ZESZYTY NAUKOWE WYZSZEJ SZKOLY PEDAGOGICZNEJ W BYDGOSZCZY
Problemy Matematyczne 1988 z.10

VALERIU POPA
Higher Education
Institute

Bacau

SOME PROPERTIES OE H-AIMOST CONTINUOUS MULTIFUNCTIONS

ABSTRACT .H-almost continuous multifunctions were defined In [13)
and £°0] as a generallzation of the univocal H-almost continuous
applications, defined by Husain in [5 j . Some properties of the
H-almost continuous multifunctions are studied in £13] - [16] and
£207. The purpose of the present paper is to investigate some pro-
perties of these multifunctions and to obtain new characteriza-
tions using the notions of preopen sets and preclosed sets gene-
rakizing the results from [1] , 23 £~6} , f8], 9 . [14" ,

171 - [19] -

1. Introductlon. The H-almost continuous multifunctions we de-
fined in [13] as a generalizations of the uni-zocal H-almost con-

tinuous applications defines by Husain in [5J . Smithson also de-
fines the H-almost continuous multifunctions in [20J .

The purpose of the present paper is to investigate some pro-
perties of these multifunctions and to obtain new characterizations
using the notions of preopen sets and preclosed sets generalizing
the results from [i] , [2] , [6]1 » [8] , [9]1 ., [ul , [i?7] - f19j.

The concepts of preopen sets, preclosed sets and precontinuous

functions were introduced and studied



DEFINITION 1.1 / [13] , [20] /
let X and Y be two topological spaces. For a multifunction
Frz-~Y we shall note by F+(g) and F~ (Gj the upper and lower

inverse of the set GC 1 as in j-3] , and then we have

I* (gJ - eX:F(x)C"inEj-\*S xX)nG f

~a/ The multifunction F:X—>Y is H-upper almost continuous
(H.U.a.c) at x<~X if for each open set G vith FO) C G,
it follows that x£ Int CI [ F+(0G)j -

/b/ The multifunction F:X ->Y is H-lower almost continuous
(H.l.a.c. In x™ X if for each open set GCY withF(X) n Gj=
f O , it follows that x ¢ Int CI “"F~ (G)] -

/c/ The multifunction F:X— Y is H-almost continuous (H.a.c.)

in the point x ¢ X if it is H.u.a.c. and H.l.a.c. Inx

/d/ The multifunction F::X-~>Y 1is H.a.c. (H.u.a.c.;H.l.a.c.®
if 1t has this property iIn any point X <€ X.

DEFINITION 1.2(§8])

Let X be a topological space and S bea subset of X.S is said
to be preopen if S£ Int (CI sj .

The complement of a preopen set is called preclosed.

The family of all preopen sets in X will be denoted by PO (x) .

Every open set is preopen set.

DEFINITION 1.3 (f4] )
The intersection of all preclosed sets containing a set A is

called the preclosure of A and is denoted by Pcl A.



DEFINITION 1.4 ([10}J
The union of all preopen sets which are contalned In A Iscalled

the preinterior of A and is denoted by P-Int A.

DEFINITION 1.5

let x be a point of a topological spece X.U X is called a pre-
neighbourhood of x in X if there exists A£PO ((i )such that

X gA CH.

LEMMA. A set A in a toplogical space X is preclosed if and only
if ClI (int AjJC A
Proof. Snppose first that A is preclosed, then X-A is preopen.

Therefore

X-A C Int (CI (*-A)J » Int (X-Int aJ - I-Cl (int a)
and so ClI (int @) Ci A.
Next suppose that AJ> Cl (int a) , then

X-A C (Int A) - Int (X-Int a)-Int CI (i-a) .

Hence X-A is preopen and A is preclosed.

DEFINITION 1.6 (£81)

Let X and Y be two topological spaces. The function Ffsl-"Y is
precontinuous if the inxerse image of each open set in Y is pre-
open in X.

By analogy with the precontinuous functions we shall define the

notions of precontinuous multifunctions.

DEFINITION 1.7
Let X and Y be two topological spaces.

/a/ The multifunction F:X-*Y 1is upper precontinuous (u.p-c.)

if F+(@ ")6 PO (x) for each open set G C V.



/b/ The multifunction Psi—*>Y is lower precontinuous (“l.p.c.jif

F” ~"G)¢K) (x) for each open set Gc Y.

"¢/ The multifunction F:X-»-Y is precontinuous p.c. 1if it is

upper and lower precontinuous.

DEFINITION 1.8

let A be a set of a topological space X.U is a neighbourhood
>*ich intersects A if there eilists an open set V( X such that

VCU and V A 0o .

2. Characterlzations

The following theorems are demonstrated in (J4j .

THEOREM 2.1 (£1411J
Por a multifunction F:X— Y the following are equivalent:

1. ? is H.u.a.c.

2. Por every open set GCY there is the relation
F+(G) C Int CI [F+ (G)J .
3. Por every closed set V C Y there is the relation
F* (VCCl Int [F" (V] .
THEOREM 2.2 (£143)

For a multifunction F:X ~»Y the following are equivalent:
1. P is H.l.a.c.
2. For every open set GCY there is the relation
F~ (G)cint CI [F" (G ] -
3. For every closed set VC Y there is the relation

P* (V)£ Cl Int [F+ (V)] -



THEOREM 2.3.

Por a multifunction F:X-*Y the following are equivalent:

1. F is H.u.a.c.

2. F iIs u.p.c.

3. For every closed set Y c preclosed in X.

4. For each point x in X and each open set GCY with
Fc) C G there is a preopen set U C X such that
xC U and F (u) CI G.

5. For each point x in X and for each neighbourhood V of
P £x) , F+ (Y )is a pre-neighbourhood of x.

6. For each point x in X and for each neighbourhood V of
F (X) there is a pre-neighbourhood D of x such that
F(U) C V.

7. For each subset BofY,F+ (Int b) C P-Inte£F+ (B.)J .

8. For each subset BOfY, CI Int [f~ (b)]C ' (C1 b) .

Proof, (i) -&8(2 - Follows by Theoretn 2.1 (2 ) and Deflnition 2.1.
(D<=>(3) . Follows by lemma and T&eorem 2.1 (3) .
@~3n(4) . Let GC Y be an open set and F (X) C G. Then

X£F+ £g) which is preopen by hypothesis. Put U*F+£ g), then

x eu and F(0) C G.

@ P8 8 beanopen set inY and X €& F+ £gJ ,
then F (X C G. Therefore, by hypothesis there exists a preopen

set Ux in X such that x 6 and F (UX)CG. Consequently, F+ (g)

is an union of preopen sets iInX and hence isa preopen set by £8J .
&) -r>£f5°. Let x CXand YC Y bea neighbourhood of
F (X , then there is an open set GCY such that GC V and

F (x)C G. Then there is a preopen set U C X containing X such
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that f@)C G, which implies Uc F+ (G).Gc: V implies that
X6 U C F+(g)CLF+ (V)and thus F+ (V) isa pre-neighhouihood
of x.

(5) CO .Let x££ X and V ¢ Y be a neighbourhood of
F (X) . According to the hypothesis, U m F+ (V) is a pre-neigh-
bourhood of x and F (u) C V.

o C4) - xfcX and G CL Y be an open set such
that F (X) C G.G being open set is a neighbourhood of F (xj
and according to the hypothesis, there is a pre- neighbourhood

of x such that F (UM)c G. Then there is a preopen set
uc containing x such that F (U)C C.

23 £7) . Let B be any subset ofY. Then Int B is an open
set In Y and F+ £Int B” is a preopen setin X.Since F+ (Int B ) c.
F+ (b) , then F+ (Int B)C P-Int *"F+(b) ] -

(}y #» @). Let B be any open setof Y, then Int B«B and
F+(B) CP-Int [F+ (B)] . Thus F+ (B) -P-Int |"F+CB )] and
f*Cb) is a preopen set in X.

£3) (8) . Let B be any subset of Y. Thenaccording to the
hypothesis F*“ (CI b) is a preclosed set inX, C1B _L> Bimplies
F> (Cl B~P ” (b) . Then by Lemma

Cl Int [£"(b) Ic CI Int[ F* (C1 b)]C F* I b)

(@; (3) = Let B be any closed set of Y. Then according
to the hypothesis ClI Int £F"'(B>] F> (Cl B) - F~(B) which

implies by Lemma that F*(B) is a preclosed set in X.

THEOREM 2,4. For a multifunction F:X ~i>Y the follovdng are

equivalent:

1. F is H.l.a.c.



2* P is l«p*c«

3. Forevery closed set VC YtF+ (V) ispreclosed in X.

4. For each point i In I and foreach open set GCY with
F X NG40 there is a preopen setU C X such thatx£ U
and F(y) 0G4 0.V J CD .

5. For each point x iIn Xand for each neighbourhoodV which
intersects F X\ , there is apre-neighbourhood U of x such that
fyY)avasaOo , ,\ yE u

6. For each point x in Xand for each neighbourhood V idhich
intersects F (X) , ?” (Y) is apre-neighbourhood of x.

7. Foreach subset Bof Y, F* (int B) C P-Int fF'(B)J .
Foreach subset Bof Y, CI Int £f,+(B)]JCF+ (C1 B) .
9. Foreach subset Aof X, F (pcl a)c CI F (A)

®

10. Foreach subset BofF Y, Pcl FF+ (B) k F+ (Cl b) .
11. For each subset AofX, F (Cl Int a)cT CI F (a) .
12. For each open setA of X, F (ci a)C Cl F£a) .
Proof. () <> (2) - Follows by Theorem 2.2 (2) and Definition 1.2.
(€D (3) . Follows by Lemma and Theorem 2.2 (3) .
@) &> (4) . Let GCY be an open set and F (t'} G 40
Then XE£F-(@Y which is preopen by hypothesis. Put U* f7(Q),
then Xx£ U and? )AS5@H 0, V" y£G,
(@) (@ .Let Gbean open set inY and X £ F~ (0),
then F XA G4 O . Therefore, by hypothesis there exists a pre- ,
open set U in X such that x~ Ux and F (y) AG 4 0,
V y£Dx . Then x£UX C F' (G) .
Conseguently, F~ (g) 1is an union of preopen sets in X and hence
is a preopen set by [8 J.
@~ ~(53.Let xXx£ X andVc.Y be a neighbourhood

which intersets F (X) , then there is an preopen set GCY such
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that GCV and F (x)OGV 0 » Then there is a preopen set D C X
containing X such that F (y) IG 40,V y e U, whichimplies
UCF-(G) -.GCV implies that xCOC F"' (G) C ?” (T)and thus
F-(V) is a pre- neighbourhood of x.

G) =+ (6] . Let XxX£ X and VC! be a neighbourhood
which intersects F (x* . According to the hypothesis, U m F ~ (f)
is a pre-neighbourhood of x and F (y)cv 4 0,tFy C U.

®) = (). Let xc Xand GCY be an open set such that
F (X))o G4 O G being open then G is a neighbourhood which in-
tersects F (X) and according to the hypothesis, there is a pre-
neighbourhood of X such that F ) AG 4 0 »V , Then
there is a preopen set D C A containing X such that F (Z]nG 4 O»
V z QU .

(2) «# (). LetB be any subset of Y, then Int B isan open
set and F~ (int b) is a preopen set in X. Since F~ (intb)cF'"\b),
then F' (int B]c P~Int £ " (b)]

()™ (2). Let B be any open subset of Y,then Int B » B
and F“(B)cF-Int £f*“Cb)J. Thus F~ (b) » P-Int[ f~ ®)]1] and F" (b3
is a preopen set.

@) > (8). Let B be any subset of Y. According to the hypo~
thesis F+ (ClI B) is a preclosed set in X.Then by Lemma

Cl Int[F* (B)]JCCl Int [F+(Cl B)jc F+ (CI B) =

(8) = C™M« Let B be any closed subset of Y.According to the
hypothesis CI Int [f* (b) J <C F+ (CI1 b) - F+(b) which implies by
Lemma that F+ (B )is a preclosed set in X

) 9)e Let A be any 3ubset of X.Then by AC F+F (A)J
follows that AC F+ ( Cl1 F (a))- According to the hypothesis
F+/ci F (A) is a preclosed set in X.Then Pcl AC F+ (ci F @) -



Conseguently
F®cl a)e F(F+ (1 f@MICCI F (A) .
(©®) =5 (3). let B be any closed subset of Y_According to
the hypothesis
F (pcl F+ (b))C CI F (f+ (B))cCl B - B.
Then Pcl [*+ ( b)3C. F+(B) &ud by lemia 2*3 (1) of [$= F+ (B)
is preclosed.
O} (I0™. Let B be any subset of Y_Replacing A by FHB)
we get by hypothesis
F (Pcl [F+(B)]}cCl F(F+(B))d CI B
hence Pcl [T+ (b )3cF+ (cib) .
aom (9. Let B » F(a)be, wlfeere A is a subset of X.
Then according to the Lemma2.3(2) of [4), we have
Pcl AC 2cl F+(B) C f+ Cci BjCF*[ci F (A)]
hence F (Pcl AJC CI1 F (A) .
@) (11). Let A be any subset of X.Replacing B by F (a}
we get by hypothesis

Clh Int ACCI Int[f*(b)3C F+ (CI b)
hence
F(C1 Int HAC F (1 B))C CiB -CI F (aJ .

(i) => 0)* Let B be aclosed set inY.Let A - F+ (B)be.
According to the hypothesis we get

FICI INt AJECIF(AC CI F(F+(B)}C CIB =8B

hence AN mt ACP+ (F (€l Inta) CF+(B)

and CI Int Pt F+@® ™. According to the lemma F+(B)is a

preclosed set in X.
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© (12). Let A be an open set in X.Then by Theorem
2,4 of £4JPcl A-CI A, hence T (0. a)c Cl 7 (aJ .

(123 ~ (@D). Let A be any subset of X.Then Int A is a open
set of X.According to the hypothesis

P (ci Int A)C CI P (int A) C.Cl F(a) .

CORO1LARY 2,1. Let X and Y be two topological spaces.Fora  uni-

vocal application F:X—?»Y the folowing are equlvalent:

1. T is a.c.H.
2_f is precontinuous.(Theorem 1 (i) ; Csjj-
3. For every closed setV C-Y, -1 (v) 1is preclosed in X .
(Theorem 1 (iv) ; (8)) -
4. For every point x In X and each open set GC Y with f (i)6G,
there is a preopen set UC X such that x£ Uand f (0)c
( Theorem 1 (ii) ; £8j) =
5. For each point x in X, the inverse of every neighbourhood
of f (x3 1is a pre- neighbourhood of x. (Theorem 1 (3)}
0 8]>
6.- For each point x in X and each neighbourhood V of f(x)
there isa pre-neighbourhood U of x such that ¥ (u)C V.
(Theorem 1 (4) ; (183).
7. For each subset B of Y, 1(int BAC P-Int 1 F"1( 1-
(Theorem 1 (8) ;(18J).
8. For each subset B of Y, Cl Int (f.1 (B)j C f'1(ci B).
(Theorem 1 (v) ; (8})-
9. For each subset A of X,f (Pcl aJdcICl TF( A).
(Theorem 1(5) ; jj8jJ-
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10. For each suhset B of Y, Pcl ’1 (b)C ~1(CI b).
(Theorem 1 (6((18)) .

11. For each subset B of Y, f (ci Int aXx Cl T(A).
(Theorem 1 (yij ; |8))-

12. For each open set A of X, F (ci A)CCif (A] -
(Theorem 6 (3) } 193]

3. Some properties of H.a.c. multifunctions

DEFINITION 3.1. Let X and Y be two topological spaces.

If F :X—-9Y is a multifunction, weshall understand by
Pcl F that multifunction that takes x intoPcl F (X) .
For the multifunctions H.l.a.c. we shall extend a proposition

demonstrated in (1(Q(Theorem 1~) for the multifunction l.s.c.

THEOREM 3.1. If the multifunction F:X-— is H.l.a.c. then the

multifunction Pcl F - X =¥ is H.l.a.c. asweel.
Proof. Let G be an open set from Y, then

Pcl ) "(g)."~6X 5 Pcl FnG4o06-

let x £ (Pcl ) ” (G), so Pcl .F(xE) AG 4 0. There is then

yEPcl F (r"AG, soy £ Pcl F (xQ and y £ G.From y £ Pcl F(xg3
according to the lemma 2.2 of £4J there follows that whichever

the preopen set V of Y containingy were,VA F (xX0) 40 =

As G is open in Y, then G is preopen, henceF (xQAG 4 O which
implies that xQ£ F~ (G) . Then (Pcl f) " (G) =F" (Gj - As F

is H.l.a.c. then F* (g)£ PO(X) and according to the theorem

2.4, implication () =) , Pcl F is H.l.a.c.

DEFINITION 3.2 ([7]D- A subset S is said to be semi-open if the-
re exists an open set U of X such that UESE£ CI U .
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THEOREM 3.2. The multifunction F:X —&T is H.l.a.c. if and only

if F i k)ccl F(A) for each semi-open set 4 cl.

Proof. If A is semi-open then by Theorem 2.4 of (4] Pcl A=C1
A. If F is H.l._a.c. then according to the Theorem 2.4, implica-

tion 1) © ), FC a)-F@cl a)ycCCU(a).

Let Abe a set in X.Then Int A is an open set, thus Int A is semi-

open in X and
F (ci (int a))c C1 F (int a]J ¢ CI F (A) , By Theorem 2.4, impli-
cation (9> ) , F is H.l.a.c.

COROLLARY 3.1. The univocal application f:X-">1 1is H.a.c
only if f (ci a)CClI f A for each semi-open set AC X.
("Proposition 3.1 Cc) }(

THEOREM 3.3. IFf F:X-2Y is a multifunction so that:
LF is point - compact.

2. F 1s H.u.a.c.,

3. Y is Hausdorff space,

then the graph G (FJis preclosed in X X Y.

Proof. Let (X,yD)C XxY-G (F) - Then we have y £ F&D .

let F () m U€ )y-V be. Since Y is Hausdorff for each pair
i€l 1J

(If y ) there exist disjoint open sets Ui and such that
7i GUL and y CYi.

F being punctually compact and : iC 1~ being an open co-

ifand

<\rering of P(X) there is a finite sub-covering t® - 3 =1,2,..,,n"

n n
of F&\.Let Um w U. andV * O V.. Then U and V are
3*1 3 31 3
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open sets, F (x) CD,y € V and U A VY « 0. The multifunction F
being H.u.a.c. by Theorem 2.3, implication 0) =3>(4)j there is
DG PO(X) such that x€ D and F (u)cU, thus V O F (d) » O
and (X, ¥y) € BXTCI n e BY Le«®a 2 of jjI™ C ey}
tD XV 4 PO& xY) and by [8 Xx Y -G (f)cPO (X xy) . Thus

G (f) is a preclosed set of X x Y.

COROLLARY 3.2. If f:X->Y is a H.a.c. univocal application and
Y is Hausdorff, then G (F) 1is a preclosed set in X * Y.
Theorem 2.2, f9j )

DEFINITION 3.2. A space X is said to be pre-T2 if for each pair
of distinct points x and y in X there exist disjoint pre-open
sets U and V in X such that x £0 and y C V.

Every T2 - space Ib pre-T2 space,

DEFINITION 3.3. (C12j , [20j)Let X and Y be two topological spaces.
The multifunction F:X~*Y 1is upper weakly continuous (u.w.c.) in
the point x C X, if for every open set GCY with F (X)c the-

re exists an open set U C X containing X, so that F /v/~Cl G

THEOREM 3.4. If X is a topological space and for each pair of

different points x* and x2 from X, thereis a H.u.a.c. multifunc-

tion F:X-=»Y with Y a T space so that

1. F is punctually closed.

2.F () A F (2)- O,

then X is a pre- T2 space.

Proof. Let x1t x2 be. Then as Y is a T» space, F punctually
closed and F X\ F (x2) * 0 , there are two open sets 1™ and
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V2 with F (JtjJC 7it i-1,2 so that VWVQAAV2 * 0 . As F is
H.u.a.c. iIn x* and x2 by Theorem 2.3, implication (I)-s>(4), foll-
ows that there are two preopen sets UM, U2d X such that

X2 € U2 and F (Up C Vit i1- 1,2. From f A V2 - 0 Tollows
that F () A F (U23 - 0 which implies that Uj/10j.0 , that

is X is a pre-T2 space.

THEOREM 3.5. If P and F2 are two multifunctions defined on the
topological space X with values in a T topological space | so

that:

1. P are punctually closed, i1-1,2»
2. § is u.w.c,j

3. F2 1is H.u.a.c.,

then the set X£ X : R (XA f2() ™ 0 7 is preclosed iIn X.

Proof. Let A « *X £ Xl (x)nF2(x) 4 0”7be. We shall show
that the set X-A is preopen. Let X £ X-A Then we shall have
FrOOA RO =0. As PN, 1 - 1,2 are punctually closed and Y is
a T space, there are open sets V*, i1-1,2 so that Fi(xX)cY™»
i-1,2 and A V2 « 0 . This implies Cl AV2*0 , As I©
is u.w.c. there is an open set C Xso that x ¢ and F

cCl (V. As F2 is H.u.a.c. by Theorem2.3, implication (i) ‘="
follows that there is a preopen set U2 C X containing X such
that F (U2) (Z 72« let U - U2,then by LemmaG of /9",

U& PO (X) = Moreover, x£ D CX-A because ify t U, then F (y
Cl V1 and F2(y)c V2 or CI V1A V2 - 0, so FAU) n ?2Cu)

« 0 then y £ X-A. From x€ O0<CX-A there follows by jjB ] that

X-A is a preopen set, so A is a preclosed set.
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THEOREM 3.6. let El : X1-*Y and F2 : X2-~Y be two multifunc-

tions with Y a T” space so that:

1. are point - closed, 1 - 1,2.
2. IS U.w.cC.

3. F2 is H.u.a.c.,

then the set x2) VFl (xI™o P2x2 )y~ 0 is a preclosed
set in the space 1™ i 12>

Proof. Let A * \ } x2) A > {x2) i 0”be. Weshall
show that the set X* x X2 - Ais preopen. Let @ , x2) MA.

Then P F D QAF? (X2 ) » 0 . AsY 1is a T spaceandFit i-1,2

are point closed, there are open sets 7~ C Y, i- 1,2 with I* (X)cC
C VIf i- 1,2 andVx »V2 =0 . Thisimplies Cl virn\ V2- 0.

As F,is u.w.c. weshall have by Theorem 6 (2.) of [12jthat

x6 F1 (v1~ Int F1 (C1 VI) = AskF2 isH*u*a*c* we have *eF+(
V2~ , where by Theorem 2.3, implication (i) «*.(2) F2 ~V2 PO (
X2) .letU - Int ”C1 VI)XF2@M2pPbe. Then by lemma 2 of f17]j
UE PO - I (yIf y2~ CU, then y2 £ Int P CCI and
y2€ E2 (V2) 80 Y1 (yi)C CI VI and F2 (y2)C V2 or Cl V2 =

-0 .S x2heu C Xx x X2 -A and by £8]
XN x X2 -A is a preopen set Iin X X X2 and so Ais apreclosed
set Iin XN X X2«

The following theorems are proved similarly:

THEOREM 3.7. If P, i-1,2 are two multifunctions defined on the
topological space X with values In a T topological space Y so
that:

1.H,, i-1,2 are punctually closed.

2. F~, 1-1,2 are H,u.a.c.,
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then the set |x £X : £} o PP (X) 4 O\ispreclosed in X

THEOREM 3.8. Let K : X1I-»Y and F2 : X2~>Y he twomultifunc-

tions with Y a T space so that:
1. Fj ,1=1,2 are punctually closed.

2. F+ ,i=1,2 are H,u.a.c.

then the set "Cxi» x2n - F1 ~xIl) © F2 ~x2» ~ ~51S & Preclosed
set in the space X x X2.

DEFINITION 3.4([171)- A topological space (X,T) is said pre-
connected if X = AUB.A £ PO(x), B GPO(X), A 0,B i
£ 0 ArB = 0.

Every preconnected space is connected.
THEOREM 3.9. If the multifunction F - X Y is a surjective,

punctually connected and H.u.a.c. (H.l.a.c.) and if X is a

preconnected space, the Y 1is connected.
Proof. It is similar to the proof of the Theorem 3.1 of

COROLLARY 3.3. Let F X Y be an a.c.H. univocal surjection.

If X 1is preconnected, then Y = F ~x) is connected.~Theorem 8 ;

PO)-
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