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ANDRZEJ PROSZYNSKI
WSP w Bydgoszczy

HIGHER-DEGREE FORMS AND m-APPLICATIONSX)

1. Generalities. We recall some definitions oontained in [7],
[I], and Q] . All rings and algebras will be commutative
with 1.

A polynomial law on the pair (X,Y) of R-modules is a
natural transformation F=(Fa): X ® * Y® -, where
X® - , Y® : R-Alg —» Set. It is oalled a form of degree
miff FA(xa)=FA(x)am for any A,aeA and x €X® A. Then
We/denote Fed™ (X,y). It is proved in £] that
Sp 8» R) —Ruiee=tT ] p In the natural way we obtain the
functor 9 R-Mod°® x R-Mod — R-Mod.

Any form F€ SPr(X,y) has the following shape:

F(x ® a+¢ ... ¢ xn® an)= S F m (x ,...,X )B

m +...+m_=m " n

A n

1 n
&Dal eeean »

where FLLIl* : X —* Y sure uniquely determined by F. In
particular F@FE and FIIIttf |=PF is }n-linear and symmetric.
(We will assume that m >o0). PF can be obtained from F_ in

the following way:

PFE(x1,...,xn)= (A nFR)(x1,...,xm):= X (-1 f"kFR(x * - +Xij

Hence we have the natural transformationl: K

T“: 9 r(X,Y)—+ AppIR(X,Y) , T“(F)= Fr,

where ApplIR(X,Y) is the module of all m-applications

f: x —" Y, i.e. suoh mappings that Amf is m-linear and
f(rx)=rnf(x) f°r any r€.R and X, In the free case TR

gives us the following well-known mapping:

C) Lecture given in Montpellier, October 1979, updated.
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T*I R[TIt.;.,Tn]B —» ApplI*R"R), *"“(F)(XI,...,xn)=F(x1,...,*n
It le known that la ein Isomorphism in the following
oases s

(1) if mn2 (2) if meuU(r) (3)if X=R .

In the general case we will investigate Ker(T")=SP~"fx,Y)

and 1*(1™)= Hom* (X,Y)«-:Appl"(XtY).

2. Repreaentabllity. Observe that the funotor* in the foil. ng
exaot sequence: ,

0 > S>m(Xf-) C—> Jp MX )-)— » Apple(Xt-,

are representable.

(a) (see T7])P WX ,-) is represented by the m-th divided

poverPm(x) of X, and P ”~pn,(X,Y) corresponde to . fra )
Yé. HomfP m(x), Y) Iff F Ix , xApY (x ~n ,x i 1 ).

(b) (see C1/ )ApplLU (X ,-) Is represented by the module Pe(x)
defined by the generators "w(x) tor xg.X and the fol-
lowing relations:

1° Arxisr”~fx) for any r€R, x£X 2° ie m-linear.

The correspondence is given by the following diagram:

Y
(c)(see f2} ) t” induces the natural homomorphism:
h: Tw(x) —» T UX), h (ren(x))= x(w).
Let PLWX)= Im(t)= r[x~; Xtx} . Sinoe Hom is left

~xact it follows that ¥ (X,-) is represented by
P“(X)= Coker(h)=TB(X)/TLWX).

(d)(see 23 )The functor HoTll(X,-) is representable exactly
in the case when the exact sequence 0 —~ I U(x) — 7
PLU({x)-—) PLW(X)--> 0 splits, and then it is represented
by Pmx). In the general case we have the exact sequence:
0 *  HomB(X ,-)-G---> Hot (P“(X),-) —» Extl(r"(x),-)--*
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—*  Extl(pB(x),-)(sO if X i* projective).
Example. It can be proved that P 22)=X~f 2 (42)= »2}and hence
Hom”~(2”~,—is not representablet The exaot sequence is following:
o] Hernia2,-)—» Hona(I'*(a2),-) a2® ----> o0 .
3. The functor P M. The fundamental propertiesof this functor,
given in (3 ani”~C33* are following:
(1) P“(x)® A2P “(X® A) for A=US, A=R/l (but not in the
general case !)
(2) Theorem. Let X be a finitely generated R-module. Then the
following conditions are equivalent:
(i) T™M(x)=o0
(ii) r“/3(x/ix)=0 for any | & Max(R)
(iii) for any IEMax(R)either dim~Ay~AX/IX)» or m~ IR/Il*
((i)~=~(ii) is the NakayamA Lemma together with (1),
(tt}<rXiU) is the case of a field).
Corollary. The following properties ore equivalent :
u)p" =20
(i) p*(r2)=o
(ill)y *£d(R):=inf[] R/ZI]; IfcMax(R)}.
(3)Lemma . If PE Spec(R)-Max(R)then p*“ (x)p=0 for any R-module X.
(R/P is infinite and henoe d(Rp)= 00 . Next apply (Hand (2)).

Corollary. If dim (R)>0 thenf*R(x) are torsion R-modules.
(N non-zero, they are ngb free).
It is proved, in [5J thatPR(x) is finite provided that R

is noetherian and X is finitely generated.

(k)Structural theorems. Let R be a noetherian ring. Then:
(A) TR(x) - Peidx (R) PRP(Xp)
(B P*“(X) ~Tr}j(xX® R) if Ris a localring.
(c) Let X be a finitely generated R-module. Then
p“(x)c © p" Vv (x/" (pK )

£
R Pt Max(R) R/PK(P) U/ZF~  X)
for all sufficiently large k(P). If *65 (or «é7 and

26 u(R)) then we can choose k(p)=1 and hence:

ne(x) a () \%
"R Ye Max(R)

a, (X/PX)
R/P
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for any R-module X. (Compare also [5]» Corollary 5.10).

The above properties permit us to compute KerfT”) in
some oases. The question of Coker (TW Is much more complica-
ted.

k. Coker (T*°). Observe that Hom‘(X,-)C HoT(TWx\-)cApplIrX,-).
If Hot (X,-) Is not representable (it is so very often), then
the first two functors are different and hence Coker(Tm) is
non-zero. It was conjectured by M. Ferrero that the last two
functors are equal, or, more precisely, that Tuw(x) and

pm(xX) are isomorphic by h. This means that HomB(xfY)=

= AppIm(X,Y) for any injective Y; in particular, over a field
K, that Coker(T®) is zero for any K-modules. Unfortunately,
it' is not true in general,

Example. Let K=F?, X=K* , Y=K and f(x1,x2,x3,x?)=x"x]xx"
Observe that f £ Applj®(x,Y) because:

1° f(rx)=r®f(x)=r"*f(x) since r**=r in F ,

2° f=e2 where and hence G5f-( 0 5g) 2-0
since ()~ is additive in K and Qg is of degree 4.

On the other hand, f is ,,reduced’* (all powers in f are
less than [1K1) and hence f ~ Hom"7(x,Y) for m< 8. (see HtJ }.
Coker(T*B) is completely described in in the case of

finite fields: any m-application is a polynomial mapping

(but not neoessarily of degree m- as in the example), and we
can find the standard bases of Homm, Appl™ and Coker(Tm)

for any K-modules. In particular, we have the following
Theorem. Let K be an algebraic extension of 2~ (for example
a finite field of characteristic p). Then the following condi-
tions are equivalent:

(1) Coker(T™)= O (for any K—modules)

(2) K=*p or w-~2p.

In particular, Coker(T™= 0 for m~* k.

Remark 1. |If K~2 and Coker(TT]l_'IJ)= 0 then m~2pg IKI and
hence Ker(T")=0.

Remark 2. Using another methods we can prove that Coker(t” )=0
over any field K for m=3» but the case of nmAEE is unknown.
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Example. Let K be an Infinite algebraic extension of

Then K is a sum of finite fields and we define f: K —* K
in the following way: if Xx~AX~AXx~x" € K and |K'| =2*:*. %
then f(xNiX~MtzNfzA)N X12X§X’2\ P .
As in the preceding example, it can be proved that f is a
properly defined 5-application - but f is not a polynomial
mapping.

Let us consider the homomorphism h: Pu --¢>fm over rings.

The problem of injectivity of h can be reduced to the local

case, because r, and P™ commute with localizations. Let
(r,M) be a local ring. Then we have the following commutative
diagram:
Pu(x)/m Tn(x) --------m-m-m-m-- N T (X)) /M (x)
Pt (x/mx) » [ “(x/mx)

where the homomorphisme are defined in the natural way. They
are all epi, but not iso in general (see [5] ). Suppose that
R/M is a proper algebraio extension of and 2p<m”|R/M].
Then g is iso (since Pw=pW), h* is not iso for some free
R-module X, and henoe h is not iso. Unfortunately, the
diagram doesn't give positive examples for our problem.

It is known from f¢é] that h is injective for m=3

(over R) in the following oases:

(1) for cyclic modules

(2) if Ris von Neumanrregular

(3) if noresidue field of R s

() if Risa DVR with the primeelement 2
(

5) if Ris a Dedekind domain orR=Zfwj (for flat R-modules).
Example. Let m=3. It follows from (3) and (U )that h is
injective for Re». The ,,generic** 3-applicatlons over »
are xN , xy(xxy)/2 and xyz. If R=»Ct3 then h s injeo-
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tlve for flat, but not for all modules. If R=s[x,y3 and (3) 1s
not satisfied then h is not injective - even for the key case
of R2.
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FORMY WYZSZYCH STOPNI | m-ODWZOROWANIA

Streszczenie
Praca stanowi tekst referatu wygtoszonego w Montpellier,
poswiecona jest porownaniu dwoch definicji form wyzszych stopni.
W szczegdélnosci omowione zostaty formy wytwarzajgce zerowe

odwzorowania.



