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AN ESTIMATION OF THE SOLUTION OF AN OPERATOR INTEGRAL EQUATION
OF VOLTERRA"S TYPE FOR VECTOR- VALUED FUNCTION WITH VALUES
IN AN ORLICZ-SOBOLEV SPACE WITH ARBITRARY MEASURE

1. In [2] we dealt with a Volterra®s integral equation
X
(¢D) ux) = J T, tHut)dt + bx)

where x, t, af rR" , b and u are vector-valued functions
of the variable t (af t<x) with values in a Banach space Y
and T(x,t) is a linear bounded operator of Y into itself

for aitf£X , strongly measurable in both variables. The
order relation o~d for c¢c = (¢c™»...,en)e Rn ,
d =({j,.--.,dn)E.Rn means here that cx- ~Aor i=1»2,...,N.

Denoting by IT the spaoe of all such operators and supposing
that 1/b()(@,, £ B(X) where b (x) is measurable and bounded
for xi a, there was proved the following theorem:

Let us suppose that A(xft) is a real-valued function,
defined for asEtf£ x , nondecreasing with respect to x for
every t and suoh that a(t,t) is measurable and bounded for
tia, oo /A (,tHdt | for X 1 a. Moreover, let us
suppose tha?

@) A/T(x,t)F s oca(x, t) for aEtnx,

where is independent of X and t.

Then the integral equation (1) has a unique solution in
the space of Y-valued, bounded and strongly measurable
functions in Xxi a . Moreover, we have an estimation

X
HuQGOHY € P (X) esp (JeCa(t,t)dt) for xi a ,
a

v
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where B (X)= eup B(t) , and where HbX))] 1 bX).
astix .
2. In [3] the case Y = U, (E)Orlioz-Sobolev space were

considered, where £ denoted a bounded open subset of Rn
and where if denoted a convex, nondecreasing real function,
£f*the function complementary to  in the sense of Young

and (e) the space of measurable functions with generalized
derivatives D ut L™ (e) for IRl é k , and ) is an
Orlicz space. In [3] there was given an estimation for the
norm of an integral operator T of the fe>m v=Tu, where

VvV 6-= \tu~ df , in case of function u from the Orlicz-

-Sobolav space (e) over an open subset T of Rn of
finite measure. Writing T=T(x,t) whith fixed x,t é E, this
estimation was of the form T A» where ¥~ is the
space of linear, continuous operators in (),

IT||* = sup B Tu HlE with

iljia Z  1iorutir ;0(«)'= J>(J«H) dir
* Ipl~™K » 3 E
and T satisfy the following conditions:
1° DC (T~ ) exist in the usual sensefor &,c cE, R £K
and are continuous functions of the variable S'CE
uniformly with respect to"Cfc E
2° DCTg-j- ) ¢ L <F (BE)as a function ofvariable X e E
for every S’C. E,|FIEK
3° IDX (T TIsIAM for (T.,t6 E , |jV]é K.
ke An=2 An
IpliK P
3. Herewe aregoing to extend this result to the case of
an open set EC Rn of arbitrary measure possibly alsoinfini-
te. The assumptions 1° and 3° will be now replaced by
the following ones:
1# 9 holds in every set of finite measure E(CE
3 ~V (@£EA@)"Ap for|lil5 K where
o<res> CN<? 1 in E and ()¢ L«Fk for NN K,
being complementazy to CF in the sense of Young.
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Let us write M — Maxl|6 |}, A =max An , where
y*(W=J <F(lu DHdt . n ipiik
First, EIet us observe that the following lemma holds.
Lemma. Let satisfy the condition
(42) Qu s (u) for u> 0.
Assuming TOft/’\* satisfies the assumptions 1 , 2° and j" ,
then holds

00 Dg(/ TVEK*X dt)= J dt f°r eVOry

ue (e).

Proof. Existence of the integral at the riipght-hand side of(*)
follows from the inequality

/b £ ((<r,r Hut Jdt i 1 Hul 14 )

where M«l1lis the Orlicz norm in L™ (e) and
\l (»)= /</ (Ju 1)dt 1is the modular defining the Orlicz space

LV(E;\, is the modular defined as above, where (ftis the
complementairy function to (p in the sense of Young.

Obviously, (*) is true for@®=(0,0, ...,0) . Now let us suppose
that GO holds for |p(<! if 0éU k, Let |pjt 1,

@ pnrf.t . p = ye (ML, L, (3 L),
h=(@,....,h,...,0) withh> 0 at the i-th place. Let
>0 be given. There exists a a > 0 such that
 ~ n I< C. for IhIC and all & such

that ¢, 6"+ h ¢ E ,
Let us write

Ah =T >- "DEW DhI~

where B , R , h are defined as above 10 [BI£ I ™ k.
Applying the mean-value theorem, we get

I~hl = SI K DN (Tdr,) 1 IurldT with e
We split now the last integral over E -onto integrals 10
and 12 over disjoint sets E!l and E2 such that ErE~Eg

and E, is of finite measure obtain | 4l+l.;+ Lo . It
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111 easily seen that

i2* f |d:"(tw S D|J«TKIr . / 1dAT(t a u
2 E

(TAV-h. DI ADN (™ DlIs  H u e2llf |

where * j, is the characteristic function of the set EA.
But by assumption 3*» where we have 0 »> 1 in E ,
Ds (4" )HMr4-y IAv:IINY N~ h * ay e
Hence

*2-. 2V 0V W', u*s2|< 2AM UN«*B W|E|AM Iu Tle IIf *
Leti.> 0 be given and let us take . Sinoe u6L”™(e)
and satisfies (A for u>0 , so

/V Orluri )d C < ¢ .
u

But we have E=E O E , where the set E C. E is of finite
Masure and theréforé writing E=E \E ' we see easily that

f*f@G lut/ )T~ 1
e, N ; . _ .
and consequently RJu ~E |l £ < Thus J - Now keeping

B~ fTixed from the assumption 1" we conclude that therfb
exists a S> 0 such that

IDI9 (T D~ (T I ——
+ h,t _ * X 2igEn~jiuiiz
for e E1 and |h | 4, where 6“»@" +hee} Hence

\Y >- *
- F e » 1M lip>ljull*= 1 £ for
21Ued|;-Jqull? 2 s 2

Consequently,],” £ for |h|<cF . This proves the lemma.
Theorem. Let us suppose that Tg. satisfies the
assumptions 17, 2°, 3* and k° with O0O<g”~(r)<i .Additional-
ly, let the functions e” (<7) and () from 3* be
integrable over E and O0O< 1 for C. B. Then

T 11~ <fcAn with & = c*, where
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c'= «ar jax (/ o. GHYB", / g () do)l
1?14* E E b t

Proof» Lot 3 (@)*/i(t)dC , N @)x rF=(?)d6< for MuurtbU
A C E. Thon vo have with 0<£ C&)0 A

froKu Ff"~DP~IUsM f(F =
* / <f de K **J««* £4 L V (>«, (D)*, «t]
N /*p (SOAT. A (AN £ uti (Ddt x [ (B) F(a, é U@» (dC ))=
= / Ap ™ (E)uf 4df)n MAN e3L)dEj -
Then wo obtain
f(D<4 )e /> (A 17W(dt).

S ) e

Lot us oonsidor two aasest

1) O < N(e) ™ ~(e)

C(D?2v) S £ (f((E)ut )?2{dt )*/¢(<)<f (A*n) (E)ut)dtr”

~ f(/ (A V(E)«f )dt e
E (
2) N () >n? (e) that Is 4 1A ~ b thon CA. WNMA<T (W)
Thoroforo

2(DAV)<: 1 J<f(A~(E)uc) 4 (dt ) A

~ /u* Kp~r(wv)ur )0 (dt )= jfF (4(E)AN ur ) 1? (dt ) =
sJ4a (T)(F (A (E)Ap u t )dT (A(E)Ap ur )T
£ E
Hence

?(b<v )*JIN\ (Ap max (A (&) ; ) (8)) ug )dt =

=S CF(c” ApUr )dt= £ (C* A*u )

Consequently,
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OSZACOWANIE ROZWIAZANIA OPERATOROWEGO ROWNANIA CALKOWEGO
VOLTERRY DLA FUNKCJI WEKTOROWYCH O WARTOSCIACH
W PRZESTRZENIACH ORLICZA-SOBOLEWA Z DOWOLNA MIARA

Streszczenie

W artykule oszacowania rozwigzania rownania

€D u(X)se §1 T (xfFHu()dt+b(x)

a

sg przeniesione na przypadek funkcji wektorowych o wartosciach
w przestrzeni Orlicza-Sobolewa W”(e), gdzie zbidr otwarty

E moze by¢ dowolnej (réwniez nieskonczonej)miary



