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SOME REMARKS ON SYSTEMS OF IDEALS (11)

Systems of ideals in commutative rings have been investiga-
ted In§ Recall that a pair (R,M) is said to be a
system ofideals, if R 1is a commutative ring and M 1is a
set of 1idealsof R satisfying the following conditions:

Al, R is an element of M,

A2. The intersection ofany set of elementsof M 1is an

element of M,
A3. The union of any non-empty set of elements of M, total-
ly ordered by inclusion, is an element of M,

Ad_. The null ideal belongs to M,

A5. If A,B belong to M, thenA+B belongs to M,

As . If A,B belong to M, then AB belongs to M,

A7. I1f A,B belong to M, then (A:B)belongs to M,

As . 1T A %%Iongs to M, and x 1is any element of R, then

AN = (A:xn) belongs to M.

For any system of ideals (ft,M) in R we have two natural
operations Ht: I(r)-" I(r)and [3 : 1(r)> 1I(r) on the
set I1(r) of all ideals of R such that, for A from 1(r),
AN isthe greatest M-ideal (an ideal from M) contained
in A and A is the smallest W-ideal containing A. These
operations are useful tools in the proofs of many theorems
in the theory of differential rings (f1],[2j .M ],) and in
general theory of systems of ideals ([43 ,t5]).

In this note we define axiommatioaly two kinds ofopera-
tions on ideals of rings, called the interior and closing
operations, and show that there is a one-one correspondence
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between the set of all interior operations (resp, closing
operations) of a fixed ring R and the set of ideal systems
in R.

DEFINITION 1. A mapping oC s I(R>— I(R)is said to
be an interior operation on ideals of Riff it satisfies
the following oonditions

VI. oC (A) C A

V2. ol (oC (A))= oC (A)

V3. oACI Aa)=0 ofU p

¥W. oL @R®=R

¥5. cC(AB)3U’(A)of(B)

¥6 . oC(AJ o€ (b)) =(C (a)soc(b))

V7. oC(C(a)x)=oC(a)x , For every xfcR.

DEFINITION 2. A mapping fF-1(r) I (r)is said to
be a closing operation on ideals of R iff it satisfies the
following conditions

D1. A c fF(A)

D2. TF(FF(A))= fF (A)

D3. If [AW J 1s a subset of I(r) totally ordered

by the inclusion, then fF C ox A, )>=r fF(A.)

DU. ff(o)=0 i&1

D5. ff(a+b )= fF (a)+ fF (B)

De . fF(ab) c: fF(a) r(B)

D7. ff (a: w(B)) Cc (fffa) - & (B))

Ds . Ff (FF(A)x) - Ffr(A)x

LEMMA 1. 1f (R,M) is a system ofideals, then$ is
an interior operation, and [ ] 1« aclosingoperation on
ideals of R«

PROOF. Most of the conditions ¥1-¥7, Di:-Ds follows from
the definitions . ¥e verify the condition ¥& . First we
check the icnlusion (a:B)"<™ (a”:B”~_). Since B(A:B)"MA
and, by the condition ¥s5, B".(A:B)_~C (B(A:B))™ »we have

(A:B)™_ci(a”™. sB™. ). Hence, since B7”é M, (A:0MN( AMNW(B. N B

= (A"sB™. ). Conversely, the inclusion (a® :BM)E (AsB™. )gives
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(a@” sBr)#C (AsBM)N - Finally, by A7, (A™ B# )YfeM and
consequently (a”~:B~ = (@™ T1TB, )and (A"s BMNC. (AiBM.
THEOREM 1» Let R be a commutative ring with ldentity.
a)There is a bijection between the set of all interior opera-
tions on ideals of R, and the set of all MCI1(r) such
that (R,m) is a system of ideals.

b) There is a bijection between the set of all closing operat-
ions on ideals of R, and the set of all M~I(R)such that
(R,M) is a system of ideals.

PROOF, Proofs of a)and b)are similar, so we prove only a).
Let of be an interior operation on ideals of R. Let

~"AE D (R, (a)= a}. We shall verify that satisfies
the conditions Al1-A8, The conditions Al, A2, AU, A7, A8 are
obvious. We check the remaining conditions, A3. Let {a~™ , "
be a subset of M, totally ordered by inclusion. Then by W
and W36TCV"Ai)c UA+ = C"of(A1)C or(YA+), and U A+ < MA-.
A5, A0, If A,B & Nae, then, applying W1 and W3 again, we
get o€ (a+B)ca+B =of (a)+oC (bJdcoT (A+B) and oC (AB)cAB =
= oC (a)oC (b)Co¢ (AB). Thus A+B, AB belong to Moe . By Lemma 1,
we know that every system of ldeals in R has the form MW\, ,
Indeed, if (R,M) is a system, then the operation (D))
defined by this system is such interior operation on ideals
of R that M=M# e I* remains to show that M« = M~ , for
operations oc , 8 , implies o€=R . Let A S I(r). Then
o¢ (aJltMe; = M3, B (@) ¢ MR = Mot * “w* consequently
Gd(A))=01(a@), and oCB(a)="J (a)- Hence by W3 oc (a)=&c(Are/S (a)
and B (A)say3 (a)clfor(a), that means «€'=/3 .
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PEWNE UWAGI DOTYCZACE SYSTEMOW IDEALOW (11)

Streszczenie

W teorii pierscieni rozniczkowych jak rowniez w teorii
systeméw ideatdédw wazng role odgrywaja dwie operacje -fe »
[1 : T1(R)— 1 (R) zadane na zbiorze I(R )wszystkich ideatow
danego pierscienia R (patrz [I].[2]1.[31)- W niniejszej pracy
wprowadzamy aksjomatycznie dwa rodzaje operacji na ideatach
pierscienia R, nazywane operacjami wnetrza i1 domkniecia.
Dowodzimy twierdzenie, ktére glosi, ze operacje te tworzg
zbiory, ktére sag izomorficzne z rodzing wszystkich systemoéw
ideatdw pierscienia R.



