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TWO REMARKS ON ALMOST CONTINUOUS FDNCTIONS

ABSTRACT. If f:R =R is a continuous function and g:R %R is an
almost continuous function then f+g, f*g, max (f»g) wid min (F,Q)
are almost continuous.

Let us establish some of the terminology to be used. R denotes
the real line and I =<0,1> . Let X,Y and Z be metric spaces.
A function T:X =Y is almost continuous Iff every open subset
of X x Y containing f contains a continuous function with domain X.
No distinetion is made betwen a function and its graph.
A closed set Kc X * Y 1is said to be a blocking set for afunc-
tion f:X ->Y 1iff K<of « 0 for any continuous functiong:X ->Y,
It is easy to see that T is not almost continuous function iff
there exist® a blocking set KcXxY for f.
PROPOSITION 1. If f:X Y is continuous and g:X -BZ is almost

continuous then h = (f,g) : X ->Y x Z 1is almost continuous.

Proof. Suppose that f:X ->Y is continuous, g:X =Z 1is al-
most continuous and h : (f,,g) is not almost continuous. Then there

exists a blocking set Kcl x Y x Z for h. Let us put

F=1(xy)t Xx*2Z ; & fFfX),y €kJ .
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First, observe that F is a closed subset of X x Z. Indeed, let

(X , y ) be a seaguence of points of F and Ii>rpv> CGn, yn) Oo»y) e
r]_

Then ()ﬁq’ f()ﬁq.\, yn;l. eK for each neN. Since of 1is continuous

and lLim X =X, we obtain [lim f) = fX®) and con-
=0« n x>
seguently, lim (Gn, F 6l ,yR))=&, F XD ,Yy) - Hence
n—=0o»
ix,y)eF .

Next, notice ihat F N k ~0 for every continuous functions
k:X »Z. Indeed, if kX —=Z 1iscontinuous then (F,k) : X =
T X Z is continuous too. Thenthere exists x <X such that
LFN L, kD)) t K oand thus (X, k un) £ F.

Now we shall yerify that F a g = 00 Suppose that (X, g ()P for
some X £ X. Then & F ) , g <) £K, i.e. (X h u0) £K,
contradicting the fact that K is a blocking set for h.
Conseguently, F is a blocking set for g, contradicting almost

continuity of this function.

COROILARY. IFf f:X ->R is a continuous function and g:X R 1is an
almost continuous function then the functions f+g, f.g, max (F,Q)

and min (f,g) are almost continuous.

Proof. It is well-known that the superposition g *f:X = Z
of almost continuous function f:X *+Y and continuous function
g:Y =Z is almost continuous [KGj . Since the fuctions sum, pro-
duct, maxinrun and minimum are continuous, T+g, f*g» max (f,g) and
min (F,g) are almost continuous for every continuous function

f:X R and for every almost continuous functtion g:X $R.

K.Kellum has been proved that each real-valued function defi-

ned on a real interval can be expresed as a sum of two almost eon-
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tinuous functions [K]* The same result holds with respect to pro-
lucts jdien the given function is always positive or always negati-
ve. It is showed in Tn] that for every function T:1 e»R there

exist almost continuous functions F,, f2, f~, fg such that

f = min (max (f», f2) , max (F, ¥H) . Thus the sum (product, maj
and min) of almost continuous functions is not almost continuous,
and therefore there exist almost continuous function f,g:1 ->R

for which the function h = (f,g) I RxR is not almost continuous.

PROBLEMS. H1i) Must g:X ->R be continuous when g + f (respectivel”
g«F, max (Ff,g)) is almost continuous for every almost continuous
function f:X ->R ?

ii Must g:X Z be continuous when h » (f»Q) >Y x Z is al

most continuous for every almost continuous function f:X Y ?

Prof. Grande recently hasproved that every measurable (with th
Baire property) function f:1»R 1is egual to the sum of two almos
continuous, measurable (with the Baire property) functions [Gj. W

use of his method in the proof of the next theorem (see [Nj)-

PROPOSITION 2. Por every measurable (with the Baire property)
function f:1 ->R there exist almost continuous, measurable (with
the Baire property) functions f~, f2, ), * such that f = min
(max (FIF 2) , max (@, ) .

Proof. let Z+1 be a set withthe following properties:
i; Z has Lebesgue measure zero,
lif) Z is of the first category,

lifi) Z J (a,b) has the cardinality ¢ (the continuum) for each

intervals (a,b)c 1,
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Notice that for eYery blocking set Kc IxR the projection @)
includes a non-empty interval [KG] . Therefore the set Z » @))
has the cardinality ¢ for each blocking sets K. let KQ, tj, ...,
(©sc) be a well-ordering of all blocking sets in I zR.

By induction we can choose a seguence of points (x ™~ j (y ™ 1)
u <c,1?2i1U) such that (x* #®xty ~ t , z N xt Z
and If X .=z . then -t and i1 « j. let us define

M- z™M L - «<nj fori =1,2,3,4. Obserre that AN N Aj «

» for i1 j.
let us put
y for z -z , << c,
T i - 1,2,3.4.

(2 for xtE -

Fix it -1,2,3,4\ . Since the set |x: F (1) ~ ™ ((z°cA™c_ Z,

the set Z has measure zero (.is of the first category) and f is measu-
rabie (has the Baire property) ,thefunction ¥ is measurable (has

the Baire property) too. Since ™ meets all blocking sets,  is
almost continuous.

Let us put ™ = maz CTl, f2) , h2 = maz (#, ) and observe that

f = min (h1, h2)

REMARK. Notice thatf = maz ¢, h» , where " = min (max j ,f2),
) and h2 = min {maz (f, Y , 12) . Indeed, if we define
At ={z: TO) > fi IX)) and B = jx: f (. xX)CFi)jy; for i =1,2,3
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then jx : max ( (x), f2(x)) t (x)j u Bj and
Ix r h, (x) fAx}] = Ay

Similarly, |xs h2 \X) £ FTix)j= A2 Since f (xX)>h"cx) for
X £AMN F (X)>h: <) for x + Aj and =0 , we obtain

f = mar (hl, h2) .

Of course, for every two functions f,g the lattice generated
by the functions f,g is egual to jf,g, mar (f,g) , min (f,0)]-
Because there exist functions »rtilch are not maximum or minimum of

two functions with Darboux property (see (BCPj , Th 3; for example,

-1 for x =o,

F (x) 1 for x =1, ), then the minimal number n e N
such that

,O for x £ (0,1)

every function f:1 ->R belongs to the lattice generated by n

functions with Darboux property eguals three.

COROILARY. The smallest lattice of functions containing all almost
continuous, measurable (with the Baire property) functions is egual

to the family of all measurable (\with the Baire property) functions.

PROBLEM. Does the lattice generated by the family of all almost
continuous, Borel measurable (Borel class <), functions egual the

family of all Borel measurable (Borel class<) functions ?

Evidently, if f,g : 1 ->I have the Darboux property, then the
superposition g o f has the Darboux property too. Thus the superpo-
sition of almost continuous functions has the Darboux property.

Por a function f:1 ->1 we say that f£ D** (1,1) iff for every
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y e | and for every sut>interval J c 1 the set F (y)oj has the

cardinality c.

PROPOSITION 3. Erery function ¥ t D** (1,1) 1is a superposition

of two almost continuous functions g,h:l —>U.
Proof. Let Xq, ---, » --- (=< ©) he a well-ordering of
all reals x + 1 and let KO, ..., s --- (< 0©) be a well-orde-

ring of all blocking sets in 1 x l. By induction we choose three
Beguences of points (@~ , a™)£K~”™, 1@
c e | (k< ©) such that:

O] a*J W -

ii if a: or some , then a L ap ,
il ifa; « % T £<ot h T N T
ADEET: y Tor some (b«x , then ¥ @) - *> (*(0 .
(It) ¢ »+ _y for some , then f (a®) bV

(V) Vv i a @ *ch * f,<'/\ AN\ a <=\ 9

M cxi yw *bp *CE : F<*SA fadte M =

Let us define functions g,h:1 ->1I as follows.

a~r TFfor x = an |, a< ¢,
h (x) -s
if x M| ar - << c\ and X = Xp. .
f (a*) for x = aV , << .G,
b 'c< for x - b~ , c(iC,
g (X = (
Uu Vv for x « C(S . p<e,
\ 0 otherwise.

Observe that h and g are almost continuous and ¥ = g oh.
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REMARK. It is easy to find a function f i=.S*(.1,1) which does not

have the fixed point and conseguently, Ff is not almost continuous

PROBLEM. Is every Darboux function f:l1 — &1 a superposition of (€

almost continuous functions ?

) Added in the printing. In the proof of lroposition 3 the
{J7arphi on that the union of less than the continuum many sets

of the firat category is of the Ffirat category (e.g. if M&rtin*s
Axiom or OH holds) is needed.

The construction of (&, a®) looks as fotlows. Let J be a non-

empty interval which is included in pl(£f). kor every le J we

define y(x)e I such that (X,y(X))el”. kor every [p<’c let A C:{xeJ;

y(x)= a™, J; y() = p,~ and y(x)=c,s™. IFf D=Jn
Bpu @, {a” )4$ then we choose a”eD and a”syCa’).

Otherwise, e.g. A,, 1is of the second category and therefore, Jc

f
A, for some non-empty subinterval ch J. Since X is closed,
v n
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DWIE UWAGI O FUNKCJACH PRAWIE CIAGLYCH

Streszczenie

Jezeli T:R ->R jest ciggta 1 g:R =R jest prawie ciggla,
to funkcje f+g, f-g, max (F,g) 1 min (F,g) sa prawie ciagle.

Kazdg funkcje mierzalng (z wkasnoscig Baire"a) mozna przed-
stawi¢ jako min (mar (ft, f2) , max (P, )) , gdzie funkcje
., 2> f3* 4 Prawie ciggte 1 mierzalne (z wkasnoscig
Bairea).

Kazdg funkcje F e=*(1,1) mozna przedstawi¢ jako ztozenie
dwoch funkcji prawie cigghych g,h:1 —>1L.



