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MULTIFUNCTIONS OF TWO VARIABLES WITH SEMICONTINUOUS SECTIONS
A multifunction FtT — ^ Z is a function whoa# value F(t) 

for té T is a non-empty subset of Z. Given topological 
structures on T and Z (or even oonvergence structures) 
it is possible to define continuity of F in various ways 
(see e.g. fl, 1 2 , 19))»
Definition 1. We say F that is upper semicontinuous at point 
t^é. T if for each open set G containing F(to )the set

F+(g )!s [ t £ T  : F(t ) C G }  
is open. Dually, ve say that F is lover sealcontinuous at 
point tQé-T if for any open set G which meets F(to) 
the set

F"(g )j= [t€ T  : F(t)nG ^ T-F+(Z-G)
is open in T.F is called continuous at point to<=. T if it 
is both upper and lover semicontinuous at tQ.
F is called upper (reap, lover) semicontinuous if it is 
upper (resp. lover) sead.continuous at each point of T.
When F is compaot-values and lover semicontinuous then the 
set of all points of upper semicontinuity of F is the 
complement of the union of any countable family of nowhere 
dense closed sets. If F is closed-valued and upper semicon
tinuous then the set of its points of lower semicontinuity is 
the complement of some countable union of nowhere dense closed 
sets (see fl8J). We may ask the following problem related 
to the Shih Shu-Chung Tl8j results:
Problem 1. Let X he a Baire space, i.e. the intersection of 
each countable family of open dense sets in X is dense.
Let A and В be two disjoint F^-sets of the first category
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in X. Does there exist * function f from X into R with 
positive values such that f is lower semicontinuous exactly 
on X-A, upper semicontinuous exactly on X-B and continuous 
on X-A-В. In some particular cases the answer is affirmative 
in virtue of some recent works of Z. Grande L 8 J and 
T. Natkanlec . If such a function f exists, then the multifunc
tion F:X — ^  R defined by formula F(x)= £-f(x) i *"(*).] 1» 
upper semioontinuous exactly on X-B, lower semicontinuous 
exaotly on a preassigned subset X-A С X, and has compact, 
oonvex values«
Let T=XxY with the cartesian product topolog-y, i.e. the 
smallest topology for whioh all projections are continuous.
If S is any subset of XxY and x is any point of X, we 
shall call the set := { yî(x,y)ts} a section of S, or,
more precisely, the section determined by x. At times when 
it is important to call attention not so much to the particu
lar point whioh determines the section as merely to the faot 
that the section is determined by some point of the space X 
we shall use the phrase X-section. The main point is to 
distinguish suoh a section from a Y—section determined by a 
point jr in Y ; the latter is defined , of course, as the 
set Sy := [ i: (x,y)feS}. We emphasize that a section of a 
set in a product spaoe is not a set in that product space 
but a subset of one of the component spaces. If F is any 
multifunction defined on a subset S of the product space 
X X Y and x is any point of X, we shall call the multi
function F , defined on the section S by formula x ’ X *
Г^(у)= F(x,y), a section of F, or, more preoisely an 
X-aeotion of F, or, still more precisely, the seotion 
determined by x. The concept of a Y-section of F, determi
ned by a point у in Y is defined similarly by Fy(x)= F(x,y). 
Notioe, that every section of a lower (rasp. upper)semioonti- 
nuous multifunction is a lower (reap, upper)semicontinuous 
analtifunotion. Multifunctions of two variables have been 
studied by C, Castaing Г2,3] , A. Cellina П+ J ; A. Fryszkowski 
L 6 ), T. Neubrunn [iMt and B. Ricceri fl5»l6].
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The purpose of this paper is to obtain some multivalued analogue of 
the renowned Kempiety theorem (see f9J )• Ve start with the 
following lemma:
Leśna 1 . Let (X,dy) and (Y,d ) be a metric spaces, Z an ' ^ Уarbitrary topological space and F:XxY — Z a multifunction
with lower semicontinuous Y-seotions, not necessarily closed-
-valued. Then for eaoh real constant r > 0, the multifunction
F^rXxY Z defined by formula

/§/ XxY3(xo,yo) Fr(xo ,yo) = r)F(xo,y)cZ

is lower sesloontlnuous on the whole space XxY .
К(уо ,г):= I y t Y tdy(y,yo)<ri means here the dy-ball of radius 
r and center yQ.
P r o o f .  Let (xo ,ye)€.XxY be an arbitrary point.
Ve shall show that the smltifunction F is lower seari.conti-Г
nuous at point (X0 ’F0 )* Gc- z be 3X1 open set for whioh
Fr(xo,yo )n G / 0 . By /§/ there exist a point y ^ K  (уо >£) 
such that F(xo,y^)n G is nonempty. Since the section F * 
is lower semicontinuous on X, hence there exists a radius 
r^ > 0 such that for each x^Kfx^r^) the Intersection 

nonempty. Since dY(yQ ,y^)гг, there exists 
a r2> О such that dy(y »y,j)a r - r2# By a triangle 
inequality, we have dy(y1 ,y)^. dy(y1 ,yQ )+ dy(yo ,y)<(r-r2 )+r2=r 
for eaoh yt К(уо,г)< Thus y^ belongs to the ball K(y,r) 
for every yfc K(yo,r2). Consequently the inclusion

Их|У,) c (__) У(*.У3)= Fr(x»y)
y3t K(y,r)

ia valid whenever y£K(yo,r2) and xcK(xo,r^). But
F(x,yi)n G i 0 so Fr(x,y)flG is nonempty too, whenever
(x,y)eK(xQ,r1)x K(yo ,r2). The set v(xo ,yo)= K(x ,r^)x K(y# ,r2 )
is an open neighbourhood of an (Х0 »У0 ^€ XxY . The lower
semicontinuity of F at (x ,y ) is thus proved.г о о
The following two lenmias are generally known, but they are 
lnoluded for the sake of completeness.

/
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Lemma 2. Let X,Y and Z be aa before, and let HsXxY Z 
be a lover semicontinuous Multifunction with arbitrary values. 
Then the Multifunction HsXxY —*■ Z, defined by H(x,y):e H(x,y) 
le also lover senioontinuous. The dash stands here for the 
closure operation ln Z.
P r o o f .  Let (Х0»У0  ̂b* &n »rbitrary point of XxY, and
let GC. Z be an open set for vhich H(xe,yo )nG is nonempty.
Slnoe н(хо,уо) is dense in Н(Х0»У0 )» *° nl*o H^x0*Y0 f̂'G
is nonempty. By lover semicontinuity of the multifunction G
there exists a neighbourhood V(x ,y )с XxY such thatО о
H(x,y)nG is nonempty vhenever (x,y)tv(xo,yo).
By inclusion H(x,y)d H(x,y) the intersection B(x,y)ftG is 
nonempty too. Thus H is lover semicontinuous at (xo ,yo ).„ 
Lemma 3» Let X,Y be as before and let Z be a regular 
space , i.e. each point z fcZ and each closed set De Z not 
containing z, have disjoint neighborhoods. If a multifunction 
F:XxY —*■ Z with closed values has upper semicontinuous 
X-sect ions then the inequality oo

F(xo»yo)= lim eup F ̂ *Fo):* 0  FJ x.yo)x ->■ X Q r =1
holds vhenever (x ,y ) €• XxY.О о
P r o o f .  Z> : Let z belongs to Z-F(xQ ,yo ). Then there 
exist an open set G=>F(xo,yQ ) and an open neighborhood 
v(z)c Z of a z such that v(z)o G с 0.
The section F being upper semicontinuous at the point
yo fY, by definition there exists a radius гз> G such that
у С K(yo, r^ ) implies F(xQ ,y)e G. Thus w(z)nF(xo>y) is empty
for y K(y ,r_). Then the intersection v(z)o F (x ,y )о j r_ о о
is empty, too. This means that z is no cluster point of 
Fr (ro,yo), and thereby the intersection F^ (xo ,yo)hV(z) 
is^empty . ^
Therefore z ф. lin; sup F(x,yQ) c F r ^x0,yo^ and
lim sup F(x,yo)c F(xo,yo ).
X - é  X о
C s  If zeF(xo ,yo) then for each radius r>0, a point z

i



87

belong« to F f  x ,y )3 F(i ,y ). Consequently r o c  о о
* ć. lie sup F(x,y ) and thereby F(x ,y ) 11 ю F(x,y ).

X X ° 0 0  °

The proof le ceaplete,
REMARK 1. This proof is very elellar to the proof of 
proposition 1.U. in Г1 2З. Notice, that [123 contains a 
typographical error In 1 ****•)
Ve are now in a position to state and prove our nain theorem. 
Recall that a isultifunction F: T — > Z is of upper class оС 
if F+{g) is a Borel set in T of additive olass for each 
open set G in Z Dually, we say F that is of lower class 
o£ if the inverse image F~(G) of each set G open in Z

is a Borel set of additive class oC. in T.
T H E O R E M  1. Let FsXxY — > Z where X and Y are metric 
spaces and Z is a compact metrizable space. If F is closed- 
-valued aniltifunction with lower semicontinuous Y-seations 
and upper send.continuous X-sections, then F is of upper 
dass 1.
P г о о f< Lemmas 1,2 and 3 imply ismmdiately that F is 
oountable intersection of family ^Fp : r= 1,2-1, 3_1, •••} 
ef lower semicontinuous multifunctions with closed values.
Eaoh Fp is of upper class 1, in fact it is of first Baire
class as function of XxY into the hyperspace of all dosed
nonempty subsets of Z with exponential (Vietoris)topology. 
This follows from theorems 1 and 2 of reference Clij.
But if Fp is in upper class оС for r= 1,2 *, 3~\ ...» then 
so is F1 о F^-1 Л F^-1 0 t*ee Cl 13 , th.U and П°3 for 
the proof). Hence F is also in upper class 1 and our 
theorem 1 is proved.

\REMARK 2. Let R denote the real line, and let 
g,h > XxY — ^ Rvj^-oo, + 0 0^ be two extended real-valued 
funotiens, such that g(x,y)£h (x,y) for every (x,y) in XxY. 
Define FsXxY —* R by F(x,y)=(zfeR : g(x,y)$z ̂  h(x,y) } .
F is of lower (resp. upper) class =< if and only if g 
is of upper (resp. lower) class с.С and h is of lower 
(resp. upper) class °C in the sense of V.H. Young, Thus our
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theorem 1 can be deduoed from the famous Komplety theorem [9 ]
In the oaee Z=R. Somewhat conversely we may ask the following 
open problems
Problem 2, Do there exist metric spaces X, Y and Z and 
a multifunction FsXxY -y Z with closed values, lower eemi- 
oontinuoue Y-sections and upper aemicontinuous X-aectlona 
such that F la not In lower class 1 ? In the sequel 
we illustrate some bad behaviour of multlfunctions whose 
X-seotiona and Y-aectlons are eiamltaneously lower sestlconti- 
mious or upper semlcemtlmueus.
THEOREM 2. There exists a multifunction F:RxR —y R with 
compaot convex values, whose X-seotions and Y-sections are 
lower s ob lIcontinuous and falls to be continuous at no more 
that one point, but F Is not In any upper or lower Borel 
class.
E x a m p l e s  Let S be a nonmeasurable Sierpiński set
whose X-sections and Y-sections are singletons (see Li7 ] for
the construction) Define F(x,y)e f-1; 1] if (x,y)feS and
F(x,y)= 1-3.3] otherwise. Clearly Fx(y)= if Sx= y^
and Px(y)m C— 3 ; 3 3 sx Ć iyj . Obviously eaoh section
F sR — >R Is lower sead.oontinueus, since F~ ((a,b)) is * 2 ïempty or whole plane R for open intervals (a,b).
Symmetricaly each F^ is lower sesicontinuous, The values
of F are clearly oonvex and oompact. But the inverse image
of the open interval (2;<t) and of the closed set ^3 } under
F is not Borel s

F" ((2;1»))= F~({3} )= H2-S

REMARK The above example also show, that there exists a
smltifunotion FsRxR — ^ R with convex compact values, whose 
X-sections are of lower dass 1 and Y-sections are of upper 
class 1, but F is not in upper class 2. Then the theorem 1

x^This problem has a negative answer in case where Z is 
separable . Proof will appear in a later paper.

i
/
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cannot be generalized for higher classes.
REMARK k. Somewhat surprisingly, theorem 2 also show, that 
Carathéodory's condition, i.e. lower semicontinuity of 
X-sections and measurability of Y-sections is not sufficient 
that the multifunction F:XxY — ^ Z be measurable nor weakly 
measurable (see definition 3 below)

2THEOREM 3. There exist a nonmeasurable multifunction F:R —- R 
with compact, convex values and upper semicontinuous all 
sections.
E x a m p l e  : Put F(x,y)= [-3»3] if (x,y)fcS and 
F(x»y)= C-1 * otherwise. It is easy to oheck, that F is
as required.
THEOREM k. There exists a nonmeasurable (nor weakly measurable) 
multifunction F:RxR R whose values are G convex sets, 
whose X-sections are lower semicontinuous and Y-sections are 
continuous (i.e. semicontinuous in both senses).
E x a m p l e  < Let C<-'R be a dense ( border, nonmeasurable 
set, whose inner density at eaoh point is 0, and outer
density at each point is 1. Put F(x,y)=f0;O if у С С
and F(x,y)= L0;1) otherwise. It is easy to check, that F 
is as required.
Definition 2 (cf.["8 J ) Let T be seoond countable topological
space and Z a metric space. Assume that F:T — >> Z has
closed values. Ve say, that F is strongly lower semicontinuous
at point to&  T if it is lower semicontinuous at this point
and, moreover, there exists an open set U C T  such that
t t U  and we have lim F (t)= F(t ), where the limit is
° и Э t-»t
assumed with respect to the Hausdorff metric
h(K1, Kg )=aro tg maxj^ sup dlst(z1 ,К£ ), sup diet (a^,^)]

se . £  К . z  2 К л
where diet (*e,K):= inf $,d(zo,z) :zfe к} and d denote the
metrio in Z.
REMARK 5. In the above definition we may also used another 
metrio on the familly of all closed non-empty subsets of Z.
Let p be a fixed point of Z. The metric hp is defined
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by formula
hp(KltK2):= tap [ I dlat(z,K1 )- diet(z,K2)j-exp [-dCp.z)] ̂

2^ Z
Definition 3. Let (T,S,m) be a measurable space and Z a
topological space. Ve say, that a multifunction FsT — ^ Z is
weakly measurable if the set F“(g ) is в-measurable for each 
open set G in Z.
THEOREM 5. Let X and Y be two locally compact topological
spaces i with Radon measures га^,Шу respectively. Let Z be
a locally compact metric space and let FsXxY. — ► Z be a 
multifunction with closed values, such that all X-sections 
are strongly lower semicontinuous and all Y-seotions are lower 
semioontixmous in common sense. Then F is “у® иу “ weakly 
measurable.
P r o o f ; Ve argue by contradiction. Assume that F is not
m^ ® Шу -weakly measurable. Then there exists an open set G
in Z such that F-(g ) is not m : ту -Measurable. Hence 
there is a m-measurable subset A C ï’(g ) such that the 
difference F-(g )- A is simultaneously of interior measure m 
null and of exterior measure m positive :

»<[f“(g)- a] = 0Л rn* [f“(g)- AJ > 0
By virtue of locally compactness of Z there is a increasing
family G1 С G1 С  G2 C  G2 с • • • ... С. G ^
of open sets in Z such that F (G) = F~/ \J G. ) = U  F ( G, )

4=1 *г _ 1 = 1Ve can select a suitable index iQ such that m )- Aj> 0
Define Bs= F~(G^ )- A and observe that for every subset 
S C  XxY such tha? tn (Sf) В)> 0 we have also m* ( S Л F+( Z-G) )> 0. 

Since all Y-sections are lower semicontinuous, hence for every 
point (x,y) É B C X k ï  there correspond a basic open set 
U(x,y) in X such that xe. U(x,y) and F(p,q)nG4 is 
nonempty whenever p ć  ü(x,y). Since X satisfies the second 
axiom of countability and since ш*(в) is positive, it follows 
that there is a basic open set ^ c  ̂  such that the exterior 
measure of the set
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С t* £ (x,r) e в : u(x,y)= uo  ̂

la positive , и*(с) > 0, Define

D := 5 y ć. Y j there is a point x t X such that (x,y)ć cj
-'Гоп 12

and В : = {q( Y : li—  —--
1 i -*•<*> * L \ ą ]

when A4 = (Alq , A2q ,...^ is a suitable open filterbase
( of differentiation) in Y convergent to singleton q .
Then the exterior — sature a* (d )= —^(d OE) is positive and
the set E is mv-—easurable in Y. Fix a point y t D U E

/ \ ° and observe that Д Р|Ув ) П is none—pty for each p t U fl.
Since all X-sections of F are strongly lover senicontinuous,
hence for eaoh point

y
(x,y)£ [Uo x (EnA^ °)]л F+ (Z - G)

у
there correspond a basic open set V(x,y)c.A.) С Y such that 
the inclusion F(x,q)cZ - +2 holds whenever q fc. v(x,y)
Since Y satisfies the second axiom of countability and since 
the set Kq = fU0 x (E ААУ°),]пЕ+ (z - C) is of the positive 
exterior measure m , there is a basic open set V C. Y such 
that the set Kj = Г(х,у)^.Ко : V(x,y)= has positive
exterior measure mir(K1)>0 , too .
Define M.J = £хё X : there is a point y£ Y suoh that (x,y) 
belongs to J and ( closure with respect to x ) .

Let us observe that m* (G^^O and F(x,y)cZ - G^ +2 for 
each point (xry ) H . x V ^ , in virtue of the lower semicontinuity 
of the Y-sections.
So far, we proceed by induction. For eaoh point 
(x,y)e [Н1 x ( E n A g ^ Q  Л F+(Z - G) there exist a basic open 
set V(x,y)«= А2У° с  Y such that F(x,q)cr Z - G^ +2 whenever 
q fc V(x,y), Consequently there is a basic open set VgC Ag °c 1 
such that the set

K2 ={(x,y)fcfH1 x ( Е Л А 2У°)]п F+ (Z - G): v(x,y)= V2}

)
- -  ll



is of the positive exterior measure nigfKg) > 0. Define
Mg =[xfeX : there is a y <£ Y such that (x,y)eKg^

and Hg s Mg and observe that F(x,y)<îZ - +2 for each
r °point (x,y)feHg л Vg. Moreover mx(Mg)>0, Hg c. et

шх(Hg)> О . Proceeding inductively, in the n-th steep we have
a closed set H С- H_ of positive measure m„ and a basicn n-1 X
open set V^C лп с Y such that F(x,y)c. Z - +g whenever
(x,y)6Hn <Vn . ûo
Let X belonas to О  H_, Since x £ U , hence we haveо n=l n o fc o' _ _
F(xQ,yo )n G^ / 0 . On the other hand yQ belongs to ,

О о»

and F(xo,y) С Z-G^ whenever y £  ^  . It follows that
О

F^ is not (strongly) lower semicontinuous at the point yo,
О

oonpleting the proof. Recall that a function f : T —. Z is 
said to be a selector for F s T Z if f(t) is a member
of thę set F(t) for each t €E T, Based on the above definition
we present a theorem inspired by papers £T6 J and Î15-16J:
THEOREM 6, Let F be a multifunction from X x Y where X and
Y are the separable locally compact metric spaces, onto closed 
and convex subsets of separable Banach space Z. We assume that 
all Y-sections of F are lower semicontinuous and that all 
X-sections of F are upper semicontinuous. Then there is a 
Borel 1 selector f s X N Y  Z of F with continuous
Y-sections and having X-sections of the first Baire class.
P r o o f :  Let C(X, Z) denote the space of all continuous
maps by X into Z. The compact-open topology in C(x,z)is 
that having as subbasis all sets £ffcC(X,z): f(K)ccJ , where 
К С X is compact and G С- Z is open. It is known, that under 
the assumption of theorem 6, c(x,z)is separable, locally 
convex linear topological spaoe. Define the multifunction 
P:Y C(X,Z) by formula
P(y)r [ft c (x ,z ) i  f(x)4 F (x,y) for each x e X  J .
We prove that P is upper semicontinuous multifunction from 
Y into closed and convex subsets of linear topological

92
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space C (X, z).  In faot, it suffices to prove that 
P“(D)Ł where D is a closed set of the fora
D :=D(fo, £, ,K)ts [f £C(X,Z)x sup l| f (x)- fQ(x) || < £, |

x£ К
where К is compact in Xt fQ belongs to C(X,z) and £ > 0 
is positive real. Denote by К (f (x)t^> the closed ball
in Z centered at f0(*) a*1*1 radius £, . Then by celebra
ted Michael selection theorem [1 3] we have

P"(D)e [y X P(y)r,D(fo , t ,K)^ 0} -
s [y : K(fQ(x), £ ) n F(x,yV 0 for each x 

Since X-sections of F are upper semicontinuous, i.e.
F“ (b ) is closed for each В a B C Z  , we have that the sot

[y î F (x,y)oK (fQ(x), С  ) / 0 

is closed for each x £ K  . Therefore
P"(D)= П  (y : F(x,y)n K(fo(x),£ )/ 0) = xQ k Fx ^ (fo(x)*é ^  х е к
is closed in Y, and consequently P is upper semicontinuous. 
Let us recall that locally compact separable metric space X 

is also fT-coiupact, i.e. it can be expressed as the^union of 
at most countably many compact spaces. Write X = ^
where the are open, c. and is relatively
compact for each 1. For all ^  C(X»Z) and each
nsl,2......  define
rn(fltf2)t= min (n”1, sup I !lf t(x)- f2(x)ij ; x fc $ )
Then d(fltf2):= sup { rn(f 1 *f2) » n= 1,2,... j. metrizes the 
compact-open topology in C(x,Z), but there is no metric d 1 
in Z such that d+(f^,f2):= sup J d^(f^(x), f2(x)): xfe X J 
metrizes this topology .
Thus C ( X , z )  is a Polish space and hence there exists a Borel 
1 selector p for our multifunction P : Y — C(X, z )

(see [5j) .
Put f(x,y)= p(y)(x). By £7 ] a map f: X < Y  — ^ Z is in the 
first Baire class and thereby has the Baire 1 X-sections.



Moreover all Y-sections are clearly continuous, which 
completes the proof of our theorem 6.
REMARK 6. In [62 p. ^ 3 ^  i A, Fryszkowski errorously treat 
C(X,Z) as a Banach space. Hence his proof of lemma in p,kj 
is not correct. But this proof can be easily improved using 
the above technique.
REMARK 7* Some particular values of the aiultifunction F in 
theorem 6 may fail to be convex (see 1/152)» Namely, if there 
exists a subset E of X, with dim^E £' 0 such that 
F(x,y) is convex for each (x,y)fc (x - E ) x Y only, then the
theorem 6 is also true. The sign dim^E S? 0 means here that
dim В ś 0 for each В С. E which is closed in X, where
dim В denoted the covering dimension of T.

I am indebted to Z. Grande for his oonstant willingness 
to discuss some details. His imaginative and penetrating 
criticisms and suggestions have let to вашу improvements.
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MULTIFUNKCJE DWOCH ZMIENNYCH O PÓŁCIĄGŁYCH CIĘCIACH 

Streszczenie

Przedmiotem tej pracy są multifunkcje F: X к Y — » Z, gdzie 
X i Y są przestrzeniami metrycznymi, a Z jest przestrzenią 
metryczną ośrodkową. Główny wynik dotyczy przynależności do 
górnej klasy 1 multifunkcji F, której wartości są domknięte, 
a cięcia odpowiednio dolnie i górnie półciągłe. Zilustrowano 
też patologiczne zachowanie się multifunkcji, których wszystkie 
cięcia są dolnie półciągłe i wprowadzono koncepcję silnej 
dolnej półciągłości. W końcowej części pracy podane są 
warunki dostateczne istnienia selektorów badanych multifunkcji 
o określonych z góry własnościach.


