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HIGHER-DEGREE FORMS AND m-APPLICATIONSX)
1 .  G e n e r a l i t ie s . We r e c a l l  some d e f in i t io n s  oon ta in ed  in  [ 7] ,

[ l ] ,  and C2 ]  .  A l l  r in g s  and a lg eb ra s  w i l l  be commutative 
w ith  1 .

A po lyn om ia l law  on the p a ir  (X ,Y )  o f  R-modules i s  a

n a tu ra l tra n s fo rm a tion  F= (Fa ) :  X ®  *  Y ®  - ,  where

X ®  -  , Y ®  : R -A lg  — »  S e t. I t  i s  o a l le d  a form  o f  d egree

m i f f  FA(x a )= F A(x ) a m f o r  any A, a e A  and x € X ®  A. Then
we denote FeJ^ (X , y ) .  I t  i s  proved  in  £7 ]  that

/
S’o' 8^» R) — R Гт ч i • • • tT ] • In  the n a tu ra l way we ob ta in  the H i n Ш
fu n c to r  9  R-Mod° x R-Mod — R-Mod.

Any form  F€ SP r (X , y )  has the fo l lo w in g  shape:

F (x  ®  a ♦ . . .  ♦ xn ®  an )=  S I F  и (x  , . . . , x  ) в
m + . . . +m_=m I '  n
À П

л  1 nQD a 1 • • • an »
where F : Xй — *  Y sure u n iqu e ly  determ ined by F. In

Ш1 *• ••
p a r t ic u la r  F sFB and F =PF i s  m -lin ea r  and sym m etric.Ю К l l l t t f  I /
(We w i l l  assume th a t m > o ) .  PF can be ob ta in ed  from  F_ in  

the fo l lo w in g  way:

P F (x 1 , . . . , x n )=  ( A mFR) ( x 1 , . . . , x m) :=  X  ( - l f " kFR( x * - +xi j

1 kHence we have the n a tu ra l tra n s fo rm a tio n :
T“ : 9  r (X ,Y ) — +  ApplR( X, Y ) , T“ (F )=  Fr ,

where ApplR(X ,Y )  i s  the module o f  a l l  m -a p p lic a t ion s  

f  : x  — ^  Y, i . e .  suoh mappings th a t A mf  i s  m -lin e a r  and 

f ( r x ) = r mf ( x )  f ° r  any r€ .R  and X, In  the f r e e  case T R
g iv e s  us the fo l lo w in g  w ell-know n mapping:

c) L ec tu re  g iv e n  in  M o n tp e ll ie r ,  O ctober 1979, updated.
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T * l  R [T l t . ; . , T n] B — »  A p p l^ R ^ R ) ,  ^ “ ( F ) ( X l , . . . , x n ) = F (x 1, . . . , * n

I t  l e  known th a t la  ein Isomorphism in  the fo l lo w in g
oases s

( l )  i f  m ^2 (2 )  i f  ml € U (r )  ( 3 ) i f  X=R .

In  the g en e ra l case we w i l l  in v e s t ig a t e  K e r (T ^ )= S P ^ fx ,Y ) 

and I * ( l ^ ) =  Hom“ (X ,Y )« - :A p p l" (X t Y ) .

2. R e p r e a e n ta b ll it y . Observe th a t the fu n o to r*  in  the f o i l .  ng 
exaot sequence: ,

0  > S>m(X f - )  С — >  Jp M( X ) - ) — »  Apple (X t - ,

a re  r e p re s e n ta b le .

( a )  (s e e  Г7 ] ) P  Ш( Х , - )  i s  rep resen ted  by the m-th d iv id e d

poverPm(x) of X, and P ^ p n,(X,Y) corresponde to . fra )
Ÿé. HomfP m(x ),  Y )  Iff F lx , хп)»Ч’ ( х ^ и , х й Л ) .

( b )  (s e e  С1 Л )Арр1Ш ( X , - )  I s  rep resen ted  by the module Pe (x )  
d e fin e d  by the g en e ra to rs  ^"ш( х )  t o r  x g. X and the f o l 

low in g  r e la t io n s :

1° ^ r x i s r ^ f x )  f o r  any r € R ,  x £ X  2° i e  m - lin e a r .

The correspondence i s  g iv e n  by the fo l lo w in g  diagram :

Y

( c ) ( s e e  f 2 }  ) t ”  induces the n a tu ra l homomorphism: 

h: Гш(х ) — »  Г И( Х ) ,  h ( r<n( x ) ) =  х (ш ).

L e t P Ш(х )=  Im (h )=  r [ x ^ ;  x t x }  .  S inoe Horn i s  l e f t  

^ x a c t  i t  fo l lo w s  th a t У  ( X , - )  i s  rep resen ted  by 

P “ (X )=  C ok er(h )=  Г В( Х ) / Г Ш(Х ) .

(d ) ( s e e  Г2 З )The fu n c to r  НотШ( Х , - )  i s  rep re s e n ta b le  e x a c t ly  
in  the case when the exac t sequence 0 — ^  Г И( х )  — ^

P Ш( x ) -—•) P Ш( X) - - > 0 s p l i t s ,  and then i t  i s  rep resen ted  

by P m(x ) .  In  the g en e ra l case we have the exac t sequence: 

0  *  HomB( X , - ) -С----> Нот (P “ ( X ) , - )  --- »  E x t1( r " ( x ) , - ) - - *
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—*  E x t1(p B( x ) , - ) ( s O  i f  X i *  p r o j e c t i v e ) .

Example. I t  can be proved  th a t P 22 )=Ж^ f  ^ ( ł 2 )=  » 2 }and hence 

Hom^(2^ , —) i s  n o t r e p re s e n ta b le t The exao t sequence i s  fo l lo w in g :

о Hernia2,-)— » ноиа(Г^(а2 ),-) a2 ® ---->• о .
3. The fu n c to r  P M. The fundam ental p ro p e r t ie s  o f  th is  fu n cto r,

g iv e n  in  С2 З апй^СзЗ* a re  fo l lo w in g :
(1 )  P “ (  x )  ®  A 2  P “ ( X ®  A ) f o r  A=US, A=R/l (b u t n o t in  the 

g en e ra l case ! )

( 2 ) Theorem. L e t X be a f i n i t e l y  gen era ted  R-module. Then the 

fo l lo w in g  c o n d it io n s  a re  e q u iv a le n t :

( i )  Г ^ (х )= о

( i i )  r “ /3;(x / ix )= 0  f o r  any I  & Max(R)

( i i i )  f o r  any l£M ax(R )either d im ^y^X / IX )^  o r m ^  IR/II * 
( ( i )^ = ^ ( i i )  is the NakayamA Lemma together with ( l ) ,
(t t }< rX iU ) is  the case  of a fie ld ).

Corollary. The following properties ore equivalent :

U ) P "  = 0
( i i )  p “ ( r2 )= o

( i l l )  *  £ d (R )  := in f  [| R / I| ; I fc M a x (R ) } .
( 3 ) Lemma . I f  P Ê  S p ec (R )-M ax (R )th en  p “ ( x ) p=0 f o r  any R-module X. 

(R/P i s  i n f i n i t e  and henoe d (R p )= 00 . Next a p p ly  ( l )a n d  ( 2 ) ) .  

Corollary. If dim (R )> 0  thenf*R ( x )  are torsion R-modules.

(И  non-zero, they are not fre e ).
. •—О

It is  proved, in [_5 J t ha tP R ( x )  is  finite provided that R 

is  noetherian and X is finitely generated.

( k ) S tru c tu ra l theorem s. L e t R be a n oe th er ia n  r in g .  Then:

(A) Г R( x )  -  Pei5|x (R )  p R p( Xp)

(B ) P “ (X ) ^ Г | ( Х ®  R) i f  R i s  a l o c a l  r in g .

(c) Let X be a f i n i t e l y  g en era ted  R-module. Then

p “ ( x ) c  ©  p "  V ( x /f^ ( p K )
‘ R P t  Max( R) R/Pk (P )  U / F ^ X)
f o r  a l l  s u f f i c i e n t l y  la r g e  k (P ) .  I f  * 6 5  ( o r  « é 7  and 
2 6 u (R ) ) then we can choose k (p )=1 and hence:

n e ( x )  а  Ф  V я , (X/PX)
' R Ye  Max(R) ’ R/P
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f o r  any R-module X. (Compare a ls o  [5 ] »  C o ro lla ry  5 .Ю ).

The above p ro p e r t ie s  perm it us to  compute K e r fT ” ) in  
some oa ses . The q u es tion  o f  Coker (Т Ш) I s  much more com p lica 

ted .

k.  Coker (T * ° ). Observe th a t Hom“ ( X , - ) Ç  Н от(ГШ(х \ - )с А р р 1 11̂ Х ,-). 
I f  Нот ( X , - )  I s  not rep re s e n ta b le  ( i t  i s  so v e r y  o f t e n ) ,  then 

the f i r s t  two fu n c to rs  a re  d i f f e r e n t  and hence C oker(Tm) i s  
n on -ze ro . I t  was co n je c tu red  by M. F e rre ro  th a t the la s t  two 

fu n c to rs  a re  e q u a l, o r ,  more p r e c is e ly ,  th a t Г ш( х )  and 
pm(x) are  isom orph ic by h. T h is  means th a t HomB( x f Y )=

= Applm(X ,Y )  f o r  any in j e c t i v e  Y; in  p a r t ic u la r ,  o v e r  a f i e l d  

K, th a t Coker(T® ) i s  z e ro  f o r  any К-m odu les. U n fo r tu n a te ly , 

i t '  i s  not tru e  in  g e n e ra l,

Example. L e t K=F^, Х=К* , Y=K and f ( x 1 , х 2 , х 3 ,х^ )=х^х|х^х^ . 
Observe th a t f  £ Applj^ (x, Y ) because:

1°  f ( r x ) = r ® f ( x )= r " * f (x )  s in ce  г**=г in  F^ ,

2°  f= e 2 where and hence û 5 f - (  û 5 g ) 2-0
since ( ) ^ is additive in К  and g is  o f degree 4.

On the o th e r  hand, f  i s  , , reduced ’ * ( a l l  powers in  f  are 
le s s  than I К 1 ) and hence f  ^  Hom^7(x, Y ) f o r  m <  8 . (s e e  HtJ } .

Coker(T*B) i s  c o m p le te ly  d e sc r ib ed  in  in  the case o f

f i n i t e  f i e l d s :  any m -a p p lic a t io n  i s  a po lyn om ia l mapping

(b u t not n e o e s s a r i ly  o f  d egree  m -  as in  the exam p le ), and we

can f in d  the standard bases o f  Homm, Appl™ and C oker(Tm)

f o r  any К-m odu les. In  p a r t ic u la r ,  we have the fo l lo w in g  
Theorem. L et К be an a lg e b ra ic  ex ten s io n  o f  2^ ( f o r  example 

a f i n i t e  f i e l d  o f  c h a r a c t e r is t ic  p ) .  Then the fo l lo w in g  con d i
t io n s  a re  e q u iv a le n t  :

(1 )  C oker(T^ )=  О ( f o r  any K—m odules)

( 2 ) K=*p о г  ш ~ 2p.
In  p a r t ic u la r ,  C oker(T^ )=  0 f o r  m ^  k.
Remark 1. I f  K^2 and Coker(TÎÜ)= 0 then m ^ 2p < lК I and ' _  p л  "
hence K e r (T ^ )= 0 .

Remark 2. U sing another methods we can prove th a t С окег(т” )=0 

o v e r  any f i e l d  К f o r  m=3» but the case o f  m=i£ i s  unknown.
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Example. Let К be an I n f i n i t e  a lg e b ra ic  e x te n s io n  o f

Then К i s  a sum o f  f i n i t e  f i e l d s  and we d e f in e  f :  K~’ —* К

in  the fo l lo w in g  way: i f  x ^ x ^ x ^ x ^  €  К and |к'| =2*:*. *ł

2 2 2  ̂ 2  ̂
then f(x ^ iX ^ tZ ^ fZ ^ )^  XjXgX^ ^  •
As in  the p reced in g  exam ple, i t  can be proved th a t f  i s  a 
p ro p e r ly  d e fin e d  5 -a p p lic a t io n  -  but f  i s  n o t a po lyn om ia l 

mapping.

Let us co n s id e r  the homomorphism h : Ри - - •*>f m o v e r  r in g s .  

The problem  o f  i n j e c t i v i t y  o f  h can be reduced to  the lo c a l  

case , because Г and P™ commute w ith  lo c a l i z a t io n s .  Let
Ш

( r ,M) be a lo c a l  r in g .  Then we have the fo l lo w in g  commutative 

diagram :

Рш(х )/м  Ги(х )  -----------------  ̂ г “ (x )/ M f  “ ( x )

- ‘  I
Рю (х/м х)    » Г “ (х/м х )

where the homomorphisme are d e fin e d  in  the n a tu ra l way. They 

are a l l  e p i ,  but not i s o  in  g en e ra l (s e e  [ 5 ]  ) .  Suppose th a t 

R/M i s  a p rop er a lg e b ra io  ex ten s ion  o f  and 2p<m ^|R/M |.
Then g i s  i s o  (s in c e  Р ш = р Ш) ,  h* i s  not is o  f o r  some f r e e  

R-module X, and henoe h i s  not i s o .  U n fo r tu n a te ly , the 
diagram  d o e s n 't  g iv e  p o s i t iv e  examples f o r  our problem .

I t  i s  known from  f ć ]  th a t h i s  i n j e c t i v e  f o r  m=3 

(o v e r  R) in  the fo l lo w in g  oases :

(1 )  f o r  c y c l i c  modules
(2 )  i f  R i s  von Neumanr r e g u la r

( 3 ) i f  no re s id u e  f i e l d  o f  R i s
( I ł )  i f  R i s a  DVR w ith  the prime elem ent 2

( 5 ) i f  R i s  a Dedekind domain o r  R=Zfwj ( f o r  f l a t  R -m odu les).

Example. L e t m=3. I t  fo l lo w s  from  ( 3 ) and (U )th a t  h i s  
in j e c t i v e  f o r  R e ». The , , g e n e r ic * *  3 -a p p lic a t lo n s  o v e r  »  

are x^ , x y (x ± y )/ 2  and x y z . I f  R = »C t3 then h i s  in je o -
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t l v e  f o r  f l a t ,  but not f o r  a l l  m odules. I f  R =s [x ,y3  and ( 3 )  1s 

n ot s a t i s f i e d  then h i s  not i n j e c t i v e  -  even f o r  the key case 
o f  R2 .
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FORMY WYŻSZYCH STOPNI I  m-ODWZOROWANIA

S tre s z c z e n ie
Praca stanow i tek s t  r e fe r a tu  w yg łoszonego w M o n tp e ll ie r ,  

pośw ięcona j e s t  porównaniu dwóch d e f i n i c j i  form  w yższych s to p n i.

W s z c z e g ó ln o ś c i omówione z o s ta ły  form y w ytw arza ją ce  zerowe 
odwzorowania.


