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DERIVATIONS AND POLYNOMIAL RINGS

Let d:R —  ̂R be a derivation, where R Is a commutative 
ring with identity* Then d will be oalled locally nilpotent 
if for every г £ й  there exists n such that dn(r)= 0.

This paper contains two parts. In the first part, we prove 
(Theorem 2.1l) that if R has locally nilpotent derivations 
and satisfies additional assumptions, then R is a polynomial 
ring. We also prove some properties of locally nilpotent 
derivations. In the seoond part, we study the ring of constants 
for some derivations of a polynomial ring over an arbitrary 
field K.
We prove the following theorem (Theorem 3.21 ):

Let R = k(x1 txzt • • • *xn ] » wheI*e char К = 0. If d:R — ^ R 
is a derivation with d(K)= 0, d / Of d(x^) ć. K, for 1=1,2,...,n, 
then c(R,d) is a polynomial ring (over к) in n-1 variables.

We also give other examples of rings of constants. At the 
end of this paper, we propose two problems.

1. Preliminary notions. All rings are commutative and have 
identity. A differential ring is a pair (R,d), where R is a 
ring and d:R-*R is a mapping, called derivation, satisfying the conditions:
l) d(a+b)= d(a)+ d(b), 2) d(ab)= ad(b)+ d(a)b , for arbitrary 

a,b£ R.
If d1 and d^ are derivations of R, then d^+d2 is a 
derivation of R.

If d is a derivation of R and r€-R, then rd is a deriva
tion of R.
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Immediately from the definition we get:
(1) d(1)= 0
(2 ) d(an )= naD"'d(a)
(3 ) dn(ab)= Z  (k)dk(a)dn_k(b)

k=0
The formula (3) is known as Leibnitz formula (вееГзД ).

Let (R,d) be a differential ring and let S=R[r1»Xg» »••»xn] 
be a polynomial ring over R. The derivation d can be extended 
to S by setting for dCx^, d(x2 ), d(x^),» »,fd(xn ) arbitrary 
polynomials belonging to S (see [1 ]).
If d:S — -к S is such derivation of S with d(R)=0, then

П f
for any f € S, we have: (U) d(f)= 2. d(xk ) Севе Г1 ]).
If R contains the field Q of raffinai numbers, thefa a 
differential ring (R,d) is called a Ritt algebra ([2]), We 
denote by c(R,d) the set of all elements r £  R suoh that 
d(r)= 0. Then C(R,d) is a subring of R called the ring of 
constants of the differential ring (R,d), If R is a field, 
then C(R,d) is a subfield of R called the subfield of 
constants# If (R,d), (R^d^) are differential rings, then a
ring homomorphism f:R --> R̂  (of rings with identity)is
called a differential homomorphism if the diagram

f

R R^ is commutative.

If in addition we assume that f:R — ❖ R1 is a ring isomorphism, 
then we say that f is a differential isomorphism,

LEMMA 1,1 Let (R,d), (R^fd^) be differential rings and
let f:R —— ► R̂  be a homomorphism of rings, not necessary a 
differential homomorphism. Then A = {r£ R, fd(r)= d^f(r)3 
is a subring of R.

PROOF: I g A  since fd(l)= f ( o)=0=d1 ( 1 )=d1 f ( 1 ) . If
a,b С A , then fd(a-b)= fd (a)- fd(b)= d ^  (a) - djf (b) =
= d^f (a-b), 30 a-b£A and fd(ab)= f (ad(b)+ d(a)b)=
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= f(a)f{i(b)}+ f(d(a))f(b)= f (a)d^f(to^+ ( i ( a) ) .f (b) *
- d (f(a)f(b)) - (ab) , so ab€ A.

LEMMA 1.2. Let (R,d), (R.^d.j) be differential rings and 
let f :R > R^ be a ring homomorphism. Moreover, let R be 
an RQ-algebra and R is generated over Ro by T. If 
fd(a)= d ^f (a) , for a £■ Rq v T, then f is a homomorphism of 
differential rings.

PROOF: Let A = fr£ R, fd(r)= d ^ r ) } .  Since Rq£ A and 
TÇa. by Lemma 1.1 R = R  fT] £ A .

LEMMA 1.3« If f ï (R,d)— - ( R1 ,d1 ) is a differential 
isomorphism, then the rings C(R,d) and cfR^d^) are isomorphio. 

Proof is obvious.
2. Locally nilpotent derivations. If (R,d) is a differential 
ring and n is natural, then by Cn (R,d) we will denote the 
set £x £ R, dn (x)= o}
The sets Cn (R,d) are subgroups of the additive group of R.

The following properties are obvious:
(1) С (R,d) = С (R,d)
(2) C^R.dîÇC^H.d) Ç  C3(R,d)Ê...

THEOREM 2.1. Let (R,d) be a Ritt algebra without nilpo
tent elements. If Cn(R,d)= R, for some n, then d = О

PROOF: Let d**= О and dD_ 1 jś 0 , for some n 2 .
Hetace, there exists an element a of R such that dn~^(a)^0.
Consider the derivation d:R [Ct]J— R[Ctj], (R rttj] is the
formal power series ring) which is defined by the formula:

00 °° \ к
d( r, tk )= ^  d(r>, * and oonsider the automorphismk=0 k k=0 к _ 2
e:R [ft33 — -y R [ftj] defined by e(a)=a + ~—  t + t2 +
+ d^(a) ,3 t Г «* 1 1Î  ̂ ^ •••••• (see [^J /•
For every г С R , we have:
e(r)= r + t +d--Lr.),t2 + .... +li 2 1
Since е(аП )= e(a)n , we get

sEhsi tn_1
(n-1)!
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a" + zLs*l t +...♦ £ - 1 * 1 1  tn-1= 

. г м  t . 4 ^ 1  « * . . . . .  t- v

If we compare coefficients at tn n̂~ ^, we get ^~"Тп-~1'7т] = ®*
Hence, because R is Q-algebra without nilpotents, we have
dn”1(a)= 0
This contradicts to dn ^(a)j£ О . o>
For a differential ring (R,d) we define E(R,d)= Cn(R, d)

PROPOSITION 2.2. ECR,d) is a subring of R.
PROOF: Let E = E(R,d). Sinoe d( 1 )= 0, 1 £ E  , Let x,y£ E.

We shall show that x-y £ E and xyC.E. If dn(x)= 0, dm(y)=0 
and к = max (n,m) then dk(x-y)= dk(x)- dk(y)= 0, so x - у € E. 
Further, dn+m(xy)- 21 (П2Ш ) (x)dn+m“i(y)= 0, because

i=0
for i = 0, 1, ..., n, d +Ш~ (y)= 0, and for i=n+1, n+2,.,.,
n+m , d^fxjs 0. Finally xy £. E.

LEMMA 2.3. If there exists n such that Cn(R,d)= Cn+1(R,d),
then E(R,d)= С (R,d).n

PROOF: Let С = С (R,d), for m=1,2,... . We prove
Ш Щ

(by induction on s) that for any natural s we have
С = С . n+a n i
Let x Ç, С 0 Then О = d (x)=d (d(x)), so d(x)cCHyS H tS“* I
and by induction d(x)£C , Hence О = dn(d(x))= dn+\x), and 

* ĆCn+1 • Cn
DEFINITION 2.1*. A derivation d:R — > R  is said to be 

locally nilpotent iff E(R,d)= R. In other words, a derivation 
d is locally nilpotent iff for any r£ R, there exists n such 
that dn(r )= 0

EXAMPLE 2.5. Let C[xj be a polynomial ring in one 
variable x, with coefficients in a ring C. If d:Ctx] — ^Cfx] 
is such derivation that d(c)= 0 , d(x)= 1, then d is locally 
nilpotent. Indeed, for f £  CTxJ we have dn+1(f)= 0 where
n = deg f .

In some cases, we can prove the theorem inverse to the
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result given In Example 2.5.
THEOREM 2.6. Let d be a locally nilpotent derivation of 

a Q-algebra R. If there exists an element x £. R such that 
d(x)= 1, then R is isomorphic to the polynomial ring С ttj,
■where С = c(R,d). Precisely, there exists a differential 
isomorphism : ( С [t ] , — -£■ ) — (R,d).

PROOF: Let С = C(R,d) and let : C[tJ--* R be a
ring homomorphism such that <-f (t)= x, Cf|̂  = 1 q. Since
dtp(t)= d(x)= 1 = spt~( t ) = Lf Źpę—  (t), by Lemma 1.2, we have 
that if is a differential homomorphism from (cTtl, /̂ — ) to 
(R,d). We show that Cf is injective. Let w = cntn + ...+Cjt+eo ,
be an element of С It] with Cf(w )= 0.
We get 0 = Cf (cntn + ... + oQ)= спхП + ... + cq, and next

О = dn(cnxn + ... + c0)= nlcn .
Since R is a Q-algebra, the equality n ĉn - 0 implies
с = 0. In a similar manner, we get с = о _ = . . . =  c„ = c ,  n n n— 1 1 о
hence w = О , Now we show that If is surjective. Let r£R, 
Since R = E(R,d), there is n such that r €.Cn(R,d). By 
induction on n we prove that r ć l s ?  •

a) If n = 1, then d(r)= 0, and r = <f(r),
b) Suppose dn(r)= 0. Then d(r)€ Сд ^Rjd), and by

induction d(r)=Cf(w), where w £  C[t ]  ,
к к k+1Suppose w = c.t + ... ♦ c t  + o .  Put u= г— т • t +С It С О *t+l j)+ jj- k-1 .t + • • • ĵ-o • t . Then u €. С Ct ] and ф-ç—  u = w.

Since d(r -lf(u))= d(r)- d(<f(u)) = Cf (w)- 4 («) =
= Cf (w )-  Cf (w )= 0 , we g e t  r  -  4 (u )=  о £. С, and hence
r - Cf (u)m(f(c).
Finally r = if (u + c), where u + с €. c[tj , that means 
r £. Im Cf .

REMARK. A different proof can be found (but for domains) 
in Dt] . Now we give some generalizations of Theorem 2.6.

COROLLARY 2.7. Let »d2*#* *,dn be commutative locally
nilpotent derivations in a 0-algebra R. If in R there
exist elements x., x9,..,x such that{0 if i^1 n, then R is isomorphic to the

1 if i = j
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polynomial ring C [t ̂ , . . . , t^] , where
С = j r £ R, 0=d1 (r)= d2(r )a ... = dn(r)}.

PROOF. Induction on n . For n = 1, the corollary coinci
des with Theorem 2.6. Suppose n > 1  , and put 
С a | r £ R  , dg(r)a ... a dn(r)= 0} . Now by induction 
R a C[t2,...,tn ] . Notioe that d ^ C j ^ C  
Indeed, if r C C  , then for is1,2,...,n we get 
d^d^frja d^d^(r)= d^oja 0. Therefore d.̂  is a (locally nilpotent) 
derivation in the Q-algebra С . Since X1 £ c 811141 
by Theorem 2.6, it follows that C 2 C  ] where C a^aéC,
d^(a)a ojf. Notice that С a С .
Finally we have : R -5 С [t̂ t .. * i ̂ n^ (^3) » • • • » CS C [t ̂ , « . • ,
= c[t t^ 3 .
The following three lemmas will be needed in further generali
zations of Theorem 2.6.

LEMMA 2.8. Let d^ and d^ be commutative derivations
in a ring R. If d1 and d^ are locally nilpotent, then
d1 + d2 is a locally nilpotent derivation too. ß

PROOF. If dtd2 = djd , then ^  + dg )“= Z  ( k ^ d ^ " *  .
_ __ k—0

Now if for r£ R we have d^(r)= 0, d2(r)= 0 , then
(dj ♦ d2 )n+e(r)r 0.

LEMMA 2.9» If d is a locally nilpotent derivation of R 
and a £ C(R,d), then ad is a locally nilpotent derivation of 
R.

PROOF. It follows from the formula s (ad)n(x)= andn(x).
LEMMA 2.10. Let dlfd^,...,dn be derivations in a ring R,

and let x.j, x2 , • . • , xn be such elements of R that the
matrix Td^(Xj)] is invertible. Then there exist derivations
(Г.» »••• » S n H with <iś(iJ  = I ^1 2  n 1 J (O if i/j

PROOF. Let [a^j3 be the matrix over R such that
Га^j](d^j(x)J= I, where I is the identity. Take
J"l = ai1d1 + ai2d2 + ••• + aindn * for 1=1 »2,... ,n . Then
<5" 1 1 сГ2»***»^ are derivations of R such that
r , ч Cl nif i=J di(xj)- if •



THEOREM 2.11. Let dj,d2,«..,dn be comnutative 
locally nilpotent derivations of a Q—algebra R and let 

... , xn be such elements in R that the matrix 
A = [d^(xj)J Invertible. Moreover, let
С s { r £ R, 0=d1(r)= d2(r)= ... = dn(r)j.
If A  ̂ is the matrix with coefficients in C, then the ring 
R is isomorphic to a polynomial ring in n variables over a 
subring Rq.

PROOF. By Lemma 2.10 , there exist derivations
(Г, » 5о»»»ч Sn ®uch that <5\ (x )= f 1 lf . By the

J ( 0 if i^j
construction of these derivations (see the proof of Lemma 2.1o), 
and by Lesnaas 2*8, 2.9 it follows that cTj » <$"2 » • • • » <Tn are 
ooBunutative locally nilpotent derivations.
The result follows from Corollary 2.7.
At the end of this part we note some properties of locally 
nilpotent derivations.

THEOREM 2.12, Let (R,d)be a Ritt algebra without 
nilpotent elements. If d is a nonzero derivation which is 
looally nilpotentt then C^Rjd) ^  C.,(R,d) ^  C^(R,d)^... .

PROOF. Suppose that for some integer n, Cn(R,d)= Cn+1(R,d). 
Then, by Lemma 2.3 , we have R = E(R,d)= Cn(R,d). Whence,
by Theorem 2,1, we get d = 0.

\

3. The ring of oonstants for some derivations in Kfx,,xg,...,хп] 
Now we shall describe the ring c(R,d) in the oase 
R = Klx1,...,xn3 » where К is a field of characteristic zero, 
and d is a derivation of R with d(K)= 0, d(xA )6 K, for 
1=1»2,«..,n .

LEMMA 3.1. If R is a Q-algebra without zero divisors,
and diRfx] Rl'x] is a derivation with d(R)= 0, d(x)/ 0 ,
then C(r [x] ,d)= R.

PROOF. Let С = C(r [x J ,d). Evidently R £  C. Suppose
f £ С "''■R. Then deg f r n ^ 1  , If f = a x n +... + a Q,
where a d 0 , then 0 = d(f)= (na x*1“1 + ... + a )d(x).n n о
Hence it follows na = 0, and a =0. This contradictionn 9 n
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proves the Lemma.
THEOREM 3.2. Let К be a field of characteristic zero, 

and let R = K[xt »...»x^ . If dsR — R i* a derivation such 
that :

a) d(K)= О
b) d / 0
с ) d ( ) ^ i |  for i*112 ( . . .

then C(R,d) is a polynomial ring over К in n—1 variables.
PROOF. The case 1. Let dfx^x 1 , d(x2>= ... a d(xn )aO.

Let S = K[x2,x^,...,xn J . Then R = SfXj] , d(s)a 0 and by
Lemma 3.1 have C(R,d)= S = К ...»*n ] •

The case 2. Let d(x^)= ... = d(xa)= 1, d(xe + lj)x ... a
a d(X ) = 0 where 1 -é a < n . Consider a ring isomorphismn

к fylt...,yn J — * К fxlf...,xn 3 such that t

Cf(y2)= x, - x2

(f(reU  xt - xe 

lf(ys+1>= *.+ 1

^ уп )= xn
Let St K[y1>...>yn J - -» К [y.j, . . . f yn 3 be a derivation such
that S  (K) = f0 , S  (У1 )= 1» <Г(У2 )=  ••• = сГ (уп ) = 0 •
It is easy to verify that d if (y^aC^J" (y^), for i=1,2t...ln. 
By Lemma 1.2 if is a differential isomorphism. Therefore 
C(Rfd) is isomorphic to C(K [ у ,...tYnJr S) » and from the 
case 1 we get that C(R,d) is isomorphic to К [y2,...,y^J•

The case 3. (the general situation). Since d^O , there
is i £- , 2, . . . . , nj such that d(x^)j^ 0 .
Let d(x^)a . Vithout loss of generality we can assume that 
a. /  0, for i-1,2^.,8 and o.{ - O, for .i-s+lw .,n.
Consider a ring isomorphism : К[у ,...»Уп^ — •> К ,...,xn } 
which is defined by the following formulae :

\
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Let S be a derivation in кГу »̂*#**УпЗ *uch that £ (k)= Of 
S  (y^)= ... = S (ya)= 1 and <^(ys+1)= ... = 6 (yn )= О.
Notice that d f (уА )= If & (у^ » for i=1,...*n .
Indeed, if i=1,2,...,s , then dlf(yi )= d(a”1xi )=a“1 d(x^)=
= a?1a. = 1 yà (yi )=if (1)= 1

if j=s +1, . . . ,n , then dif(yj)= d(x^)= а^= О
^ ( y j)=f(0)= 0.

By Lemma 1,2 4  1« a differential isomorphism. Thus by Lemma 
1,3, we get C(R,d) <x C(K [y , . . . ,y^ , £ ) , and the case 2, 
we get that C(R,d) is isomorphic to К fy2,...,y^} , This 
ends the proof.
Now we give some remarks on the C(Rtd) in the case
R = кГх,,...,х "I and if d is a derivation of R such 1 n .
that d(K)= О and d(x± )^K, for some i.

PROPOSITION 3.3. Let R = Kfx1,...,xn ] be a polynomial
ring over a field К of characteristic zero. If d : R  j> R
is a derivation such that d(K)= 0 and d(x^)= x^, for 
i=1*2,,,,,n, then c(R,d)= K.

PROOF. If u=x*1 . • .x^n , where i1 ,i2, ... »in .̂ 0, then
d(u)= (i.+ ... i )u

у ~ i iAssume that F = k, , x. 1 ... x n (where k. . jć о),1, • • •1 • П  ! . » • • • 1
is a polynomial belonging to c(R,d).
Then 0 = d(F)=2T(i, ♦ ... + i )k. . x*1 ... x* , andI И  X . • • e 1 И
hence i. # + ± =0, that means П i „ = ±~ = = i  =0.I П  1 £ П
and finally F£K.

PROPOSITION 3.4. Let R = К [x^,x^,.•.,xn 1 be a polynomial
ring over a field К of characteristic p > 0  and let d:R — ^ R
be a derivation with d(K)= 0, d(x.)= x., for i=1,2,...,n .
bet F = 2Î k. , x,1 ... x n  be №  element of R. Then

1** n IFć C(R,d) if and only if p | (i + ... + i ), for all sequencesГ n(i *...,! ) such that k, , / 0 .
1<ф< nPROOF. Analogous to the proof of Proposition 3,3,

i*9

Cf(y±)= »
^(yj)- Xj
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PROPOSITION 3.5. Let R = К[х,у}, char К = 0 and let 
d:R — R be a nonzero derivation such that d(K)= 0, and

d(x) = Ax + By
d(y) = Cx + Dy , where А, В, C, DĆ.K.

If AD - BC = 0, then the ring C(R,d) is isomorphic to the ^ 
polynomial ring over К in one variable .

PROOF. Since d ^ 0, one of А, В, C, D is not zero.
Suppose A j( 0. Then Cx + Dy = A*"1(ACx + ADy) = A-1 ( ACx+BCy ) =
= A“1 С (Ax -* By).
Now we have d(x)= Ax + By

d(y)= к (Ax + By), where Ax ♦ By ^ О, кв K.
Let К  :R — ^ R be a derivation such that<J(K)=: 0, <5” (x) = 1,
S (y)= k. Then C(R,d)= C(R, (Ax + By)<f) = C( R, £ ) » К Ы  , 
where the last isomorphism we get by Theorem 3.2.
A description of a ring of constants for derivations in a 
polynomial ring is a difficult problem. It is complicated, 
even in the oase of two variables. Consider the examples below: 

EXAMPLE 3.6« Let R = K[x,yJ, char К = 0 and d:R —y R
be a derivation
1) If d(x)= y , d(y)= -X, then C(R,d)= К [x2 + y2].
2) If d(x)= X ♦ y, d(y)= X , then C(R,d)= K.
3 ) If d(x)= X + n(n + 1)y , d(y)= X, then the element 

(x - (n+1)y)n+1(x+ny)n belongs to C(R,d)
k) If d(x) = xy , d(y)= -x2 - y2 » then x + 2x2y2 <L c(R,d).
5 ) If d(x)= 3x2y - 1 , d(y)= -Uxy2 , then y(x2y - 0^C(R,d).
Now we propose two problems.

PROBLEM 1. Let R = K£x,y], ohar К = 0 and let 
d:R —^  R be such a derivation that d(K)= 0, 
d(x)= Ax + By
d(y)= Cx + Dy , where A,B,C,D& K,
a) Is c(R,d)a Noetherian ring ?
b) Is C(R,d)a finitely generated K-algebra ?
c) Find necessary and sufficient conditions for C(R,d)= K.
d) Find necessary and sufficient conditions for C(R(d)«Kft] ,

PROBLEM 2. Let d be a nonzero derivation in К(.'х,у] such

I
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that d(ic) = 0. Is there a situation for which C(R,d)j^ К and 
u(R,d)^K ft 1 ?
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DERYWACJE A PIERŚCIENIE WIELOMIANÓW

Streszczenie

Derywację d:R — j> R nazywamy lokalnie nilpotentną wtedy 
i tylko wtedy, gdy dn(r)= 0, dla pewnego n € N  oraz dla 
każdego ré R (R - pierścień przemienny).W pracy rozpatrujemy 
szereg własności derywacji lokalnie nilpotentnych. Dowodzimy 
między innymi (Tw. 2.11), że jeżeli R posiada derywacje 
lokalnie nilpotentne oraz spełnia dodatkowe założenia, to R 
jest pierścieniem wielomianów nad pewnym ciałem K.

W drugiej części pracy zajmujemy się badaniem pierścieni 
stałych dla pewnych derywacji pierścieni wielomianów nad 
ciałem. Artykuł kończymy sformułowaniem dwóch otwartych 
problemów.

У


