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(x) , T 2 , T7 , T 8 =3 $ (9 ) [0 -!E1 P'*j| V O <. S j P ^ I T ]  »

( 9 ) ,  (7 ), (8 ), T 2 7  s4 > ( 1 0 ) w (p' , p±i E j ) ,

( 1 ), (*), ( 3 ). T 3 9  (1 1 ) * <pl > = * i  •
(9 ), ( 1 0 ), (7 ),T 2 6 = $ > ( 1 2 ) 1  pj p' P2

(«♦), T37, T38 ==> (13) P'' = ? p E (P2) A (1*0 »(Pj.e3»Pj P ’ 
('♦), (l*»>, ( 1 0 ), T  2 0  =*, ( 1 5 ) w \ p j ,  Plf P'* )
( O ,  ( 1 0 ), ( 1 3 ), T  Ul =*> ( 1 6 ) P t P'# P2  A ( 1 7 )J-E3 P2 ' P2a

A ( 1 8 ) X  P' P'' P2 ,
I<at us dsnote : ( 1 9 ) E (p2 ) = p • Neact »• h*ve s

(3 ), (*0 , (i'*), ( 1 9 ), T  3 ^ = 0  (2 0 ) P' P'' = | p I .

(2 1 ) p' PA = <f1 »

(2 2) oos P* P' = oos
/oos P^g = 008 p p ’ ' 1 2 00. p "  p2

joos E3P2 = OOS E3P2
* _ 4 # _008 P2 P2

(_ooa P* Pg = oos (i 008 P "  P2

(12), (2l), (22), Df 3 (24) oos P' P2 = ooaCfzcoa (*.,- )
(ił), (10), (21), T \lf , L 2 == (25) 008 P2E3 = t sin P^P2 =

s i n  y 2 t

(*♦)» (1 ̂ » (20), T 14, L 2 =£>. (26) oos P'' E3 = - sin P^p2' =
3 in fi ,

(2), (ił), (1 0), (14), (19), T 45 *=»(27) oos P ^ ' *  oos(Cf1-/j) 
From prereąulsites (23)-(27) ve obtain promised thesis.

T k7 A  V  VGi_ r (P) A Cf = V , (p)]
P 1A 1<f ' 1 2  >P E3
Proofs (1 ) , T 32 ac>(l) V A = F (P) ,

A* > 1 2

(x), T 37 =^> (2 ) V  P" = fe E ^P)p' 1 2
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(2), T kk =*ł> (3) P'E3 = 5T/2 ,
( 3 ) ,  T 32 =?> (^) V  tf- » , (p) ,

1 (f > 3
From (i) and (*ł) we deduce our thesis.
T 1*8 r (i) > t (-1 ,5" > A (2 )ffe ('ir/2 , +Ti/2 )J saf>

= >  p p *e3<p>J
Proof:
(x), (1), T 35 ==> (3) y  = ££ E (Pl)A w (E,, E2, P^] ,
(x x), (3), Df 3 ==^ (*0 1 A (5) w (Elt E2, P1 )J
(x) , (ił), (5), T26 = ^ ( 6) J. P1E2E3 ,
(x x), (6 ), Df 3 ==> (7) P1E3 = % /  2 ,
( 2 ) ,  ( 7 ) ,  T 35 ==> ( 8 )  V [ ^ p ' E ( P )  = Cf A w ( P 1t E 3 , P)J

(2), ( 7 ) ,  ( 8 )  ==> ( 9 ) P^P Ć T /  2 ,
(x x), (7), (8), Df 3 ==> (1 0) X E 3P 1E1 A (1 1 ) w  (P1 ,E3,P)}
(7), (10), (11), T26 ==> (12) J_ PP1 E1

(x) , (4), (9), (1 2 ), T *ł2 ==> (13) P, = f r E (P)
1 2

(x) , (13), T 37 ==> (1«0 p, = p '
(x) , (13), T 39 ==> (15) f eie2(pi) = ^ Eie2 (p)

From (3), (8), (l*t) and (15) we obtain the promised thesis,
T 49 f ( l )  *  = O A ( 2 )  l«f | = 3T /2J ==> V r  F F ( P )  =AAf p ' E (P )=<f]

P 5C,1^2 ’ 3
Proof:

(x) , (1), T 35 ==> ( 3 )  Y  ?E E (V  = * A W (E1> E2» Pi )J .
( * )  , ( 1 ) ,  ( 3 ) ,  T 3<ł =-=> ( M  E1P1 = O

(1*) , T8 ==>(5) El=P1

(x x), (2), (5), T 35 ==> (6) V f J p E  (P)= w(P1 ,PJ,P)]
(x x), (2), (6), T 3U ==> (7) EtP = M /  2



119

(x »), Df 3 ==> (8)J. E3EtE2 ,
(5), (6) ==> (9) v (Et, E3, p )
(x x), (8), (9) T 26 ==> (10)2 ,
(io)f (7 ), Df 3 ==> (1 1 ) pe2 = 5T / 2

(x) , (7), (li), Df U , Df 5 ==} (12) ^ E E (P)= O
(x), T 37 ==> V  (1 3) p' = ę (p)

p ' 5 1 2
(x) t (1), (12), (13), T 38 ==£> ( 1 M C I P E (Pj =

/  1 2
= / U w (e 1, e2, P')

(*), (i), (3), (l«ł), T 35 ==> (1 5) P1 = p'

The prerequisites (i), ( 6 ),  (l2) and (15) give already our
thesis, .

T 50 ^ 1) ^ ElE2(Pi> = ^ E ^ "  <2) J P; E3 < V  -

= J p' E3 ^P2  ̂ ( P1 = P2 ̂
Proof: Let us denote

(Pi) = *i* ^  5 P' E3(V  = ? i ’ (i=1»2>* We have :

(i). (2), (3), (U) ==> (5) A 1 = A 2 A (6) łf1 = Ĉ 2

(3), ('♦), T U6 == (7) coa = cos tf1 cosCfjjCos ( ^ - ^ H

+ sin Cf 1 sin Cf2 ,
(5), (6), (7) ==> (8) cos P1P2 = 1
(8), T7 ==> (9) P1P2 = O
(9), T 8 gives already the thesis ,

We are now in a positlon to perform the crucial step 
in the proof of theorem IB, namely we deflne the isomorphism
between the basie model <̂ So,do > and an arbitrary model
S, d > of the system of axioms A.O-A,3. Xn order to exeeute such
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a projeot let us take under consideration an ubitrary model 
■ĆS, d> and let us fix a trlplet of points Ej, E2, E^ fulfil-
llng the condltlons (*) and (n) . We neod sono definition :

Def. X, For eaoh point Pć let $ c( P) denotes the
following trlplet of real numbers ^ coa \ ooaf, sin A cos <f, slnA>, 
where A = » <( = fp' e3(p)*
T IX. The above deflned $ ls a bijeotlon of the set S onto
the set S .o

Proof: From theorems T k7 - T 50 it follows that there 
ozlsts one-to-ono mapping <£, aotlng between the set S and 
Sjt where oonslsts all palrs of reals of the form

3T, 5T > and < (e  ( -  jr/ 2  , Jf /2 ) and the palrs (  O, TT/2 ^ ,
^ 0, - F / 2) .
In tura the mapplng deflned by the formuła $2( A t (f ) : =

« = (* .y»*) :

X s oos A cos Cf 
 ̂  ̂ y = sin A oos (f

z = sin
sapa ln a biJeotiwe mannęr the sot onto So» Since as
well as are bijectlve, lts superposltion aiso aust
be bijeotlve. The proof ef T IX ls already oompleted.

*

Xn order to oomplete the proof of the fundauaental theorem 
I B lt suffloes to demonstrate, that transforms the distan­
ce function d onto the funotlon d deflned ln the basloO
medal by the following formuła:
d. Uac1 »7l( z^, <;x2, y ^  *2 > ) = aro ces + y^J2 ♦ *,*3 )
So, we shall demonstrate the following theorem:
T XII. If (1> yt, ■,> and (2) $ 0 (P2).
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= ^ * 2 » y2 * *2> thoŁ of n#ce8sary P2 = d0(^*.,» y.,» ,

^*2 * y2 ’ x2 ̂
Proof i Lot us denote: (3) ^  E (p±) * (^Yi !:

: = y p *E (pA) for i£-|l, 2 j . From (1 ) - (i) and Df I we 
i  33obtain

( 5 )

| X1  = °.os * i
yA = sin 71 ̂ cos <f (l s 1,2)

1 * 1  = 8lD

( 5 )  , ( « * )  ==> ( 6 )  d0( ^ * 1, y 1 1  Z 1 > » ^ I 2 » y 2 »  z 2 ^  =

= aro cos [cos Cf 1 cos Cf>2 cos ( A 2 - A.,) + sin<(2]
(3)» (*♦)» (6), T k6 give the promised thesis.

From theorems T IX and T III It follows that the function
<£0 deflned for an arbitrary model of axioms A.0 - A.3 establłsh 
a iaomorphlsm of this model with the basie model , so that
the theorem I I B ls fulfllled and the proof of the categori- 
calness of the theory bullt upon the azloms A.O - A.3 ls 
achieved.
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KATEGORYCZNOŚĆ GEOMETRII METRYCZNEJ NA SFERZE 

Streszczenie
•

W pracach Tl*] i t5] podano aksjomatykę oraz rozwinięto 
teorię geometrii metrycznej na sferze. Podano także dowód, że 
aksjomatyka ta jest spełniona w pewnym modelu geometrii metrycz­
nej na sferze, nazwanym modelem podstawowym . Celem niniej­
szego artykułu jest dals-e rozwinięcie teorii i podanie dowodu 
jej kategoryczności, tzn. wykazanie, że każdy model naszej teori i 
jest icomorficzny z modelem podstawowym.


