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AN ESTIMATION OF THE SOLUTION OF AN OPERATOR INTEGRAL EQUATION 
OF VOLTERRA'S TYPE FOR VECTOR- VALUED FUNCTION WITH VALUES 
IN AN ORLICZ-SOBOLEV SPACE WITH ARBITRARY MEASURE

1. In [2] we dealt with a Volterra's integral equation
X

(1 ) u(x) = J  T(x,t)u(t)dt + b(x) 
a nwhere x, t, a £ R , b and u are vector-valued functions 

of the variable t (af t <x) with values in a Banach space Y 
and T(x,t) is a linear bounded operator of Y into itself 
for a i t £ X , strongly measurable in both variables. The 
order relation o^d for с = (с^»...,еп) e. Rn , 
d = (dj , . . . ,dn )€. Rn means here that c± — ^or i=1»2,...,n.
Denoting by ITJ' the spaoe of all such operators and supposing
that l/b(x)(J„ £ B(x) where b(x) is measurable and bounded
for xi a, there was proved the following theorem:

Let us suppose that A(xft) is a real-valued function, 
defined for a■£ t£ x , nondecreasing with respect to x for 
every t and suoh that a(t,t) is measurable and bounded for 
t i a , oc* / A (t,t)dt 1 for x i a. Moreover, let us
suppose tha?

( 2 ) // Т( x, t ) If y s oc a(x, t ) for a ■£ t л x,
where is independent of x and t.

Then the integral equation (1) has a unique solution in 
the space of Y-valued, bounded and strongly measurable 
functions in xi a . Moreover, we have an estimation

x
llu(x)HY è P (x) esp ( JeC a( t, t )dt ) for xi a ,

a
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where ß (x)= eup В( t) , and where llb(x))| i b(x). 
astix .2. In [3] the case Y = Ц̂ , (E)Orlioz-Sobolev space were

considered, where £ denoted a bounded open subset of Rn 
and where if denoted a convex, nondecreasing real function, 
£f*the function complementary to (Jj in the sense of Young 
and (e) the space of measurable functions with generalized
derivatives D u Ł L^ (e) for Ißl é  к , and (e) is an
Orlicz spaoe. In [3 ] there was given an estimation for the 
norm of an integral operator T of the f•>rm v=Tu, where 
v 6- = \ t  u^ df , in case of function u from the Orlicz- 
-Sobolav space (e) over an open subset ”î of Rn of
finite measure. Writing T=T(x,t) whith fixed x,t é Е, this 
estimation was of the form If T A» where 1̂- is the
space of linear, continuous operators in (e ) ,
II T||* = sup II Tu !l£ with

ilujlfa Z  IlD^ullr ; О («)'=  J>(|«H) dir ,
* Ipl^K » 3 E

and Tjj- satisfy the following conditions:
1° D Ç. ( T ^  ) exist in the usual sense for <5‘, 'с с E, ß £ К

and are continuous functions of the variable S' С E
uniformly with respect to'Cfc E

2° D^CTç-j. ) ć L <f (E)as a function of variable X e E
for every S’ ć. E, | f I ■£. К

3° I D J? (T^ÎIsIA^ for (T,t 6  E , | jï|é К.
k° Ал = 2  А л

IpliK P

3. Here we are going to extend this result to the case of
an open set E C  Rn of arbitrary measure possibly also infini-o оte. The assumptions 1 and 3 will be now replaced by
the following ones:

# О1 1 holds in every set of finite measure E(C E
3 ~ V  (d)£fl(Z)'Ap for||i| 5  K where

0<Гв/> (CT)<? 1 in E and (t ) ć L«fł for l̂ j ̂  K,
being complementaz^y to Cf in the sense of Young.

л



99

Let us write M — Maxl|6 ||~,, А = max А п , where
ÿ*(u) = J <f*( I u l)dt .  ̂ ipiiK

E ”First, let us observe that the following lemma holds.
Lemma. Let satisfy the condition 
( Д 2) (2u) Ś (u) for u > 0.

Assuming T ^ satisfies the assumptions 1' , 2° and j' ,Oft*then holds

00 Dg ( /  TV tK*X dt)= J dt f°r eVOry 
u e. (e).
Proof. Existence of the integral at the riipght-hand side of(*) 
follows from the inequality

/ ь £  (T<r,r .)ut |dt i  II Hull4- ,
where ll « I I i s  the Orlicz norm in L^ (e ) and
\ 1 (»)= /</ ( |u I )dt is the modular defining the Orlicz space
V / \ Ел/ < tL (E;, Ç is the modular defined as above, where (f is the

complement airy function to (p in the sense of Young.
Obviously, (*) is true for (b =( 0,  0,  . . . , o )  . Now let us suppose
that GO holds for |p ( < 1 if O é U  k, Let | p j t 1,

(3 p ^ f . t  , p = , . . . ,(3̂  + 1 , . . . , ( 3 U),

h = (0,....,h,...,o) with h >  0 at the i-th place. Let
f>0 be given. There exists a à >  О such that
1 D  ̂  ̂ I < Ç. for I h I Ć and all (S' such
that Ç", 6" + h ć E ,
Let us write

A h = ÏÏ >- " D £ ,(V )hJ ^
where ß , ß' , h are defined as above i 0 |{3 | £ l ^  k.
Applying the mean-value theorem, we get

l^hl = Sl К D ^ (Tdr,tr)l lurldT with '•
We split now the last integral over E -onto integrals 1̂
and I2 over disjoint sets E1 and E2 such that ErE^Eg
and E is of finite measure obtain |Д , I ±1. + I„ . It1 11 1 £
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111 easily seen that

i2 * f  |d;'(tw S  )||«т |<1г . / Id^'(t a U
2 E

(T^v-h. )lljT#* ЙD/V(t ^ . )IIs H u e2I|£ I
where ^ j, is the characteristic function of the set E^.
But by assumption 3*» where we have О )■£ 1 in E ,

I!D <r ( 4 ' )llir4-,,V l,̂ v : llD̂ (V ^ h ' a y#* •
Hence

* 2 -  2 V ,,V u/ ','u * s 2* | <  2AM И « * в  й | £,|АМ I|u 1I e  I l f  *
Let i. > О be given and let us take . Sinoe u6L^(e)
and satisfies ( A for u > 0  , so

-/ V  Or I ur I ) d С < ♦ ос. .£ u
But we have E=E О E , where the set E С. E is of finite 

1 2  1 Masure and therefore writing E = E  \ E we see easily that

f  *f(i I u t / )d T ^ 1
e, ^ .. .and consequently l| u ̂ E II £ • Thus j . Now keeping

Ê  fixed from the assumption 1 ' we conclude that therfb 
exists a S > 0 such that

I D I9 ( T  D ^  ( T  )  j ■< -----------------------
ff+ h,t _ *tX 2 i ą En~jiuiiz

for è E1 and |h I <1 , where 6“ » б'' +h e e} Hence

V  >- *

— *  ----- » 111 lip >ljull*= i £ for2lUeJ|;.||ull? ? s' 2
Consequently,],^ £ for |h | .< cf . This proves the lemma.
Theorem. Let us suppose that Tg. satisfies the
assumptions 1 ', 2°, 3* and k° with 0<g^(r)<i . Additional­
ly, let the functions e^ (<7) and (T ) from 3* be
integrable over Е and О < 1 for Ć. Б. Then
!|T 11^ <fcA л with oC' = c', where

\



l o i

с ' =  «пат j>ax ( /  о .  (б')йб' , /  g (t) dt)l .
|?|4*  E E I» ł

Proof » Lot 3 (a)* /i(t)dC , Л (а)ж i* •(?)d6< for M u u r t b U
A С  E. Thon vo have with 0 <  £ C& ) 0  A

f r o K u  f ' ^ D P ^ l U s M  f(f =

* /  <f d£ К  **]««* £ ч Ц  V  (*>«, (t)*, «t]

^ / * р  (<Od<T. ̂  (A^ £  ut i (r)dt ж Д (E) <f (a, /  U(Cv> (dC )) =
* E

= /  A p ^ (E) uf 4 df) ^  ^^(A^^e3u.t)̂ dtj.
Then wo obtain

f(D< 4 )e / >  (A W ( d t ) .>?(e ) e " 17
Lot us oonsidor two aasest
1)  О <  Л ( е )  ^  ^ ( e )

Ç ( D ? v )  Ś  £ ( f ( ( E ) u t  )?(dt )*/ć(<)<f (А^л) (E)ut )dtr^
^  f(/ (A V ( E ) « f )dt e

E (
2 ) Л (e) >  n? (e) that Is Д  я ^  Ь  thon ( A. w)^A<f (w).
Thoroforo

?(D^v)<: Л  J < f (A ^ (E )u c ) 4> (dt ) Ä

~ /ч* к р ^ ( ъ ) и г  ) 0 (dt )= jfćf (д(Е)А^ ur ) 1? (dt ) =

s J4  (î)(f ( A (E)Ap u t )dT (A(E)Ap и г )dî
£ ÉHence

? ( b < V  ) * J \  (Ap max (A (e) ; ,) (e)) u ç )dt = 

= S  Cf (c' A p U r )dt= £ (C* A ^ u  )
Consequently,
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OSZACOWANIE ROZWIĄZANIA OPERATOROWEGO RÓWNANIA CAŁKOWEGO 
VOLTERRY DLA FUNKCJI WEKTOROWYCH O WARTOŚCIACH 
W PRZESTRZENIACH ORLICZA-SOBOLEWA Z DOWOLNĄ MIARĄ

Streszczenie

W artykule oszacowania rozwiązania równania 
x

(1 ) u(x)se J1 T (xf t)u( t)dt+b(x)
asą przeniesione na przypadek funkcji wektorowych o wartościach 

w przestrzeni Orlicza-Sobolewa W ^ ( e ), gdzie zbiór otwarty 
E może być dowolnej (również nieskończonej)miary .


