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SOME RESULTS ON INTERPRETABILITY WITH PARAMETERS ( a b s t r a c t )

The co n c ep t o f  i n t e r p r e t a b i l i t y  o f  t h e o r ie s  was i n trod u ced  

i n "Undec i d a b le  T h e o r ie s "  ]  . From t h is  t im e , th e r e  have 

a r is e d  a l o t  o f  d i f f e r e n t  fo r m a l i z a t io n  o f  t h is  n o t io n ,  though 

th e  r e l a t i o n  o f  l n t e r p r e t a b i l l t y  i s  a lw ays  a q u a s i- o r d e r  on 

th e  some c la s s  o f  t h e o r ie s .  Thus one can  c o n o id e r  th e  e q u iv a 

le n c e  r e l a t i o n  (m u tu a l i n t e r p r e t a b i l i t y ) d e f i n e d  in  u su a l way by 

t h is  q u a s i- o r d e r  and then  th e  p a r t i a l - o r d e r  on c la s s e s  o f  

e q u iv a le n c e ,  w h ich  i s  in du oed  by  l n t e r p r e t a b i l l t y .

M y c ie ls k i  showed [ 2 ]  , th a t  in  c a s e  o f  h is  d e f i n i t i o n  o f  

l n t e r p r e t a b i l l t y  ( " l o c a l  l n t e r p r e t a b i l i t y " )  t h is  in d u ced  

p a r t i a l - o r d e r  i s  o f  th e  l a t t i c e  t y p e .  He a ls o  p ro v e d , th a t  

t h is  l a t t i c e  i s  d i s t r i b u t i v e ,  c o m p le te  and a lg e b r a ic .

L in d s t r om showed [ 3 ]  , th a t  in  o a s e  o f  T a r s k i 's  d e f i n i t i o n  

o f  i n t e r p r e t a b i l l t y  f o r  e v e r y  th e o r y  T  -  a co n s is t e n t  r e c u r s i 

v e  e x t e n t io n  o f  P e a n o 's  a r i t h m e t ic ,  th e  s e t  o f  e q u iv a le n c e  

c la s s e s  o f  t h e o r i e s ,  whi c h a re  th e  e x t e n t io n s  o f  T , i s  a 

d i s t r i b u t i v e  l a t t i c e  w ith  m in im al and maxim al e le m e n ts . T h is  

l a t t i c e  i s  com plem ented i f  th e  th e o r y  T  i s  n o t  2 ^ - c o r r e c t .

In  t h i s  p a p e r  I  s h a l l  g i v e  (w ith o u t  th e  p ro o fs )s o m e  

s im i la r  r e s u l t s  c onc e r in g  i n t e r p r e t a b i l l t y  w ith  p a ra m ete rs , 

w h ic h was in tr o d u c e d  b y  S zc ze rb a  ( [ 4 ] , [ 5 ]  ) .

We cons i d e r  la n gu ages  o f  f i n i t e  s ig n a tu re  o n ly .  By a 

th e o r y  we a lw ays  mean a c o n s is t e n t  s e t  o f  s en ten ces  in  some 

la n gu a ge  o f  f i n i t e  s ig n a tu r e .  T h eo ry  i s a lw ays c lo s e d  under 

d e d u c t io n .

We s h a l l  u se th e  f o l l o w in g  n o ta t io n :

L g "  -  th e  la n gu age  o f  s ig n a tu r e  (5  ;

Stg- -  th e  c la s s  o f  a l l  s t r u c tu r e s  o f  s ig n a tu re  (3 ;
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L g  -  th e  s e t  o f  th e s e  fo rm u la s  o f  L g  In  w h loh  a t  most th e  

v a r ia b l e s  x 0 , x l f . . . , x n o o cu r  f r e e ;

<f ^  A”  w here O t é - S t ^  ,<р<£ХЮ+П , a t A m.

L e t  us now g i v e  sone b a s ic  d e f i n i t i o n s .

D e f in i t i o n  1

L e t  S ' ,  X  b e  two s ig n a tu r e s .

By a cod e  (w i th  p a ra m e te rs ) from  d  t o  t we mean, th e  

sequ en ce  с = ^ n , L fp , Cf u * cp = * ' f 0 '  ^ l h T  -1

w here n i s  an a r b i t r a r y  n a tu r a l  num ber, 'f  é  Le  ,

Cf u 4  L - * n . < f = £  l£ + 2n , C f i f e L B + r i n f o r  i < i h t .

D e f in i t i o n  2

L e t  о be a code from  S ' t o  t  .

L e t  O t  be  a s t r u c tu r e  o f  s ig n a tu r e  <5 w ith  th e  u n iw erse

A.

F o r  ea ch  a é. АШ , i f  _  i®  nonem pty and I f  =0 L ,a

i s  a con gru en ce  r e l a t i o n  i n  0 (  *  a (  АП , (SS'i®1**') A <  l h t V ^ ^ 4'

then  we d e f in e  Pc (öt,ä)=Ct ®у(Л,а ,
Now, l e t  us d e f in e

Г с ОЬ s: { P c ( ( ï l , â ) : 0 l = t f p f à 3 }  •

D e f in i t i o n  3

L e t  с be a code from  S '  to  X  ,

L e t  X ,  *  d en o te  th e  sequ en ce  o f  v a r ia b le s  ( * 0 » x 1 t • • •х ш_ 1

<xm+i n ’  xm +in+ 1 » * * * *  * » +i » « ~ 1 )  r e s p e c t i v e l y .
L e t  us in d u c t i v e l y  d e f  in e  th e  fu n c t io n  Fc : L  L g

in  th e  f o l l o w in g  w ay:

w here i s  T ^ - a r y  symbol o f  L^, ;

Fc ( 1  Cf )  = л Fc ( ( f )
F c ( t f v ip- )= F o ( l f ) v F o  ( V ) ;

Fc ( V  xA t f ) a  V  x±  ( l f u ( x ± ) — Fo( ( f  ) ) .
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D e f in i t i o n  k

L e t  T  be th e  th e o ry  in  L ^  and T,, be th e  theoi*y in  L ,q - . 

Then ( a )  L e t  с be a code from  S’ to  u .

Ve s a y , th a t  с in t e r p r e t s  ( w i t h  p a ra m e te rs ) T^ in

i f f

Vtffc L°r  ( l f £ T 1 ( V £  (fp ( i )  — >  Fc (</> ) )  <£ T2

( b )  T^ i s  in t e r p r é t a b l e  (w i t h  p a ra m e te rs ) in  T 2 i f f  th e re  

e x i s t s  a code с from  f f  to  г  such th a t  с in t e r p r e t s

T 1 in  T2 .

( o )  T^ and T2 a re  m u tu a lly  in t e r p r e t a b l e  (w i t h  p a ra m e te rs ) 

i f f  T 1 i s  In t e r p r e t a b l e  in  T 2 and i s  i n t e r p r e 

t a b le  in  T . .

I t  i s  ea sy  to  p ro ve  th e  f o l l o w in g  u s e fu l  f a o t :  

a code с in t e r p r e t s  ^  in  T 2 i f f  T = Th(t)jj P c  0t:OlFT$), 

The p r o o f  o f  t h is  lemma, b a s ic  p r o p e r t ie s  and exam p les o f  

in t r o d u c e d  n o t io n s  can be fou n d  in  o r  Г 5 3 .

I t  i s  o b v io u s , th a t  th e  r e l a t i o n  on mutual in t e r p r e t a -  

b i l i t y  ( d f . 4  о i s  th e  e q u iv a le n c e  r e l a t i o n  on th e  o la s s  

o f  a l l  t h e o r i e s .  C la s s e s  o f  e q u iv a le n c e  o f  t h is  r e l a t i o n  

a re  c a l l e d  th e  dom ains.

L e t  us d e f in e :

[T  ] i [ T  1 i f f  T i s  i n t e r p r e t a b l e  in  T 2 ; w here [ t ]  deno

te s  th e  c la s s  o f  e q u iv a le n c e  c o n ta in in g  th e  th e o r y  T .

The r e l a t i o n  p a r t i a l l y  o rd e r s  th e  c la s s  o f  a l l  domains

and, m o re o v e r , th e  f o l l o w in g  c o n d it io n s  a re  s a t i s f i e d :

1. T h e re  e x i s t s  th e  m in im a l dom ain . T h is  i s  th e  o la s s  o f  

e q u iv a le n c e  c o n ta in in g  th e  th e o r y ,  w h ich  has e x a c t l y  

on e , o n e -e le m e n t m od e l.

2 . ^  i s  a l i n e a r - o r d e r  on a s e t  o f  a l l  t r i v i a l  domains 

(dom ain  i s  t r i v i a l  i f f  one o f  i t s  e lem en ts  has o n ly  

o n e -e le m e n t m o d e ls )

3 . L e t  D be th e  domain in c lu d in g  th e  th e o r y  o f  tw o- 

-e le m e n ts  s e t .  Then f o r  any n o n t r i v i a l  dom ain D*,

D '.

U. T h ere  e x i s t s  an a n t ic h a in  o f  dom ain , w h ich  i s  o f  pow er
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continuum .
5 . L e t  D be an a r b i t r a r y  dom ain . Then th e  a e t  £ D ' : D '< D]- 

l a  a t  moat o o u n ta b le .

6 . T h e re  l a  no maxim al dom ain .

7 . Each f i n i t e  a e t  o f  dom ains has supremum.

8 . Each co u n ta b le  s e t  o f  fom a in a  has an u p p er bound,

9 . T h e re  e x is t a  c o u n ta b le  a e t  o f  dom aine, w h ich  haa no aupremum. 

10. T h e re  e x i s t s  a  f i n i t e  s e t  o f  dom ains, w h ich  has no i n f i n i -

mum.

The p r o o fs  o f  a l l  th e s e  f a c t s  w i l l  be  p u b lis h e d  in  th e  

d i f f e r e n t  p a p e r .
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PEWNE WYNIKI DOTYCZĄCE INTERPRETOWALNOŚC I Z PARAMETRAMI

S t r e s z c z e n ie

P raca  z w ie r a  s t r e s z c z e n ie  wyników  d o c ie k a ń  a u to r k i  

n a w ią zu ją c y ch  do p rac  L . S z c z e rb y  z  za k re s u  in t e r p r e t o w a ln o ś c i .  

Poza  wprowadzeniem  w tem atyk ę a r t y k u ł  n in i e j s z y  p r e z e n tu je  pewną 

l i c z b ę  d e f i n i c j i  p o trz e b n y c h  do w prow adzen ia  p o j ę c ia  d z ie d z in y .  

N a s tę p n ie  podano tu  c h a ra k te r y s ty c z n e  wł asn oś c i  d z ie d z in y .


