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ON IDEALS OF THE SETS ON THE REAL LINE WHICH CONTAIN
THE IDEAL OF THE SETS OF POWER < 2 W0

Let X denotes a set. If Aë then =}ytX; (x,y)*A^
for each x of X and let = (xtX: (x,y)*.A} for each
y of X. W, Sierpiński showed In [2] that the following 
statements are equivalent :

(i) the Continuuai Hypothesis (CH),
(ii) there exists a partition A,В £  R2 (by R is always

denoted the real line) such that V x ć R( I AK[i(JcA
In this paper we generalize Sierpiński's result.

It is shown in Theorem 0 that if tx|= ft is a regular 
cardinal number and I S  P(x) is a proper ideal then the 
following statements are equivalent :

(i) ÿ A Ç X  (|A|< Я A i l  ),
(ii) there exists a partition A, В î= X2 such

Vx £  X (|B,|<rç & a<e i).
We use standart set theoretical notation and therminology. 

A cardinal number is identified with the first ordinal
number of a power K,.
If X is a topological space then the sign P(x) denotes 
the family of all subsets of X and the sign JJ (x)
denotes the family of the Borel sets of X.
An ideal Ié P(x) is called a <3*-ideal iff the union of 
countable many members of I always belongs to I.

An ideal I — P(x) is called proper iff X^-I.
A proper ideal I S  P(x) is called -semicomplete
iff V oC<4 Ü  Aj4* <«<•}£ I
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If I S  P(x) is an ideal then ^ ( x )  denotea the fajnily
{A Ç. X î 3 В £ ß  (x) Ал В ć i}, (A4 В =( A-B)u(B-a)),

Clearly ^ ( x )  ia afield and 3  (x) u I ç ßI(x).
An ideal PCX2 ) ia a aeoond power of an ideal I £■ P(x)iff

(i) V a e x2 iAfi.^ = > 3 B i(b2a i  С V xé x-b1 (ax € i) Д  
H x t X N  (A* 6 I)]} ,

(ii) V a ^ X 2 ГаёЯ>^ (x2 ) . ^  = » 3 x,yćX ( A ^ C x h K i
Дг Ayt ß I (x )  \I)] .

For every aet X auoh as IX/> co0 K(x) denotes the ideal of
the aeta of power < |X|.
Theorem 0.
Suppose, that |X |= ̂  , where *{ is a regular cardinal number.
If I Ç P(x) ia a proper ideal then following statements are 
equivalent :
(i) K(X)£ I ,
(ii) there exists a partition A,B £  X2 auch that

Vx <£ X (Bi 6 K(X) Jc A*ć I)
Proof. (i) = ^ ( ± i ) .  Let be an enumeration of X
and A^ ={a^ : [i <oC) for ori к .

A, В are defined as follows :
Л = JU A , x  [arfi , В = X2 v. A.

Clearly, if x =a ̂  then AX = A^Cl and Bx ̂  A«.- •
Hence f Bx I < ̂  .

у
(ii)=^ (i). If C S X  and CfeK(x) then C £  A ° for some 
yo <i X. Really, suppose as there exists C£ K(x) such that

V  у 6 X С x |yj^A ,
Then V y  £ X 3 x £ С < x,y > t В .
Since С^-К(х) and 4 is a regular cardinal number then there
exists x ć. С such that о

|[yć X i <" x„> У >  £ В}|= у?. ,
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a contradiction with (ii).
Lot CêK^X), then there existe y ^ é X  such that С — A °.
Since A ° e. I then CŁI.

Remark 0.
Consider the implication (ii) = ^ ( i ) .
The assumption that 4 is regular is essential.
P r o o f .  Suppose that jxl = 2 ,  . Let (a и beWj tin '
an enumeration of X. Let for

c£ =[а«г : ̂  - л * •
Notice that X = U  ĆT « . Let I be the (T-ideal generated, sby family 1|<,^ • Notice that I is proper.

I a {A £  X s A ç. ty T ct, T C u ) )( lTlścJo <j .
Define the sets А, В ^  X2 :

В = U  ^ C . x  C„ , A = X2 - B.
If x & X  then there exists  ̂< u) ̂ suoh that x ć .
Consequently B̂ . a KJ C  ̂ , | j j < ^  , (С ^С ы ^ and

cofinality of cj^ t is so i B ^ K c J ^  .
Similary, AX<_ С 1. and |j + 1| =CJ . Hence AX ć I.

h<-Z+i " , 5 e i .Let D be a selector for s Then |D| =
and D 4- I and therefore K(x)£l.
Theorem 1
Accepting the assumptions of the theorem 0 we suppose 
furthermore that I is a Ч -semicomplete ideal. Then the 
following statements are equivalent :
(i) К(х) I.
(iii) there exists a partition А,В £r X such that

V x  <L X (AX О  Bx £l).
Proof. Clearly (i)sss^ (ii)xaa^ (iii)
Now, suppose that the statement (iii)holds.
Assume, as there exists CtK(x) such that С I.
Let Ć a [c^ : у <oc} for «оше e< ̂  н  .
Since
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V  X с X c 4 Bx then
Ÿx é. X 3 y £ С <" X, y > t. A

Let С ^ = {xt X s < X i с^ > е  Ai .
Since С ^ A * then Cjé.1 for every «
and

X * U  j : j <<*} .
But I ls semicoœplete - a contradiction.
Remark 1. ( CH)
Consider the implication (lii) (i)
The assumption that I is u.-semioomplete is essential.
Proof. Suppose that Ix I = 2 . Let £C ̂  j ̂  be a
partition of X. Let 1 be the S' -ideal generated by this 
fastlly. Notice that I is proper.
Define the sets А, В <= X2 t

В = U U  С. к Си , A = X2 - в .j<u)j » г *  s z
If x £ X  then there exists J such that x ć. . Then
Bx * cff A* = c?» “nd Ł g £  I. Hence

B^ ć. I and A I . Let D be a selector for {с у : | k. £ . 
Clearly D Ć  K(x)- I.
Corollary 0. (Sierpiński)
If I is the ideal of oountable subsets of R then the
following statements are equivalent:

(i) CH ,
(ii) there exists a partition A,В SL R2 such that

V  a € R ( |AX \6cJc £\Bx |£CJ0).
Corollary 1.
If I is the ideal of the Lebesgue measure 0 sets on the
real line then the following statements are equivalent:

(i) V a ^ R  ( IA J 2 ==s>- A € I) ,
(ii) there exists a partition A, В ^  R2 such that

V x é  R (AX C I Ib^ I ^ 2ü « ).
Corollary 2.
If I is the ideal of the first category sets on the real



65

line then the following statements are equivalent:
(i) V a <= r (|a | <  2 Ы " Ь = >  AÊ.I),
(ii) there exists a partition A,B S  R such that

Vx<ŁR (AX Ć lic |Вх |<Г 2°° ).
Remark 2.
Consider the implication (ii) =*d>(i).
The assumption that is regular is essential.
P r o o f .  It is consistent with ZFC that 2 , the
real line is the union of a) 1 many sets of the first category 
and K(r) ф  I (comp. ГзJ ).
Then the oondition (ii) holds.
In fact, let R a U { С i : J < u>a ) and Ĉ fel for every J 4. .
Suppose that the sets Cj are pairwise disjoint (if they are 
not then we define

= CJ " f°r  ̂end I 1 for " o r y ^ .

Indeed, let (b._,) , . , be an enumeration of R.“ °c <
Define 1

с' = с ^ { Лос

Notioe that C-t ć. I, |С'|^со and U c ' T = \J С _ = R. 
Define ’ ’ ? 5

В S  U U cy X С and A =  R2 -  В . ,Let xć R then x £Г C* *°x* eome Therefore B^= KJ С ,
I В. * '  .  . *  И
Similarly, if I is the ideal of the Lebesgue measure 0 sets.
If it is consistent with ZFC that 2 ^ J = cJ., , the reala)*
line is the union of 0>^ many sets of I and K(r)^I 
(which the author krelives in ), then the oondition (ii) 
holds for I.
Corollary 3«
If I is the ideal of the Lebesgue measure О sets of R 
(of the first category sets of R) and I is Z°^c •seaioom-
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plate then the following statements are equivalent:
(i) V a ^  Я ( Ul < 2 ^ = ^  A £. I ),

2(ii) there exists a partition A,В <=. R such that
V x & R  (Ał Ł I  &  Bx6I ).

Remark 3.
Let I be the ideal of the Lebesgue measure 0 sets of R 
(of the first category sets of R), Consider the implication
(ii)=*>(i).
The assumption that I is 2 -semicomplete is essential.
P r o o f .  It is consistent with ZFC 2^° = u>2 * no*
2 cJo-semicomplete and K(r )^I (comp. СЗЗ )• Then (ii) 
holds.
Indeed, let I. ̂  | a partition of real line such that
С £ I for every .
Define В = U  \J CŁ x Cfa , A = R2 - B.

4< I J ?It is clear that the partition A,В satisfies the condition
(ii).
Remark 4.(ZFC)
Suppose that I is a proper ideal such that K(x ) nß^(x) tl,
J is a second power of I and AfB satisfy the condition
(ii). Then A,В <f. Sb J(X2).

2P г о о f. Let ÀfB be a partition of X such that
V x  é X (Bxć K(x) <& AX€ I ).

Suppose that A € Ĵ >J (X2 ). Sinoe AX 6 I for every *€x, then
A é  J, Sinoe A€.J3J(x2), then B ê A J(x2 ). Consequently
В ć. J. In fact, if B ^ J  then there exists i such that
Bx £ J 3 X(x)- I, but Bx e. K(x)- a contradiction with
K(x)nßI(x)£ I.

2Thus A,В €. J, X = A U  Bé J and X e I - a contradiction,
because I is proper.
Remark 5о (ZFC)
If I is a proper ideal, J is a second power of I and 
A,В satisfy the condition (iii)then A,В ̂ “(x2).
It is clear.



67

Corollary 5. (ZFC)
If I is the ideal of the Lebesgue measure 0 seta of R,

2J is the ideal of the Lebeague measure 0 sets of R , and 
Л, В satisfy the condition (ii) or (ill) then A,B^.ßJ(R2). 
Corollary 6. (ZFC)
If I is the ideal of the first category sets of R, J is the

2ideal of the first category sets of R and A,В satisfy 
the condition (ii) or (ill) then A,B^jÿ*(R2).
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O IDEAŁACH NA PROSTEJ ZAWIERAJĄCYCH IDEAŁ PODZBIORÓW М0СУ<2W 0

Streszczenie
W. Sierpiński udowodnił równoważność następujących 

warunków :
(i) Hipoteza Continuum,
(ii) istnieje podział płaszczyzny na dwa zbiory, z których 

jeden ma wszystkie cięcia poziome przeliczalne, zaś 
drugi wszystkie cięcia pionowe przeliczalne.

W pracy niniejszej rozważa się możliwość zastąpienia 
w twierdzeniu Sierpińskiego ideału zbiorów przeliczalnych 
przez inne ideały (zawierające ideał zbiorów mocy siniejszej niż 
continuum).
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