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ON ORTHOGONAL DECOMPOSITION OF HIGHER DEGREE FORMS

1. What is a higher degree form ? At first we recall what is 
a quadratic form over a commutative ring R. The most known 
definitions sure following:
(1 ) Most essential : It is a homogeneous polynomial over R 

of degree 2 .
(2 ) Most comfortable: It is a symmetric bilinear mapping 

B: MxM — 9- N, for some R-modules M,N.
(3) Most generals It is a mapping of R-modules Q: M — ^ N

such that
1° Q(rx)* r2Q(x) for any rCR, x€M,
2° B(x,y):= Q(*+y)-Q(x)-Q(y) is R-bilinear .

The first definition is good if M=Rn and N=R . The second
is good if 2 <£ U(r); then q (x )=b (x , x ) / 2 .

A form of degree m is defined by the following evident 
generalizations :
(1 *) Most essential: It is a homogeneous polynomial over R 

of degree m.
(2*) Most comfortable: It is a symmetric m-linear mapping 

P: M x  ... x M  --fr N for some R-modules M,N.
The first definition will be good in the free case, and the second 
in the case if mjeuCR). The simple generalization of (3) 
gives us so called m-applications (see the next paper) , but 
that definition is not compatible with (l*)- higher degree 
forms are not mappings in general! Hence we must look for 
another ways to obtain the most general definition.
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Recall the following fact contained in [l]s 
Theorem. Let Q: M — ^ N toe a quadratic form over R. For 
any commutative R—algebra A there existe the unique quadratic 
form Q ŝ M ®  jjA ®  дА over A such that Од(х ®  l) =
= Q(x)&1, Bqa (x ®  1,y ®  1)= BQ(Xfy)e  , #
For any R-algebra homomorphism u: A — ^ В the following 
diagram:

QA
M ®  A  » N ®  A

1®  u J .. J 1 ® u
M ®  В ----— > N ®  В

is commutative.
This allows us to introduce the following, contained in

Г5],
Definition. A polynomial law on (M,N) is a system F=(FA) 
of mappings F̂ : M ®  A •• > N ®  A for any (commutative) 
R-algebra A, such that for any R-algebra homomorphism 
u: A — » В the following diagram:

PaM ®  A -- 2— N ®  A

M ® B  --   * N ® B
is commutative. In other words, F is a natural transformation 
of functors M ®  -, N ®  -: R-Alg ■■ ■■■> Set*

Now the most general definition of a fori of degree ш 
on (j!.!?) is following:
(3#) It is a polynomial law F: M ®  - ——^ N such that
FA(jja)= FA(x)am for any A, a eA and x.e M ®> A.
Corollary. Any form F of degree m on (M,N) has the 
following shape:
Fa(x 1 ®  a1+ ... + xn ®  an) =

ш m
— Ч 1 M (x. t «««f X ) a 1 • • • 0= s , u ̂ 9 • • • i n 'o' 1 n

ш ♦ . • . SB1 n
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where F t•••» : M" N are uniquely determined by F.m ■1 n
In particular
a) F =F s M   ̂ N is the mapping induced by F,К ш
b) PFsFj,,..,^ is tne symmetric m-linear form associated 

with F (we will assume that ш > o).
It can be proved (see (5] )that (3*) is compatible 

with (l'), (2*) and (3)in the following way:
(Г): If e » . . . , en } is a fixed basis of M then F corresponds 

to the ordinary form:

FR[Tlt...,Tnfei ®  T1+ *•* + en ® Tn' =

= £  Fm1f...,mn (eif...,en) ®  V * * *  ТПП •
(2')s If il£ü(8) then F (x ,...,x ) =ш ̂ f e • # I 1 II ^

= xn» • • • » /m ] * • • *ШП *
v— S---- ' v-— Б---1 n

(3 ) 1 For m=2 F is given by Q=F2 and BsF^ •)=Bq»
2. Orthogonality. Let M be a fixed R-module. A module of degree
m is a pair (X,F) where F is a form of degree m on (X,M).
Ve define the orthogonal product:
(X,f)±(Y,G):= (x ®Y,F_|_g )
where, in the natural way, ( G) д(*+У) = FA( +Ga  ̂ • In the
case of (l')this gives us the familiar operation:
(F (Tlf...,Tn), 0(8^...,Sk)) I * F(Tlt...,Tn)+ G(S,.... SR)
€ R Tn ,S^,..., Sk3 .
For the work with the orthogonal decomposition we need a 

good orthogonality relation in any (X,f ). The word ̂ good'' 
means that :
(i) The relation is symmetric.
(ii) is a submodule of X for any subset E of X,
(iii) If Ы ф  Z then X=Y_L Z iff Y and Z are 

orthogonal.
(iv) For m=2 we obtain the usual orthogonality relation.
The above properties are satisfied (for the proofs we refer
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to £*♦] H f  we Introduce the following
Definition, x,y£X are orthogonal (in (x,F)) iff the follow­
ing equivalent conditions are satisfied:
(a) FA(x ®  a+y ®  b+x)= FA(x(£)a+x) + FA(y®b+x)- Гд(г) 

for any A, a, be A and x £ X ®  A .
(b) F- m (x,y,X,...,x)=0 for rt?2 and ш ,ш ^ 0.

Ш  e  •  •  •  e  Ш  1 41 П
(c) (if we assume that m ? 2 and (n-l) ф ^(M)=the set of

all zero divisors in lVij PF|x, y, Xf e e e » X y  «"O.
Moreover, we define rad(X)=XJ' and ker(xHrad(x)rt{x e X;FR(x)=C 
(X,F)is called non-degenerate iff rad (x)=t.
Remark, For a submodule Y of X we have in general only 
Y 1 П Y С rad(Y) (=rad(Y, F|Y)), but the equality holds if Y 
is an orthogonal summand of X, Other elementary properties 
of J. are .the same as in the quadratic case (see Cl*J ),

The following questions arise:
1° Description of indecomposable forms.
2° The uniqueness of the orthogonal decomposition.
For example, nonsingular quadratic spaces are indecomposable 
only in dimensions ̂  2 and satisfy the Witt cancellation pro­
perty, but the orthogonal decomposition is not unique in 
general (even up to an isomorphism). It follows from the next 
two sections that the situation is quite different for m ^ 3.
3. Indecomposable forms. Many examples of indecomposable forms 
are given by the multiplication. The following results (see D*J) 
were first proved in Гг ] over such fields that the definition 
(2 ') can be used.
Theorem. Let R be a domain, F € R ,...»Тп]и and 
m,n,k^.1. If ker(F)=0 then F(T( Tn)Xn+ie R T̂1 » * * * 'Tn*1^ rn­
is non-degenerate. Moreover, this form is indecomposable, if 
one of the following conditions is satisfied:
(a) F is non-degenerate (b) m > к or (c) m>1 and k/0 in R.
Corollary. Let R be a domain. For any *>3 and n^ 2 there
exists a non-degenerate indecomposable form F ^ e  R [t , . . . ,ТП]Ш«
Proof. Define F for m^2 and n ̂  1 in the following way:1 1 mn
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F.1sTT » F2f2k i» hyperbolic, F'2,2k+1-F'2f2k+T 22k+l ( «U
kernel a are zero), *-+1
Next apply the above theorem.
Let ua consider the aionomiala Tn” e RfTlf...,Tn]

where nf*M H Hn > 0. Which of thee are decomposable ?
If RsR^R^ then the canonical decomposition x is
orthogonal. Hence we can assume that R is connected.
Theorem. If R is connected then decomposable monomials 
over R can be only the following ones:
1) (iff 21 VCR) )
2) T** Т^* where pjte is a prime (iff char (R)=p),
They can be decomposed in the following way:

U. The uniqueness of the decomposition. The following results 
were first proved in [3 З for symmetric m-linear mappings and 
are true for forms of degree m 3 is we assume that 
(m-1)14% (m) (then the definition (c ) can be used).
Lemma . If XsX^....!)^ then EX = (Xt П EX)1... I (Xn n EX)
for any E С X.
Proof. Let x£ E X and x=y+z where yCY=Xj and
— —  л  1
ZĆ Z=X1 1 .... i ХА1,.,1 Хд. We must prove that yg EJ’. For, 
let e Ć. E and eey*+ z* as above. Then:
PF( y, e, X, , . . , x) = PF( y, y , Y, . . . , Y) +PF( O, z ,Z, . . . ,Z)=PF(y,y ,Yt...,Y)

+ PF(z,z',0,... ,0)= PF (x,e,Y,...,Y)=0.
Theorem. Suppose that (X,f) is non-degenerate and 
XsXjl •.•J. Xn where X^ are indecomposable. Then any orthogo­
nal summand Y of X has the form Y=X^ _i_ ... J-X̂  ,
i(< <ig • I*1 particular, X=X^ 1 . .._L*X̂  is th2 unique
decomposition with indecomposable summands.
Proof. Let X=Y 1 Z. Then X^=(Y Л X^ U.(Z Л X^) by the lemma
and hence Y or X^C Z.
If Xlt...,XsC Y  and Xe+1 xn c  2 *hen Y m X ^ . . . ^ .



Remark. The above le false If m=2 or (m-1)] (m ). For
example, let R be a field of characteristic p/0,2 and 
ш=рП+1. .Then T“ ♦ is non-degenerate and isomorphic to
(S1+S2)M ♦ (S^S^' = 2s“ + 2S" .

Let us consider only such (X,F )that F is non-degenerate 
and X is finitely generated (resp. finitely generated and 
projective). Let R be noetherian (resp. R=R^ x ... x R# 
where R̂  are oonnected). Then for any (x,F)there exists the 
unique decomposition X=X^1.•. 1 X^ with Indecomposable 
summands. In particular, the cancellation pioperty is satisfied.
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O ROZKŁADZIE ORTOGONALNYM FORM WYŻSZYCH STOPNI 

Streszczenie
Praca stanowi tekst referatu wygłoszonego w Montpellier. 

Zawiera twierdzenia o rozkładzie ortogonalnym form wyższych 
stopni, zasadniczo różne od faktów znanych z teorii form 
kwadratowych.


