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SOME REMARKS ON SYSTEMS OP IDEALS

If R is a commutative ring with Identity and M is any set
of ideals of R, then a pair (R, M) will be called a system of ideals,
if the following conditions are satisfied

AL R is an element of M,

A2. An intersection of any set of elements of M is an element
of M,

A3. A union of any non-empty set, totally ordered by inclusion,
of elements of M is an element of M,

A4, Thenull ideal belongs to M,

A5. IfA, B belongto M, then A+B belongs to M,

Aft. If A, B belongto M, then AB belongs to M,

A7. If A, B belongto M, then A:B belongs to M,
where A:B - <r € R{Ar*b€ A

L b€B J
A8. If A belongs to M, and x Is any element of R, then
00
A - (J (A:xn) belongs to M.
X n-o

Let (R, M) be a system of Ideals. Elements of M are called
M -Ideals. If E is a subset of R, then we denote by £e” the smallest
M—deal containing E. If A is an ideal of R, then we denote by A -
the greatest M-ideal contained in A.

If (R, M) and (S, N) are systems of ideals, then a ring
homomorphism f:R —> S will be called a morphism of systems if:

1. The Inverse image of any N-ideal is an M-ideal,
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2. An ldeal generated In S by the image of any M~deal is
an N-4dealL
In the papers |V , ]Vj , there are elements of the theory
of systems of ideals and among others important examples of systems
as f.e. systems of differential ideals ( j_4j, j§] ), systems of differential
ideals with respect to a higher derivation ([2], [8]) and systems of
homogenous ideals in a ring with a grading (jlj, »]).

In this paper we give some remarks on systems of ideals
and we describe some new examples of those.

PROPOSITION 1. If M is a set of ideals of R satisfying A3,
then the condition AS is equivalent with the following condition:
(i) IfA £ M, then AT £ M, for every multlplicatlvely set T In R,
where Ap » £r 6 R; rt £ A, for some t £ ¢ | .

PROOP. The property (I) implies A8, because T * A~ xI{ n -
O, 1, 2, . .1 is a multiplieatively set In R and « AN, Now, we

prove the inverse implication. Let A £ M and let T be a multiplieatively
set In R. Consider a family Xl < |S] S it a mulUplicaUvely set
in R, such that S ¢ T and A £ Mf . The family XX is non-empty,
because for t £ T, ~tn, n - O, 1, 2, .. .7 is a multiplieatively
set contained in T, and by A8, we have A | - At £ M. Notice,
that Z satlefiee the assumption of Lemma Kuratowsgki-Zom. Let
1£ 1) be achainin XI «Then [JAg+i£ 1] is a chain
in Mand S m wu S. is a multiplieatively set in R, contained in

1 61

T. Since A= - A , then, by A3, we have A- £ M. Thus

M
_ 1 £ 1 1 S
S £51

Let S C T be a maximal element in XX ¢ Thus As é& M.
Suppose that S T, and let t £T \' S. Then U - sj/*} Is «
multiplieatively set contained in T and properly containing S. By A3,
we have - As|tg. - (As)t € M. Therefore SC V and UgE£,

in spite of S is a maximal element in XX . So, we get S - T,
and AT £ M.
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PROPOSITION 2. U (R, M) U a ayatam of ideals, than an
algabraic aum of any set of elements of M, is an element of M.

PROOF. If A la an ldeal of R, then the condition A £ M la
equivalent with the Implication! x 6 A Ixjd A (see L). Let
[A,] , £, be a collection of M<d4deals. If x ér 2Z Aj then x - a™ +

. 4 an belongs to A. +. .. +A. ,s0jVIC A ¢,.. eA c

| n | n
Crl a,.

Assume now, that (K, m) is a system of ldeals, S is a
multiplieatively set in R and S-1R is a quotient ring of R with respect
to S. Let N - { S-1A; A C m|] . It Is easy to prove, that N is the
only set of Ideals in S-1R such that (S-1R, N) is a system of ldeals
and the natural homomorphism ftR S-1R, r —» * is a morphism of
systems. The set N We shall denote by S-1M.

PROPOSITION 3. If S is a multiplieatively aet In R and A€

then
a) (s a)dip - S“L((A bl

b) [s'V] - s-"a]

PROOF. First, we prove, that if A - Ag , then (S-la)”™ =S-1A

It U clear, that (s“XA) ~ - S-1B, where BE bl and B - B
Hence A ~ - (Ag)™ - (F1(S™MA))-* - ~((SMAjJN) - T*(s”1B)
- BS - b. _
where ft R—S~ R is the natural homomorphism.
Then we have S-1(A1M - S-1B - (S-1A)™ , so finally
(S-1A)Y# - (S_1(AS)) ~ - s"I((As)lp.

This ends the proof of a). The proof of b) is standard.

A system (R, M) is called special. If the radical of an
arbitary M-ideal Is an M-ideal ([V]).

PROPOSITION 4. If S is a multiplicativaly set In R,and (R.M)
Is a special system, then(S-1R, S-1 M) Is special too.
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PROOF4 Let be any prime ideal in s1R. Then 0 » stp,
where P ia a prime ideal In R disjoint from S. By proposition 3 a),

we have Q ™~ - (S ’1P)’\_ - s“»(P’\). But (R, M) is special, so
P~ is a prime ideal of R (Th.1.2 [7]). Since P~. C P and TPoS-0O
then P~ ™» S moO Finally, & S'Ap A isa prime ideal

in S-1R and by ~7]we have thesis.

If P is a primeideal in R, then wedenote by (Rp,Mp) a
system (S™R, S_IM), where S - R4 P.

PROPOSITION 5. Let (R, M) be a system ofideals.
The following conditions are equivalent

(1) (R, M) is special,

(2) (Rp, 1* special, for every prime ideal P in R.
(3) (rme ) is special, for every maximal ideal In R.
1 1

PROOF. The implication (1) =t (2) follows by Proposition 4.
It is clear, that (2)=%- (3). We prove (3)“=(l).

Consider any prime ideal P in R. We show, that P is a prime

ideal. Let be a maximal ideal, such that P C Let S m Rv M.

Then S hi p m~6, and by Proposition 3 we have (s””P) — STWN(PA)
Because (S~"R, s“*M) is special, so is a prime ideal

in S-1R, hence Pp isa prime ideal inR.
Now we give new examples of systems of ideals. First, we

describe all systems of Ideals in the ring Z of integers.

EXAMPLE 1. tetP - 1 p., .. O be a set
of prime Integers (finite or infinite), and let D « ,Kp'.l, p'22, Ce

p™n, .. be a set of fixed powers of elements of P. Then (Z,Mp]

where MQ - | (n); n - (p~Del. . (p~"k™k, Sj~ oj ™ O]

is a system of ideals. Conversely, every system (Z, M) has the
above form.

PROOF. It is easy to prove, that (Z, MQ) is a system of
ideals. We show, that any system of ideals (Z, M) has the form
(Z, Mp)» Let p -Jp; p - a prime integer, such that pjn for some

(nN)e Mn f 0jj
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n P- P2, . . ., PK, . . . J , then we define
ij - min |is there existe (n) £ Ms n —pje, i > O, pjJ( ¢ , where

j - 1,2,... Set D - fp*l, p22, . . .p™k, . . . 1. We prove that M - M~,

Notice, that if (n) £ M, where n - plﬁl .*cblausathen by the uniqueneM
of primary decomposition and by Th. 3.4 Ls] , we obtain (n) - (p*™Dn

n...A(p*s), where (p~l) £ M, .. -, (P™*) € M. Hence,
ai*o (p*hh) c M, . . ., (pj)) E M
Therefore M~ c M. If (m) £ M, where m - p![l. . then
£ M, forj- 1, 2, .. . ,t Itis obvious that kj} ij.
Let kK - “j i. +rj, where O ™4 ij,j -1, 2, ...,tuU o,

then (pjj) - (P15 : (p'jV)) £ M which contradicts with minimality of
ij. Hence, we have (p?j)) - (pjNW £ MD forj - 1, 2...... t.
Finally (m) - (p~l) T . . . N (pj*) € MDandM - MR

We shall describe now, all special systems In Z.

EXAMPLE 2. Let P be a set of prime Integers. Then (Z, M_),
{ (n); n - p',l. . .pJ‘k; pJt py ... . £ P, * " O.cvvrennnn,

k> °} ~ {7)]is a special system. Conversely, If (Z, M) is a
special system, then there exists a set P of prime integers such that
M - Mp.

PROOF. Is similar to the proof of Example 1.
We can do the analogous description for principal ldeals domains.

M (R, M) is a system of ideals in R, then we denoteby

M jx] a set of ideals ift R [x] of the form A[x]- | aoxl+ ¢ e + an*
a, £ Aj, where A 3 M. We shall, prove, that (R [xj , M [x]) is
a system of ideals. First, we prove two lemmas.

LEMMA 1. Letf-anxn+...+a0.g-bmx""+.... + b
belong to R[x] . If g. f - O, then t+ - O
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PROOP. Since g» f -
(1) bm.an - O

<*> bm-I*n + bm*n-l - °
(m) bl«n & b2ar>1 & ..., + bn+lae - O
(m+1) boan + blan_1l & ... . bﬂag -0
Multiply the equation (2) by ap, (3) by ﬁ% ) e (m+1) by
\% haV*S bm-lan - ° |

brw2dd - O

m
ban - O
“oV*1l - °

LLI4L
Hence g-an —O0.

LEMMA 2. Ietf-a(rjlérl+--°-0 a0*8 “ br XN +**' + b0
belong to R jjxj. . If g £ LJ (°»' ) then for each pair i#J, where
k-0

il 2., .9, nl#2. nthere exists s(i#j) £ N such
that b,. ap1l - 0.

PROOF. Induction with regard of n, where n - deg f.
If n 0, the Lemma is obvious» Suppose now, that Lemma is true
for polynomials f of degree* < n, and for every polynomial g. Let

deg f wn, and g £ (Ojf*).
k-o

Suppose, that g. fP <= 0. Let h - 3. A coefficient at the maximal
power of x in h is equalt aP - b Since g.h - 0, by the Lemme 1,
we have g.bm+l - 0. Then g . all - 0, where r - p(m + I).

Let - f-anxn, then g . £+r - 0, Finally g £ O ("),
K—8

where deg I, <r>-l, the thesis follows by the Induction assumption.
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Corollary, bet A be an ideal in R and let f - a"x ,Eeeee + al>
g - bTXTl + eeee¢ + bQ be polynomials in RE£x]. If g e KUQ(A fx]tf ),
then for every pair ij, where i » 0,1,2, . . ., m j=1,2,...,n,
there exists s(i, j)eN such that b~.afr* A.

PROOF. It suffices to apply uemma 2 and the isomorphism (%) fx]

THEOREM. Let f - anxll + eseee + a0 R Cx3 ond let A be and

ideal of R. Then A[x] ~= (Aa M A&N. .. A ) I'x®
ao al an
nm (A{x] : fk) - ﬂ (U (Aak )) [x]
k*o i-0 k-0
PROOF. The inclusion C: follows from Corollary, we prove the
inverse inclusion. 1 fg-bxem + ..., + b belongs to .* .(lt‘\%(A akl)rx-;l»
then bka®ok , ..., bAnkEA, Set sk - max(st .................... snk).
for k - 1, 2, .. m Then b~kE A and g. st+sI+*+Sme A jx]
EXAMPLE 5. If (R, m) is a systems of ideals, then (R IX) [x]
is a system of ideals too.

PROOF. Itis clear, that the conditions A1-A7 are satisfied.
3y the obove Theorem, the condition A8 is also satisfied.

EXAMPLE 4. If (R, M) is a special system of ideals, then
(«bl . M[x]) is a special system of ideals.

PROOF. It suffices to notice, that f(A ) - r(a) .



70 -

REFERENCES

[T M.FAtiyah, 1.G.Macdonald, Introduction to Commutative Algebra
Adison - Weseley Publishing Company, Massachusetts 1969

[2] W.C.Brown, W.Kuan, ldeals and higher derivation in commutative
rings, Canadian Journal of Mathematics 24(1972)

Bl Nlacobson, Lectures in Abstract Algebra vol. lli I, D. Van
Nostrand Company. 1964

[4] W.F.Keigher, Prime differential ideals in diferential rings, Contribu-
tion to Algebra, A Collection of Papers Dedicated to EKolchin,
1977, 239-249.

[5] E.R.Kolchin, Differential Algebra and Algebraic Groups, Academic
Press. New York, London, 1973.

[6] A.Nowicki, Prime ideals structure in additiwe conservative systems
(to appear)

[71 A.Nowickl, R.Zuchowski, Special systems of ideals in commutative
rings (to appear in. Commentationes Mathematicae).

[8] O.Zariski, P.Samuel, Commutative Algebra vol. 2, Van Norstrand
C.O, Princeton. 1960

[9] R.Zuchowski, Systems of ideals in commutative rings (to appear
in Commentationes Mathematicae).

PEWNE UWAGI O SYSTEMACH IDEALOW
STRESZCZENIE

W pracach [7],P ] podane sa elementy teorii systeméw ideatéw
i miedzy innymi wazniejsze przyktady systeméw jak np. systemy ideatdw
rozniczkowych, systemy ideatdw niezmienniczych ze wzgledu na
derywacje wyzszg i systemy ideatdw jednorodnych w pierscieniach
z gradacjg.

W niniejszej pracy podane sg pewne uwagi dotyczgce systemow
i opisane sg nowe przyktady systeméw ideatdw.



