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ZESZYTY NAUKOWE WYŻSZEJ SZKOŁY PEDAGOGICZNEJ w BYDGOSZCZY 
Probleuy Matowe tyczne 1986 z. B

STANISŁAW SZYMAŃSKI 
WSP w Bydgoszczy

ON FRAGMENTS OF THE METRIC GEOMETRY ON THE SPHERE
In my previous paper L5j some system of azloms of the 

metric geometry on the sphere was presented. One should no 
confuse the metric geometry on the sphere with the ellipticr.I 
geometry,
It vas proved, that such system of arioms has a fized model, 
called a fundamental model , In that manner the proof of
theorem I A from [$J has been completed. To prove that eaoh 
model of our system of azioms is isomorphic with a theory
Łuilt on the azioms A1 - A3 must be developed. In the prcsent 
paper we want to realize such a program, while the categorieal- 
ness of our system of azioms will be the subjeot of a later 
paper, We repeat our axioms for the later use >

Al fa ^ Oa O a ( | a-b | £ AB £ a+b) A (a+b + AB £ 2 T

<->V C (CA = a A BC = b ),
A2 f a >  O A  b > O A (1 a-b | £ AB a+b) A a+b + AB ^ 2 JT_] -=£■
^ V 2  C± (aCa = a A BCi = b , i=1,2 ),

A3 [a ^ B A AB + BC = AC A cos AB < cos BD = cos ADj ==>
cos CB - cos BD = cos CD 

In thos aziome the eupital letters donote allways tho pe\Rte 
of tho sphere, while tbe smali letters denote the real m~bers, 
and the sign AB denotes the distance betwoen points A and B
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In this paper usual logical eymbols va.ll be oppliod. The 
symbol liko V nX “eans: there is ejcactly n points X such 
that ••••

Basing on these aiioms A1 —A3 one can define all notations 
of the motric geometry on the sphere and devolop easily all this 
geometry. In the present paper we confine ourselves to develop 
it only to such a degree as is intlispensable to provo the 
completness of tho above system of axioma.

We shall uae freely the results, notations and formulae 
from our previous paper fsj •

Direotly from the aaciom A1 result the following three 
theorerast

T1 AB ^  BC ♦ CA

T2 AB + BC + CA ^  2 3T
T3 AB ^  0
Tk AA = 0

\

PROOF. From theorems T? and T2 results the ineąuality 
O AA <■ (p/3) jT • On the other hand, if we assume that AA= a> O 
imd d = a/2 thon by virtue of A2 there oxi3ts a point C 
3uch that AC = a and simultaneously AC= b , hence AC= a/2=a 
which proves that AA= a = O, The ajciora AO from the paper [5j, 
quax'anteeing the existence of two distinct pointa, whoso 
distance differs from zero and at the same timo differs from 
“JT , is dej>endent on the remaining ones, Indood, from A1 

and TU we infer immediatoly:

TO V  A fl 0 ji AB ji 5T 
Kext, we have :
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T5 AB = BA .

PROOF. From T1 we deduce the ±nequalities AB £ DA + AA and 
BA £ AA + AB, Those insąunlities are equivalont to AB ^  BA
and BA, i A3 respeotively, Thus the claimed equality AB = BA
occura#
In the seąuel we ahall use frequently the theorea 5 without 
invoKing its number. Subceąuently, we have s

Tb AB 4 TT
PROOF. From T1 we infer the inequality AB^ BA + AA and Iron 
T2 the inequality AB + BA + AA ̂  2 'JT . Combining both ineąuali- 
ties we obtain the claimed asaertion, that A B i ^  .
Collating the theorema T3 and T6 we get direetly:
T7 O £ AB £ ST .
T8 AB = 0 ==i> A = B
PROOF. Assuue that AB = O end A / B. From A1 reaulta the
exiatence of 2 pointa C. and D such that AC= BC = BD = JT/6,
but the mutual diatance between thoae pointa equals CD = 5T /3. 

Since
AD £ DB + BA and DB £  BA + AD then AD = 3T /6 .

By the above conaiderationa it foliowa, that all requlrements
of our azlon A3 are fulfilled, viz.

A ^ e , A B + B C = A C  and Cos AB cos BD = eoa AD, but 

sinrultaneously we have co* CB cos BC / cos AD, in a marked 
contradiccion with A3. Consequently pointa A i B cannot be

distinct

T 9 A  A V' , a * AA * = ̂
PROOF, The existence of such a point A ** is assured by A1 ar.d
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Th, Assume, on the contrary, that there exist ti/o distinet 
points X* and A* such that XX* = AA* =5T» Then the o ren;. T8 
and. T3 yiold the ineąualities A* A* > 0 and XX* + A-A' +
+ A* A >  2'JT ; that leads to a contradiction with T2, so that

1

the point A* = A* is uniąue and the proof of T9 is complete.
The validity of T9 insures the coroetness of the following
definition:
Df 1 «c (a ) = a “ <f===^ AA* = 3T .
The points A and A* from Df 1 are called antipodal. In 
the seąuel a capital letter with the asterisk as an upper 
index will be denote allaways a point antipodal -with respect 
to a point nćuned by the same letter but without the asterisk. 
Direetly from the established definition Df 1 results:
T 10 <X (a ) = A* cc(A* ) = A
T 11 «x (A) = A *  ===?> A  AX + XA* = F

PkOOF, As an immediate corollary from Df 1 and T1 we
obtain the ineąuality J> ^  A*X ł XA. Simultaneously by virtue
of Df 1 and T2 we have the oposite ineąuality ~  ̂  AX + XA.
;■ rom here our assertion easily follows.
Df 2. w(A, B, c) <===£> [ab = AC + CB V BC = BA + AC v AC =

= AB + BC V AB + BC + CA = 2 17] .

The relation w(A,B,c) is called collinearity of points 
A,B and C on the sphere. Direetly from the above definition 
Df 2 result
T 12 w (A, Bf C)<==4> w  (C,A,B) %=£ w (B,C,A)

T 13 w (a (A, B)
In the futurity as in the case of T5, the theorems T 12 and
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T 13 will bo invoked in our eonsiderations witbout any r 
tioning of its tabels. As a corollary from tho leutaa L 13 
(see [5j ) and from T7 vs gat the foilowing:
T 1*t w (a,b,c) £=^ ą (a b , AC, BC) = o 
Again, we have:
t 15 w(a1,a2,a3) ==> V B [A±B = ST/ 2 (i=1,2#3)3
PROOF, We must eonsider only the case, when A1 / AgAA.^/

/ Ay A  Ag / A0 . One can omit the trivial cases, in which ou 
assertion follows iminediately from A1, With regard to the 
Df 2 it becomes to take under considerations four possibij 
ties. Let us inquire in particular one of those possibilit
namely A^Ag = + A^Ag , Then by v±rtue of A1 and T7 U.
is a point B such that BA1 = A^B = 17/2 , In turn, the 
assumption, that AgB / K /2 leads to a contradiction with 

the â cions A3»
Analogously we treat the cases, where 

A2A3 = A2A1 + A1A3 °r A1A3 = A1A2 + A2A3 *
If A^ Ag + Ag + A^Ag = 2 57 , then bearing in mind T 11, we

infer the eąuality Aj Ag = Aj A* + A^Ag. Finally, from the 
£bove there exists a point B such that AjB = AgB = A^B = .

Since we have A* B = fi"/ 2, then by virtue of T11 is
a 3b =f/2 .

Due to T 14, Df 1 and L 2 (from [*5 3 ) one can easil

provc the subseąuent 2 theorems:
T ló w (A,B,C) ==4 w (A*̂ , B, C),

T 17 A  x w (A, A*, X)
As a direct eonsequenće of T 11 and T 10 ve obtain the
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eq-uivallency
T 18 AB + BC = AC BC + CA * = BA*
T 19 fAi B = JT/ 2, i = '.,2,3 ) = w (,\lf A2, A,,)
PHOOr, In the case vnc.'o the pointa A^ (1=1,2,3) aro not
all distinots, the thosia foliowa from T 13,

if the pointa A^(i=1,2,3) are pairwiae distinct and if
we addi tionaly aa sumę the following inequalities A ^ A ^ ^ A ^ A ^ ,

A1A2 + A2A j" Jl then applying an A1 , we can find two pointa
C and C whcae ciistanne from the pointa A. and A, 1 2  1 2
eąuals rospectlvely : A1 = A1A2 + Â Â̂ , A2C1 = A2A3» A1Cj> =

= - AiA2' ^2^2 = A°A3 * ^be latest four eąualities
yielda:

(1) (a,a2 ♦ A2C, = A1c1 A a2a1 + a ,C2 = a2C2^ •

Supporting on A3, (i) and on the assumption of our T 19 we
deduce tho eąualities BC^ = j7/ 2 ,  i = 1,2, The distance 

botween the pointa , C2 and A^ and points A ^ t B oouais 
rosp, A0â  and )i /2 , In tum, A2 implies the exlstence 
of oractly two such points and, by thia reasou
(2 ) C1 = A,j V C2 = a ,

1'roiii (1), (2 ) and Uf 2 it foliowa the claimed asseriior;,
In the opos i to caae, whon A_A + A..A >57 , applying the t o-1 2  ̂ 3
orom T1 1 wo get A* A,, A2 A* 5f" and then the collinoari-

the T 16 for stlpulation the collinoarity oi points A , 
ond A^» Tlił a oomplete the prooi,

T 20 (.0 < Afl < 'Va > (.A,U,o)/\ v(a,B,U)? =:j|w( A,C, !))a w(B.C,t>"

BhOOF. Krom the assumption w (a ,B,c ) we infer by T 15 the
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l

9xistence of certain point E soch that AE = BE = CE = I!/ 2,
In the presence of T 9 and f 11 tha ©qualities
AE' = BE* = CE* = li/ 2 ale o hołd. In vir tue of T 15 and th©
assumption w (a , 3,D) there exists a peir.t F such that

,— >
AF = BF = DF = !</ 2. In that manner we obtain three points
E, E and F whose distance from A and B equals II/
On the othór hand the axiom A2 permit to construct eractly
two such points, Thus the only possibility is either F = E

*or F = E , From the above considerations by T 19 the
thesis of T 20 follows,

T21 [ O < AB < 57 A a , b £ fo, JTJ a 0 (a,bf AB)= o ] ==>
==> '/1 c (AB = a A B C  = b )

PROOF, Under the above assumption, the existence of such a 
point C is a couscąuenoe of a lenuna L 13 and an axiora A1. 
Suppose, that there eaist two distinct points Cj and C2 
suoh that AC^ = a and BC^ = b. Then by virtue of T 14, T 20

and Df 2 the following relations holds:
w(A,B, C^), w(A,B,C2), v(ClfC2, A) and wCc^C^B).

Therofore, by L2 and E 13 a system of equations :
2 2 21 + 2  cos a óos b cos AB - cos a - cos b — cos AB = 0

2 2 2 1 + 2  cos a cos CjCg - 2 cos a - cos CjC,, = 0
„ 2, „ .. 2 cos2b - cos2C C = O1 + 2  cos b cos c.jC2 1 2

cust be satisfied. For a/ b and a+b / JT the above system has

no Solutions, so that the assumptions that C1 / C2 is not
true, Also a couple of Solutions (a=b; AB=o) and^a+b =57;

AB s Ti') is not confortsablo with the assumption of T 21, sińce

0 C AB < ‘jT .
Now, we shall prove the uniqueuess of the esistenca of a
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point C in oase when a ■ b and AB=> a+b. Profiting from the 
first part of our proof, we are able to construct in an uniąue 
way two points and Dg in such a manner, that AD^ =(2/3)a 
and = (l/3)a , i = 1,2. By Tl we infer the ineąualities
AD^ + D^B^- AB and ^ D^B, from here under the
assumptions AB = 2a, ChB = a it follows, that the eąuality 
O^B = (k/j)a. occurs.
Since AD^ + BD^ = AB and AD^ = BD^ then by the preceding 
part of our theorem, we have = Dg = D. Analogously = Cg.
provided DC^ + BC^ '= BD and DC^ / BCi#

A contradiction with the additional assumption yields the 
desired uniqueness of our point C.
The proof of uniqueness of C in the three remaining Solutions 
(a=b ; a+b + AB = 2 T ), (a+b = jT ; a-b = AB) and (a+b =jT; b-a=AB)

is quite analogous and thus will be ommited . Indeed, by T11

and T9 those cases reduce to the eiready investigated ones.
T22 (0^ AB A OC o ) ==+> V  2C TACi = c  A w( A,B, C±) , (i=1 ,2)J 

PROOF, An equation Q(x,c AB)= O under the constraint e,
AB t- (O, J7 ) possess two distinct Solutions x1 and Xg. In that 
case, in compliance with T21 there exist exactly two distinot
points and Cg such that AC^ = c and BC. = x^. Since
the distances between the points A,B and C fulfil the condi- 
tion ^(BC^, AC^, AB) = 0, therefore by T1U these points are 
collinear, i.e. wfAjBjC^) holds.
Besides defining w we define one more ternary relation: 

df
Df 3 i ABC cos AB cos BC = cos AC.

The relation i ABC is oalled perpendicularity of points

78
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A,B,C. Direetly from the definition Df3 result:
T 23 1 AAB A X  ABB
T 24 i ABC 1 CBA
T 25 (1. ABC A l  ACB) ==> (BC= 0 V BC = jf V AB = AC = jT/2)
Theoreras T23-T25 will be used in the sequel without any 
refering to its labels.

T 26 | (1) ' 0^AB<5T A(2) w(a,B,C) A (3)1 ABDj ==> 1  CBD
PROOF. From (1) , T3, T4 and T8 it follows, that (4) AlB
and by (3) and Df 3 we obtain (5) oos AB cos BD = cos AD.
From ( z ) results by Df 2 and (2) that
(6) AC = AB +BC V (7) AB = AC + CB w (8) BC = BA + AC v
(9) AB + BC + CA = 2 ST . In the first case, namely when (6) 

occurs, tałcing under considerations formulae (4) and (5) we 
obtain the theci3 from A3 and Df 3. The remaining cases may
bo treated in an analogous manner, hence we restrict ourselves
to the oase when (7) occurs. From (7) and (5) by T11 we infer
(10) A*B + BC = A*C and (11) cos A*B cos BD = cos A*D, 
Since (1 ) holds then, bearing in mind T11 the ineąuality
0 <T A*B< (i holds. In view of T3, T4 and T8 we infer from

the above ineąuality that (12) A B. Formulae C12), (10), (11)
and A3 attract cos CB cos CD = cos BD so, in view of Df 3

is equivalent to our assertion.
t 27 Cd) o < ab<: IT a (2 ) _L abca (i=i,2)J==> w (b,c1(c2)
PROOF. If the point B coincidence with point C^ and C2 or
1 one of those' points C^, C i s  antipodal with respect io B,
then the thosis of our T 27 follows direetly from T 13 or:

resp, from T 17. Lot us ruppose that (3) O and de-łiote
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(4) BC^ = . From (3),(4) and T 22 it follows the eiistence
of exactly two distinct points and D^ such that (5)
BD^ = c2 and (6) v(B,C^j ) is vorified, Applying (3)»(ó)»
(.2), T 26 and Df 3 we obtain: (7) cos D^B cos AB = cos I^A.
From (2) and Df 3 we infer that: (8) cos AB cos BC,, = cos AC^.

Next, from the conditions (4)f(s)f(7) and (o) by T7 it follows
that (9) AD^ = ACg. Denoting d = A C w e  infor from (l),(3)
and (8) that (lO) 0 < d i ii . By v±rtue of(l),(3)» (4), (lO),

(8) and L2 we deduce that ^(c2 » d » AB)= 4”1 sin2 AB sin2 BC^O.
Using L 12, it is not hard to see, that the above ineąuality
is equivalent to (1 1 ) jf( |d-c,> j ć  AB <2 d+c2)/\d + + A3k2JiJ.
As a result of (3)» (4) and ( 1 1 ) all assumptions of A2 are
fulfilled. Therefore there exist exactly two points whose
distance from A and B eąuals respectively d and c^. From
here taking into account (9)f (5) and (4) two possibilities
may happen: C^ = D.) or = D^. Hence by (6) we obtain the
desired thesis. To facilitate our computations, we shall work
with the following functions ę j
Uf 4, If O <• AB <IT , then put

df 2 2£ = (cos BC - cos AB cos AC) (cos AC + cos BC - 2 cos AB'

• cos AC • COS Be)” ' .
Moreover *7 ̂ (c) = O for AC = BC = 37” / 2.
From Df 4 result direetly the two next theorems:

T 2 8  A A B C r° ^ A B ^ <Jr ” => V  1 x * = ? A B < C)J 

T 29 . 0 < AB < 5F =i> (7 ^(C) = >?A,B(C) = - ^ . ( C )  =

= “ z7 AB^C * ^
T 30 0<:aB<li =r> | (c)l  ^  Sin AC



81

PROOF, From T 1 T 2  and T7 ve obtain respectively:
| AC " BC I AB ^ AC + BC, AB + BC + CA ^ 2fr and AC, BCeCo,1T3,

It is not bard to see, that the assumptions of lemma L 11 are
satisfied and that Q(AB, AC, BC-) ^ 0, The iast ineąuality
implies, by L2, that 1+2 C03AB cosBC coaAC - COS^AL- 

2- cos AC> 0, from there after sonie easy aigebraic transforrr.at- 
ions ve can pbtain the promised thesis, Now, we can establish:
Df 5 0 AB -<t T  ==> [sin l^gCc) = A sgn cos łAB(c) =

= sgn cos AC A _ jj" c)^ JT] .

The number is caH ecł tłle coordinate cf the point C
relative to points A and B, Direetly from this definition Dt 5

result: faro sin ^ ( c )  if AC £ T/Z

k ^  - arc s i n ^ A^(c) if AC?T/ 2,
T 31 0 < AB ̂  5T ==> ^AB(C) =

where k =,
1 if ^ ( 0 ) ^ 0  

(-1 else.

T 32 A  ABC =«> v lx * = 5^(0) .
As a corollary frou theorems T 29, T 11, T 31> and Df 5 we 
obtain the subseąuent theorem:
T 33 0 < AB <T\ ==p ^ ( C  * ) = ̂ ( C )  - kii" ,

where k attains the same values as in T 31 •
T 3 U (1) O^AB^OT ==> (2) x = ̂ C C )  A (3) w( A, B, C )]<£==>

<^==> [(U) AC = |x| A (5) cos BC = cos (AB - x)Jj
PROOF, From (3), T ł and L 13 results the eąuality (ó)

2 2 2 1 + 2  cos AB cos BC cos AC - cos AB - cos AC - cos BC = 0,

The left side of (6) may be described in the shape of:
^cos BC - cos (AB + AC) j jcos BC - cos (AB - AC)j = 0 ,
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Thus there 3xists a number e such that (7 ) e = 1  aiid 
(8) cos BC = cos (AB - e AC). By v±rtue of (2), Df 5 and Df ił
ve have (9) sin x - £cos BC - cos AB - cos AcJ ^cos2AC +
+ cos^ BC — 2 cos AB cos AC cos Bej and ( 1 0 )  sgn cos AC =
= sgn cos x. The conditions (9)f (6), (1 ), (7) and (8) yield 
the oąuality (11) sin x = sin e AC, while (li), (10) and (8) 

entail (k) and (5). Finally, basing on the same definitions 
and theorems we can easily demonstratę the valid±ty of (2 ) and 
(3 ) when (U) and (5 ) are assumed to be true,

T 35 A a B x {(02lAB<F A  xfe(-ir,X] ) =*

==> V 1C = ? a b (c )a  w  (a , B, c )J ̂
PROOF, For numbers f  a c  f , AB there exists the sole number
b ć [ o , 9T ̂ such that (1 ) cos b = cos (AB - x), From (1 ) and
L2 j.t follows the equality (2 ) Q(A3,[xj , b) = O, By v±rtue of
assumptions of our theorem T 35 we deduce, taking into account 
the existance of a uniąr. point C satisfying the relations (3)
AC = I 7 I and (ił) BC = b. Now, the desired thesis is a eonse- 
ąuenoe of (h), (i) and T 3^.
The above assures the correctness of the following Df 6 and
the reasonableness of the consecutive T 3 6 ;

df
D f 6 O <T AB <T\ ==»> [ c  = <rAB(x )^ = = >  lx  = y AB( c ) A w ( A , B , C ) ] 5

T 36 0 < A B < 1 T  „> . A iit v 1 0 c = ‘5'iB<*>
Ve can also establish :

df
Df 7 » < a o -  = *  ? AB (c) = <TAB ( 5̂ ( 0 ).

As immediate corollaries from Df 7, T 32, T 36 and Df 6 we 
obtain :
T 37 O < AB < "JT =^A c V  1Q, C = £ AB^C'

2
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T 38 fo £ AB < T\ a  c'= $>^(0)3 w (A,B,C')
T 39 CO ^ AB<Tf A  C'= ?AB(C)J =» J^CC) = ?Afl(c')
T iłO fo < AB^ir A X = y (c)J i (AC^ |x| for ACź Ji / 2

5 (AC£ |xj for AC> ii”/ 2
PROOF. In compliance with T30 we infer that I — sin AC,
and taking into aoeount ' Df 5 we obtain the double ineąuality
I sin xIśzsin AC. This ineąuality entails sin \xl£ sin AC, Since
AC, I xj£ [o,jTJ and sińce sgn cos x = sgn cos AC, then from the
last ineąuality results the thesis of our theorem.
T 41 [(i) 0^ ABC 57 A  (2 ) w (A,B,C) a  (3) D ^ ę ^ D ) ]  =:? Jl CD'D.

PROOF. From (2 ) and T 15 results the existence of a point E
sueh that (U) AE = BE = CE =3T/ 2. Assume additionaly that
(5) D=E. Now (4) and Df 3 entail the perpendicularity (6)
XBAE while (1 ), (3) and T 38 entail the collinearity (7 )

w(A,B,D') of points A, B and D'. On the strength of (i), (3)»
T 39» (*0» Df b and Df 5 we infer that the ooordinates of

points D and D* must vanish, namely (8) W D> = f AB^ ̂  ^=
From (i), (7)» (8) by T3*ł and T8 we deduce that the points
A and D* must coincide : A = D*. Conditions (l)» (2 ), (6)
and T 26 yield the perpendicularity (10) J. CAE, from here
taking into considerations (9) and (5) we obtain the promised
thesis. The proof of the casa D = E * is ąuite analogous, as
under assumption (5)« Let a subseąuent additional assumption be
(li) E ^ D / E*. By using the theorem T22 we construct a point
D^ satisfying the condition (12) ED^TT/ 2 and ( 1 3) ^(DfDjD^
The antipodal point D* in accordance with T 16 and T11 has
also those properties. Vithout any loss of generality we can
assume that OŚ DD.< 5T/2 . Conditions (12), ( O  and Df 3 entail1~
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perpendicularities ( 13) JL ED^C (ló) (i-ED^A A  Jl ED1B), A 
oonsecutive perpendicułarity (17) -i. follows from (12),
(15), (13) r.nd T26. Applying (12), < 13), (16), Df 3 and T26 
we obtain:
( 1 8 }  co* AD^ d o s  DD^ =  cos AE and (19) cos BD1 oos DD1 =
a ccs BB whlle from (f3) and (l̂ t) we infer (20) sgn cos AX)̂  =
- sgn 00r AD, The coordinates of pointa D and by 'oirtue

of (i), (l8)» (19)» (20), Df k and Df 5 must coincide, so 
that (21) = jf Di), Taking into account (i), (3)
an l 1'39 we obtain tbe coincidenco of coordinates of po±nt3 

D and D' coo, viz, (22) £ AB^D  ̂ " % A B ^ * Sinc6 (**) 811(1

(12) holds, then in compliance with T19 the relation (2 3) 
v (\,B,D1) Js vaJ id, From (i), (7>f(2l), (22), (2 3) by T35

infer the identicy of points D^= D*, This identity is in

0 prosenca of (1 7) equivalent to the thesis and thus the 
voof is completed,

■+2 f  ( 1  ) 0 AB <  5T A ( 2 ) CD ^  jT /2  A ( 3 )  w ( A , B , C )  A
■f

A  (ł») 1 ACD] ==> ('JAB(o) = O ,
:'!i00f. From (4) and Df 3 we infer (5) cos AC cos CD = cos AD,

froia (*), (3) and (k) by T 32 and Df 3 we obtain
(6) cos BC cos CD ^ oos 3D, The theorero T32 and assumption
1 1 insures +he enstence of a ur.ioue number x such that the
i - j u a l i t y  (7) x = J  .^(o) holds, Bearing in iadnd (1 ), (2 ), ( 5 )

1 (6) and applying Dl we infer (8) ^^jj(fl) =
From (5) and (2 ) resuits also the eauality (9) sgn cos AD =

= sgn cos AC, Conditions (1 ), (8), (9)» (?) and Df 5 entaił 

the eąuality (10) x = J A ĵ(c)» From relations (1 ), (10), (3) and
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I)f 6 we conclude th&t the eąu&lity (1 1 ) C = &, (x) holds. 
Finałly as a oonaecuenca of (i), (li), (?) and fi 7 v« 
obtain the reąuired eąuality C =
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ELEMENTY GEOMETRII METRYCZNEJ NA SFERZE 

Streszczenie
W artykule tym stanowiącym kontynuacje 1*5 3 w oparciu o aksioma- 
ty A1, A2 i A3 zdefiniowano podstawowe pojęcia i udowodniono 
szereg twierdzeń geometrii metrycznej na sferze. Teorię 
rozwinięto w takim stopniu, aby móc udowodnić izomorfizm 
każdego modelu z modelem podstawowym S . Oowod Rategorycz- 
ności tej teorii będzie przedmiotem następnego artykułu.


