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ON IDEALS OF THE SETS ON THE REAL LINE WHICH CONTAIN

THE [1DEAL OF THE SETS OF POWER < 2 WO
Let X denotes a set. If Aé then =3yEX; (XL Yy)*AN
for each x of X and let = (xtX: X, ¥)*.A} for each

y of X. W, Sierpinski showed In [2] that the following
statements are equivalent :

(i) the Continuuai Hypothesis (CH),

(ii) there exists a partition A,B £ R2 (by R is always

denoted the real line) such that V x ¢ R( IAK[IcA

In this paper we generalize Sierpinski®s result.
It is shown in Theorem O that if tx|]= ft is a regular
cardinal number and 1 S P(x) 1is a proper ideal then the
following statements are equivalent :

@) VACKX (Al< 4 All ),
(ii) there exists a partition A,B 7= X2 such

Vx £ X (]B, |<r¢ & a<e i).

We use standart set theoretical notation and therminology.
A cardinal number is identified with the Ffirst ordinal
number of a power K, .
IT X 1is a topological space then the sign P(x) denotes
the family of all subsets of X and the sign JJ(x)
denotes the family of the Borel sets of X.
An ideal 1é P(x) is called a <*ideal iff the union of
countable many members of 1 always belongs to |I.

An ideal 1 — P(X) is called proper iff X"-1.
A proper ideal 1S P(x) is called -semicomplete

iff VoC<4 U Aj4* <«<e}£ 1
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IT IS P(X) is an ideal then ~(x) denotea the fajnily
{ACCX T3BER X An B ¢ i}, (A4 B =(A-B)u(B-a)),

Clearly ~(x) 1ia afield and 3O ulcBIX).-

An ideal PCX2) ia a aeoond power of an ideal | fa P(X)iIff

(i) Vaex2 1iAfi.~r = > 3 Bi(b2ai CV xé x-bi(ax€ i) j
HxtXN (A6 D1y .

(ii) Va~x2 rlaéfa>r (x2).7= » 3 x,yéX (A~CxhK i
Ir AvtR 1 (x) \1)]

For every aet X auoh aslX/>co0 K(x) denotes the ideal of
the aeta of power < [X]-

Theorem 0.

Suppose, that |[X[|=" , where * is a regular cardinal number.

If 1 ¢ P(X) ia a proper ideal then following statements are
equivalent :

@ KEO£1 ,
(ii) there exists a partition A,B£ X2 auch that

Vx €X (Bi 6 K(X) J A*E 1)

Proof. (i) =~(xi). Let be an enumeration of X
and A~™ ={a”™ : [i <oC) for ori Kk .
A, B are defined as follows :

n= J3Uu A,x [arfi , B = X2 wv. A.

Clearly, if x =a” then AX = A~CI and Bx " A«- e
Hence fBxI<”™

y
(ii)=~ (i). If CSX and CfeK(x) then C£ A ° for some
yo< X. Really, suppose as there exists C£ K(xX) such that
Vy 6 X Cx |yi™A ,
Then Vy £ X 3x £ C <x,y>tB

Since CM-K(xX) and 4 is a regular cardinal number then there
exists xoc':.C such that

I[Ly¢ X i <x,> y> £ B}|=y ,
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a contradiction with (ii).
Lot CéK~X), then there existe y”~éX such thatC- A °.
Since A el then CtlI.

Remark O.

Consider the implication (i1) =~(1).

The assumption that 4 is regular is essential.

Proof . Suppose that jxI = 2 , Wj . Let (aﬁ. 7 be

an enumeration of X. Let for

cf£ =[a«@ :~ -n* -
Notice that X =U (O« . Let I be the (T-ideal generated

by family ’ 1]<,n % Notice that 1 is proper.
la{A£f X sAc ty T ct, TCu))( ITISclog .
Define the sets A, B ~ X2:
B =U ~"C.x C, , A= X2-B.

IT x&X then there exists "<u)® suoh that x ¢

Consequently B~ a KJ c , i<~ , (CACwbI~  and

cofinality of cj~t is so iIB~KcJIAN

Similary, AX<_ CL and |g+1| =CJ . Hence AX ¢ |I.
h<-Z+i "' , e i .

Let D be a selector for s Then |D] =

and D 41 and therefore K(X)EI.

Theorem 1

Accepting the assumptions of the theorem O we suppose
furthermore that 1 is a UY-semicomplete ideal. Then the
following statements are equivalent

a K& L.
(iil) there exists a partition A,B fr X such that

Vx <X (AX O BxE£l).
Proof. Clearly (i)sss”™ (ii)xaa™ (iii)
Now, suppose that the statement (iili)holds.
Assume, as there exists CtK(x) such that C I
Let C a [c” :y<oc} for «owe e<”™ H .
Since
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vXc X c 4 Bx then

Yx é X 3y £ C X,y > tA
Let C~N = {xt X s<Xi c”">e Ai .
Since C ~ A ~* then Cjé.1 for every «
and

X * U J - j<<*}

But 1 1Is semicoeplete - a contradiction.
Remark 1. ( CH)
Consider the implication (liQ) (1)
The assumption that 1 1is u.-semioomplete is essential.

Proof. Suppose that Ixl= 2 . Let £~ jn be a
partition of X. Let 1 be the S-ideal generated by this
fastlly. Notice that 1 is proper.

Define the sets A, B <X2 t

B=_U_. U c.K cn , A=X2-B .
J<u)j »r>* S z
IfT X£X then there exists J such that x ¢ . Then
Bx * cff A* = c?» “nd Lgf 1. Hence
B ¢. 1 and A I . Let D be a selector for {cy ]k £ .

Clearly DC KMX)- L.

Corollary 0. (Sierpinski)
It 1 is theideal of oountable subsets of R then the
following statements are equivalent:

Q) CH,
(ii) there exists a partition A,BS R2 such that
V. a € R ( |AX\6cJcE\Bx |£CJI0).

Corollary 1.
If 1 is theideal of the Lebesgue measure 0 sets on the
real line then the following statements areequivalent:
() Va~”R (IAD 2 == A€ D ,
(ii) there exists a partition A, B ~ R2 such that
Vxé R (AXC 1 b1~ 20 «).
Corollary 2.

If 1 1is the ideal of the first category sets on the real
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line then the following statements are equivalent:

(i) Va < r(Ja] < 2b"b=> AE.1),
(ii) there exists a partition A,BS R such that

Vx<tR (AX C lic |Bx I 2°° ).

Remark 2.

Consider the implication (ii) =*d>(i).

The assumption that is regular is essential.

Proof. 1t is consistent with ZFC that 2 , the

real line is the union of a)1 many sets of the first category
and K(r)¢ 1 (comp. I3J).

Then the oondition (ii) holds.

In fact, let R aU{Ci:J<u»a) and CYel for every J4 -
Suppose that the sets Cj are pairwise disjoint (if they are
not then we define

=CJ" fer ~end | 1for "ory"n.

Indeed, let (b'i’)t( , be an enumeration of R.
Define 1

c® = c”™{ Nloc

Notioe that GCt¢. I, |C"|”co and Uec*T= \J C_=R.
Define 7 > ? 5

BsUUcyxCand A=R2- B.

Let x¢ R then Xxf£fI C* *°x* eome Therefore B"= KJ’ (O

IB. *r . * N
Similarly, if 1 1is the ideal of the Lebesgue measure 0 sets.
ITf 1t Is consistent with ZFC that 2’\J=cJa)* ,
line is the union of 0> many sets of I and K(r"Il
(which the author krelives in ), then the oondition (il)
holds for |I.

Corollary 3«

the real

IfT 1 is the ideal of the Lebesgue measure O sets of R
(of the first category sets of R) and 1 is Z°"c esealoom-
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plate then the following statements are equivalent:

() van 4 (ur<2~r=n~ AE 1),
(ii) there exists a partition A,B <:_R2 such that

Vx&R (AFLI1 & Bx61 ).
Remark 3.
Let 1 be the ideal of the Lebesgue measure 0 sets of R
(of the first category sets of R), Consider the implication
(ii)=*>(i).
The assumption that 1 is 2 -semicomplete is essential.
Proof . It is consistent with ZFC 27° =u»2* no*
2 cJo-semicomplete and K(r)™l (comp. C33 )= Then (ii)
holds.
Indeed, let LM a partition of real line such that
CE I for every -
Define B = U 4\<JI C} X Coﬁ , A = R2 - B.
It is clear that the partition A,B satisfies the condition

).
Remark 4_.(ZFC)
Suppose that | is a proper ideal such that K(kx)nBAr(x) tl,

J 1is a second power of 1 and AfB satisfy the condition
(i1). Then A,B <€ SbJ(X2).
Proof. Let AfB be a partition of X2 such that
Vx €& X (Bx¢ K(xX) <& AXE 1 ).
Suppose that A€ JY=J(X2). Sinoe AX6 1 for every *€x, then

Aé J, Sinoe A€.J3J(x2), then BeA J(x2). Consequently
B é&&J. In fact, if B~J then there exists 1 such that

BX£J3X(X)- I, but Bx eK(x)- a contradictionwith
K)nBIX)E L.
Thus A,B €. J, X2 = AU BéJ and X e | -a contradiction,

because 1 is proper.

Remark 50 (ZFC)

If 1 is a proper ideal, J 1is a second power of I and
A,B satisfy the condition (iii)then A,B™ “(X2).

It is clear.
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Corollary 5. (ZFC)

[ | is the ideal of the Lebesgue measure O seta of R,

J is the i1deal of the Lebeague measure 0 sets of R , and

N, B satisfy the condition (ii) or (ill) then A,B~.RJI(R2).
Corollary 6. (ZFC)

IT 1 1is the ideal of the first categgry sets of R, J is the
ideal of the first category sets of R and A,B satisfy

the condition (ii) or (ill) then A,BMNjy*(R2).
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O IDEALACH NA PROSTEJ ZAWIERAJACYCH IDEAL PODZBIOROW MOCY<2WO

Streszczenie

W. Sierpinski udowodnit réwnowaznos¢ nastepujacych
warunkow :

(i) Hipoteza Continuum,

(ii) istnieje podziat ptaszczyzny na dwa zbiory, z ktoérych
jeden ma wszystkie ciecia poziome przeliczalne, zas
drugi wszystkie ciecia pionowe przeliczalne.

W pracy niniejszej rozwaza sie mozliwos¢ zastgpienia

w twierdzeniu Sierpinskiego ideatu zbioréw przeliczalnych

przez inne ideaty (zawierajace ideat zbioréw mocy siniejszej niz

continuum).



