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On Some Subclasses of VB\ Functions
Dariusz Banaszewski

1. Introduction. Studying the behavior of real functions H.Rosen
[10] defined Baire .5 functions and showed that every function Baire
.5 with Darboux property is guasi-continuous. It is easy to see, that
for every function /, if / is a Baire. .5 function then / is in the first
class of Baire and there exist functions which are in the first class and
not Baire .5. We shall see below (in Example 1.1) that there exists
Darboux Baire 1 function which is guasi-continuous but is not Baire
5.

Let us establish some terminology to be used later. IR denotes
the set of all reals. A functions / : IR — > IR is said to be guasi-
continuous at a point x £ IR if for every open neighbourhoods U of
x and V of f(x) there exists a non-empty open set W C U fi / _1(R).
A function / : IR — >IR is said to be guasi-continuous on IR iff it is
guasi-continuous at each point x 6 IR
A set A is said to be semi-open if A C IntA — [7] (by A and IntA
we denote the closure and the interior of A). It is well-known that
a function / : IR — » IR is guasi-continuous iff for every non-empty
open set V C IR the set / -1(E) is semi-open. Q denotes the family
of all real guasi-continuous functions. Moreover we shall consider the
following families of real functions defined on IR.

Isc (usc) — the class of all lower (upper) semi-continuous functions,
C — the class of all continuous functions,
V — the class of all Darboux functions, i.e. the class of all function /

for which f(C) is connected whenever C is connected.
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Bi — the class of all functions of the first class of Baire,

B .5 — the class of all functions / such that for every open set U C IR
the set f~1{U) is a Gs set,

mM [M g\ — the class of all functions / which satisfy the following
condition: if x0 is a right (left) hand sided point of discontinuity
of /, then f(xo0) = 0 and there exists a seguence {Yn}£Li [of
points of continuity of /] such that f(xn) = 0 for every n £ J\f
and xn \ x0(xn /* x0) [3],

y — the family of all functions with the Young property, i.e. func-
tions which are bilaterally dense in themselves (some authors cali
functions having this property peripherally continuous),

A — the family of all almost continuous functions in the sense of
Stallings, i.e. -functions / such that the for every open subset
of IR2 containing / contains a continuous function (no difference
between a function and its graph is made),

Conn — the class of all connectivity functions, i.e. functions / such
that f\C is a connected subset of IR2 whenever C is a connected
subset of IR.

It is well-known that the following inclusions hotd: M. C T>B\ and
usc C B\ D Isc. Moreover, J. Young showed in [11] that for Baire
1 functions, Darboux and Young properties are equivalent. K. Kura-
towski, W. Sierpiniski and J. Brown [6], [1] proved that for functions of
the first class notions of almost continuity, connectednes and Darboux
property are equivalent.

T. Natkaniec showed in [9] that a function is quasi-continuous and
satisfies the Young condition iff for every point x0 £ IR there exist
two sequences {aJn}” and {2n}”i1 of continuity points of / such that
xn\ zo,zn /' x0and limn™oo f(xn) = lim”~oo f(zn) = f(x0).

In this paper we consider the family QVB\ of all functions which are
in the intersection of the classes Q, V and B\. Because T>B\ = yB\ itis
true that / 6 QVB\ iff / is a Baire 1 function and f\C(f) is bilaterally
dense in/ (by C(f) we denote the set of points of continuity of /). In
[9] T. Natkaniec proved that the following inclusion holds M. C Q-
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Example 1. Let / = [0,1], C C / be a Cantor set and for each
n £ I\f let Jn be the family of all components of the set | \ C of the
n-th order (i.e. such components of I \C which length is egual to 3_").
Let A=/ \J{J :J £ U~=iJdn} and cj = inf+XuPJwhered £ U~i Jne
Let / vanish on A, be egual to 1 on each of cj, be egual to 1 on each of
the points maxJ, minJ and which is linear on both intervals [c/,maxJ]
and [minJ,cj], Then / is guasi-continuous, Baire class 1 with Darboux
property. But since the set A is not an Fa set, thus / - 1(IR\ {0}) is not
a Gs set and conseguently / is not Baire .5.

2. Operations.

Let £ be afixed class of real functions. The maximal additive(mul-
tiplicative) class for C we define asthe class off all functions / 6 C for
which / + g 6 C (fg 6 C) whenever g € C. The adeguate classes we
denote by Afa(£) and M m{C), respectively. Moreover, let

Afm,,(£)
Mmax(£)

{/€E£: iff €£ then min(f,g) € £},
{/ e Lmif9 ef£ then max(f,g) € £}.

In the present paper we shall prove that

M a(QVBi) = £, =M,
Mmax{QFB1) = uscQV, M min(Q'DBI) = IscQV.

Lemma 1 Cc M a(QT>Bi).

Proof. Z. Grande and L. Sottysik showed in [4] that M a(Q) — C.
Moreover A. M. Bruckner in [11] proved that Aia(T>Bi) = C. Thus, if
/| £ C then / + g £ QT>Bi for each function g £ QVBi.

Q.E.D.

Lemma 2 M CM m(QVB1).

Proof. R. Fleissner [3] showed that M. = Mm(B>B\) and T. Natkaniec
in [8] proved that M. = M.m(QA). Because eguality QDB\ = QABI

holds, we obtain reguired inclusion.
Q.E.D.

Lemma 3 usc QV C M max(Q'BB1), tsc QV C M min(QF=Bi).
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Proof. In [2] J. Farkova showed that uscD = M.max(J)Bi) and IscV =

T. Natkaniec showed in [9] that uscQV = M max{Q'D)

and IscQV = Thus max(f,g) G QT>fi VB\ = QVB\

(min(/,g) G QVB\) for every functions / G uscQT> (/ G IscQ'D) and
g G QVB..

Q.E.D.

Theorem 1 C= M a{QB>B\).

Proof. We need only to prove the following inclusion: M a(QT>B\) C
C. Let/ G QVB\ \C and let x G IR be a point of discontinuity of
/. We shall show that there exists a function g G QT>Bi such that
f + g is not a Darboux function. Without loss of generality we can
assume that a is a left hand sided point of discontinuity of /. Because
/ has the Da.rboux property, the left hand sided cluster set JC~(f, x) is a
nondegenerated closed interval. Thus there exists a pointy G
such that f(x) ™ vy.
Put
.\ S -/(*) ifu< x>

Wiz} —y itu> x.
Then g is in the first class of Baire, is cjuasi-continuous and has the
Darboux property, but the function

f j o for u < x,

| f(x) —y foru > x,

has not the Darboux property.

Theorem 2 M —M m(Q'BBi).

Proof. By Lemma 2 we need only to prove that M m(QBBi) C M,
i.,e. that if / G QVB\ \ M then there exists a g G QDB\, such that
fg QT>B\. If f M. then there exists a point x of discontinuity of
/, such that either

(i) for some unilateral neighbourhood U of x, f{u) 0 foruG U

oT

(ii) f(x) £ o.
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Consider the first case. We can assume that / is discontinuous from
the left at x and /(u) / 0 for any point u E (x —S,x), where 6 > 0.
Choose y = f(x), y e IC~(f,x).

Define g by
((f(x - 6))-1 if u< x —8,
9{u) = <(/(w))-1 if ue(x-6,x),
(y~I if u> x

It is easy to verify thatg £ QVB\. But
ff(u)m(f{x “ £))-1 ifu < x - 6,
fg(u) = <1 ifu € (a- 6,x),
[ f(u)ey~A ifu> x-
Since fg{u) — Ifor each u 6 (x —6,x) and fg{x) / 1,fg has not the

Darboux property.
Now suppose that / is discontinuous from the left at x and a —
f(x) ~ 0. Put
2a —f(u) if u<x,

9 =
(1) 2a if u> x

Evidently, g is guasi-continuous, Baire 1 and has the Young property.
Hence g <€ QT>B\. But observe thatthe function

fn(v) =/ i/ u<x,
N 2af(a) if u> x,

has not the Darboux property. Indeed, we have

i2a - f(u))f(u) = 2af(u) - f2{u)

= 2a(a + f(u) —a) —(a -ff(u) —a)2

= 2a(a + f(u) —a) —(a2+ 2a(/(u) —a)) —(/(u) —a)2
= 2a2+ 2a(f(u) —a) —az2 —2a(f(u) —a) —(/(u) —a)2
= 2a2—a2—(/(u) —a)2

= a2 —(/(u) —a)2 for each u < x.

(fg)iu)

This shows that (fg)(u) < a2 = /(z)2 < /<7(r) and conseaguently (fg)
cannot have the Darboux property. Finally we obtain the reguired

eguality
M m(QVBi) = usc QT>.

Q.E.D.
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Theorem 3 M max(Q'DBi) = usc QV, Mmin(QVBi) —IscQV.

Proof. We shall prove that the following inclusion holds:
Mmax{QVBi) C uscQV.

The opposite inclusion follows by Lemma 3.
Let/ £ QVB\ be arbirtrary and let x be such that f(x) < limsup f(y).

Without loss of generality we can assume that / is discontinuous from
the left at x. Puty = | «(max£ (/,x) + f(x)) if max/C (/, x) ™ oo
and y —f(x) + 1 otherwise. Define g by

Obviously g is guasi-continuous, Baire 1 and satisfies the Young con-
dition at any point u ~ x. Since f £ T>B\ and y £ o)
if max)C~(f,x) ™ oo (if maxAT~(/,x) = o00) then there exists a se-
guence {xn}*L1 such that xn /* x and lim”~oo0 f(xn) = max)C~(f,x)
(lim~oo f(xn) = f(x) + 2). Then

[im"00 g(xn) = limn_>00(2y - f(xn) =
= lim,_+00(max/C_(/, x) + f(x) - f(xn)) =
= max)C~(f,x) + f(x) - lim~oo f(xn) = f(x)

( Imn— g[xng —2(y(x) T1) limn_ Ky f(xnr "
2f(x) + 2-f(x)-2
\ = f(x)

Moreover since g is constant from the right at x we obtain that g has
the Young property at x.
Sincemax(/, <) > y > f(x) foru < x, so max(/,g) has not the Darboux
property. This proves that -MTCa(QILt?i) = usc QT>.
The inclusion IscQV C mMmin(Q'B=Bi) is proved in Lemma 3. The
opposite inclusion A4min(QBDBi) C IscQV follows immediately from
the facts M.max{Q'B)Bi) C uscQT>, min(/,(/) = -m ax(-/,-j) and
[ £ usc iff - £ lsc.

q.e.d.
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3. Remarks

Now we would like to cali attention to some properties of considered
classes of functions. Exploring a maximal multiplicative family for
VB\ R. Fleissner defined the family M. However, it turned out that
this family is more universal, i.e. exploring other cases we get the
same family M. Exploring maximal multiplicative family for guasi-
continuous functions Z. Grande in [5] defined a subfamily Mo of M.
T. Natkaniec in [9] proved that if/ 6 M then for every left (right) hand
sided point x of discontinuity of / there exists a seguence {*n}*Li of
one side handed points of continuity of /, such that xn \ arof@an Z aro)
and f(xn) = 0for every n £ N. On account of the above and our result
that i) = M there arises a guestion whether Mo is a proper
subfamily of M or not. The answer to this guestion is negative.

Remark 1 There exists a function f £ M which vanishes only at
points of discontinuity of f .

Let I = [0,1], C c i, IJnand cj be as in the Example 1.1. Then we
define
1 if x = cj, J e\Jn=I1"ri
I(*) = 0 if xXE C

linear on the intervals [minJ, cj], [cj,maxJ].

It is easy to see that / £ M, but sinnce f(x) 770 for any continuity
point x of /, / ~ M O-

An easy conseguence of our result is the following

Remark 2 For every function f 6 QVB\ the following conditions are
equivalent

(1) fec,

(2) the function F = (/,9) : IR — * IR2(F(x) = (f(x),g(x))) is auasi-
continuous, of the first class of Baire with Darboux property for
every function g £ QT>B\.

Proof. The implication (2)=>(1) follows from the fact that

M a(QVB1) = C.
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Indeed if / is not continuous, then there exists g £ QT>B\ such that
(/ + g) is not Darboux. Suppose that F — (f,g) £ QT>Bj. Since
the sum (x,y) F%®x + y is a continuous function and the composition
of a function from the class QT>B\ with continuous function belongs
(obviously) to QT>B\,/ + g £ QVBi, too, in contradiction with the
choice of g.

Now we shall verify that (/,g) £ QVB\ for every function / £ C
and g G QVBi. Let/ £ C and g £ QDB\. It is easy to see that
(lid) G Q&i- We shall prove that (f,g) £ T> It is well-known (and
easy to prove) that Conn C 'D. Thus we shall show that (/,g) £
Conn. Since g £ T>B\, Brown’'s theorem implies g £ Conn. Let A be
arbitrary connected subset of IR. Notice that the function H : g\A — »
IR3 defined by H(x,g(x)) = (x, f(x), g(x)) for x £ A is continuous.
Since g £ Conn, g\A is connected and therefore H(g\A) = (f,g)\A is
connected, too. Thus (/,g) £ Conn and conseguently (f,g) G QDB\.

Q.E.D.
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