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CONCERNING KRIPKE SEMANTICS POR INTERMEDIATE PREDICATE

LOGICS

In N*gai introduced a new type of semantics .for inten-
mediate predicate logics, whieh in 3 H. Ono and S Nagai termed
the generat Kripke models. In this paper, we distinguish the generat
Kripke frames from the Kripke models on the generat Kripke frames.
Besides definig the generatl Kripke frames, we aiso deflne structurally
generat Kripke frames, and examine certain properties of these two
types of semantics.

In I we establish symbols and terminology which are used
throughout the paper.

In Il we examine the relations between the generat Kripke
frames and the structurally generat Kripke frames. We also examine
certain properties of these semantics.

In 1l we apply the results obtained by the author in CBto

the intermedlate predicate logics.

l. Well-known togical and set-theoretical notions and symbols

are used in the paper. The symbols: A ,V ,—/ , 4.V , denote

the familiar logical connectives: conjunction, disjunction, implication,

negation, universal quantifier and existential quantiQer, respectively.

The letter N denotes the set of natural numbers (from zero). Por

each n C N, the symbols: p~"\ r*n\... denote n-ary predicate
variables. The symbol AT denotes a set of atomie formulas built in

the usual way by means of predicate variables and individual varlables

from an countably infinite set ®x, y, z, ... r , and the symbol POR



44 -

denotes a set of formulas built by means of connecttves: A <V o
—> , “t ,V , 3 oJid atomie formulas. Por any Q C .V,
, 3- the symbol POR” denotes a set of formulas
whose all connectives belong to Q. Smali Greek letters OC ./3 ,
will serve as metalinguistic variables running through the set POR,
whereas the symbols: A\ ,V/ ,=3> \=>, , 31 stand for
conjunction, disjuntion, implication, equlvalence, negation, universal
quantifler and existential quantifier in the metalanguage. Capital gothic
letters , "5 « e e e denote algebras, and the respective Capital

Latin letters A, B, . . . the unhrerses of the algebras. The present

work will discuss only the so called pseudo-—Booiean algebras (cf.[¢3),

further called symply algebras. The symbols:
denote respectivelyi unit element, zero element, lattice order of the
algebra, while the symbols: Ay , , —* jic , denote
pseudo-Boolean operations of that algebra (cf. C63)* In th® above
symbols the index A£ will be omitted whenever the possibility of
confusion can be exduded.

In this work, by Kripke frame we shall understand any

parttaity ordered set, l.e. a pair'W' - < W,$: > such thatWw
and 4 i» a partial order in W. By a generat Kripke frame (g. K. £))
we shall understand a triplet < , Vv, > satlsfying the following

conditions (cf. (3");

&)Y is a Kripke frame,
(li) V is a mapping from W to the power set of some set such
that V(a) f < for any a € W and V(a) C V(b) ila £ b,

(iii) is a algebra in which there exist A a,and V i
tet tett
for any T, such that T « K (W, V) and t# C K.(v),

where K (W, V) denotes the smallest Cardinal which

is greater than v(a) and ~ for any

a fc W, and hi.(v ) denotes the smallest Cardinal which is
is greater than V(o!) for any a Gr W.
The symbol POR(v) is used to denote the set of formulas obtained
fTom POR by addlng the individual constansts ~ for each element

Nt Il aeW} . By a valuation on the g. K. f.

t



we shall understand every function v frt>m the Cartesian product of
the set of all closed formulas of FOR(V) and W into A satisfies the
following conditions (cf. |

1. for an n-ary predicate variable v (p~Ann N5 i* e e"An*
a)r v (P~ $j. e~ n.b) Ifad b and < 5j_ ...

3 n> €V(a)n*
2. v (Ot-A(3 ,a) -v (oC ,aA V (/3 ,a)

3. v (oCV /9 .aa) - v (0Cz2 Y
4. ©c~~ /3 . a) - A (v (oC , b)) — v i
v ( [ ) a~ b <c
5. Vv (i oOcC a) - A (1 v ( oC, b)),
a™~ b
6. v(ont, a). A!5< A v(otS.rb)-
a™™ .
i € v(b)_
7. v(3 x oC. a) - V , . v (ot~ a).
V(a)

We say that cC€ POR is satlsfied by a valuation v on the g.
K. f.<V .V IX> ,Ifv (oCl. a) - 3 tor any a € W, where oC*
is the universal closure of ec. If every a valuation v on the g. K. f.
< V .V, > satisfies formuta oC, we say that oC is true in the
g. K. f. <V V- XI>* The set of all formulas true in the g. K. U
< .V, (the contents of < , V, IX > ) will be denoted by
e (w . V. ).
By a structurally generat Kripke frame (s. g. K. f.) we shall
understand any triplet <y {, V, > e which satisfies the following

conditions:

(i) W and are Kripke frames,
(U) V is a function from W to the power set of someset such
that V(a) ~» for any a € Wand V(a) £ V(b) ifa ~jfb.

By Kripke model on the s. g. K. f. <Y/, V, n we shall
understand every function v which takes one of values { U, &J
asits value for a triplet < ot, aw > of a closed formuta ot< POR(v)

and an element a ¢ W and an element w fc W», whose values are

determined by the following conditions:



1. v (p(n) Xx . .. f n,a;w) - 3 \fvtx > X w Vb >a
vip”™ ~x . ..7? nb,wl) - a ,

2. v (otAjS. a, w) - U~ v ( ot , a. w) - J v ( f} , a, w)
- U .

3. v (atv”™, a, w)- a v ((oC , a, w) - ay v (" ,a,
w) - a,

4. v (0e,->]3. a, w)- 314=~ Vw¢it > 1w ~b a (v (ot, b,

, WiL) - <t>~v (fi , b, wt) - 1 ),
5 v (yoC. a, w) - ai-#">-\"b”~a’V [twl > = w (vfcC, b, w”
- 0).

6. v (V -x .a, w) - d4=n- b)a-\"*7~ev(b) (v (X ?,

7 v (~ *OC, a, w) - 10 317€.V(a) (v ,a, w) - ai).

We say that formutaoCe POR Is satisfled by a Kripke model

v on the s. g. K. f.<~WT V,"W~" > j **v , a w) - a for every
ae W and for every w £ W”, whereoCis the universal closure ofoC
If every Kripke model on the s. g. K. f.AV/7 V, N satisfies formuta
OC. we say thaiOCis valid on the s. g. K. set
of all formulas valid on the s. g. K. f. V,V i > < the contents
oE<V ™ v- Y 1> ) will be denoted by E , Vv,

By an easy verification by means induction with respect on

the numbre of logical symbols in formutaoC we have -

PROPOSITION. Let v be a Kripke model on the s. g. K.
v. -\ o . Let a, b€w, a”™ b and let w, u £ wA. N u. Then
for anycC"POR, v (cC*, a, w) - & Implies that v (o¢*. b, u) - 4
whereoC*is the universal closure ofoC.

The symbol CL is used to denote the set of theorems of
classical predicate calculus, whereas the symbol INT is used to
denote the set of theorems of intuitionistic predicate calculus. We say

that a set of formulas L S= POR is an intermediate predicate logie if



It satisfies the following conditions (cf. C5j):

1. INT £ L £ CL

2. L is closed under the substltution,
3. L isclosed under modus ponens,
4.

L isclosed under the generaliznUon.

. We discuss relations between the generat Kripke frames and the
structurally generat Kripke frames and we prove of some properties
of thls frames. Por this purpose, we modify the known Pitting method
(which allows us to capture certain relations between the Kripke
frames and the pseudo-Boolean algebras (cf. £2])).

The following construction allows the correlation with any
Kripke frame "Y( of the respective algebra. Let - <W, 4 > be
Kripke frame. A subset H O. W is called a hereditary subset of frame
~yf if for any a, b £ W It follows from a £ H and a », b that b £ H.
The symbol D ("W ) denotes the class of all hereditary subsets of
frame "W" e whereas the symbol Alg("*0 denotes an algebra with

universum D (YO and pseudo-Boolean operations deflned as follows:

for any Hr H26 D 7)), A H2* O H2, H2 - H2,
Hx— H2 -{ a ] a 6 WAVb £W (a 4 b*4b ~ b £ H2)},
TH, - It is obvious that In Alg('J»/r) there exist A H.
tfT

and V Hh where T, T are sets of any power.

tET 1

THEOREM 2.1. Por any s. g. K. f. ,V, Y {% ,E(CV
V. -E(W'. V, Algo ™).

PROOP. Suppose that £.V, Vv,V '1> is a s. g. K. f. and

v is Kripke model on the s. g. K. f. < *vt "W\ * We

a function from the Cartesian product of the set of all closed
formulas of POR(V) and W into D (W ") «« follows: v (, a) -
{wf£ W1 Jv( oC, a, w) - U . It is easy to verlfy, by induction
with respect on the number of logical symbols In cx , that is a
voluation on the g. K. f. £ , V, Alg( ) > . Now, since the unit

element of Alg('~'1) is WL itself, hence (oL, a) - if and
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only if for ill « £ W&t v( ot , a, w) - li . Th* proof* of th*

remaining *t*p* ar* *aay and will b* amlitted. Q. E, D.

Let <*VY\ V, be a g. K. f. A auba*t P of th* untvaraum
of alg*bra 1* call*d th* Olter of aig*bra XL if P is non— mpty and
for any a, b £ A, {», b} £ P if and ontyifa a b C P. A filtar
P is sald t* be prima if P C a and for anya, b fc Ajif av b fe P,
than {a, b\Ap ~ «f W* say that a filtar P Is An K (W, V)-Olter If
It haa th* f*lI*wing preperty; for any T 4 R(W, V), if { at 1 t£t}

£ P, than A at 6 P. And w* sny that a Oltar P i* an K.(v)-
flitar if it ha* tliorfoUcrwing propertyt for any T 4 K.(v), if \Y% af
tfeT

€ P, than {at ) t £T J P ji j!, whor* K (V) denotes th*
smallest Cardinal which is gr*at*r than V(a) for any a £ W. If K (W,
V) 4 than w* idantify ~ (W, V)-Gitar* with Gitara. Similaraty, if
W(V) 4 )\ o' oF¥n w* idnntify « (V)-Gitars with prilra* Gitar*.

LEMMA 2.1. (i) If R(W, V) > X e, than th* H (W, V)-Gitar
g*n*rat*d by a non-ampty *ubs*t Ap of th* univ*rsum of algebra V[

la th* s*t of all *I*m*nts a £ A such thata> /\ a for s*m*
. t€T
elament* *t£ AMt € T, and far soma T 4 It(W,V),

(i) If K (W, V) 4 X o*then ** * (w« V)-Gitar generatad by a
non-ampty aubs*t A of the univ*raum of alg*bra \X is th* sat of *11
elament* a £ A such that a~ a”~A . . ,Aan for aeme elements a”®,

L« .an£ AO'

PROOP. By an eaay variGcatien

Thia foliowa aaay from Lemma 2.1 that

LEMMA 2.2 (cf. H.Raaiowa and R. Sikorski C 6j). Let ao ba
a eloment of urtiveraum of algebraand let P be a K (w, V)-Gitar
ot algebra Xt . Than [p, aQ) - -"af£A)a>aoAc,c¢ P}

la the R (W, V)-Gitar ganaratad by the aet { aQ® P.

LEMMA 2.3. Let P be a H (W, V)-Gitar in algebra and
auppoae that (a —b) ~ P. Thon the R (W, V)-Glter £ P, a) generated
by P and a doea not contain b.



PROOF. Suppose that b £ CP, a). Then by Lemma 2.2 b> aAC
far same ¢ £ P. Sa ¢ A a — b and hence a b £ P. Q E. D.

LEMMA 2.4, Lat P ba a praper R (w, V)- filter of algebra WVt
and auppose i a 4 Th#n the R (w, V)-futer C P, a) generatad
by P and a is prepar.

PROOP. On th* strength of Lemma 2.3, sine* ~ a — (a ~?0).
Q. E. D.

LEMMA 25 Lat a algebra XC satisfies tha fellawirtg conditions
the unlon aat-thearetical of any Chain of R (w, V)-filtera af algebra Vi
Is a K (W, V)filter In . Let Fq be a K- (W, V)-TUter of algebra
and a 4 PO. Then Pft can be *xt*nd*d to a K.(V)-fliter P such
that a ~ P,

PROOP. Let ua nota that if R(W, V) v )4 than we considar
fliters and thus aach algabra satisfies tha conditiant tha unlon aaU
theoretleni of any Chain of flltars is a filtar. Thus, if K (w, V)4 X
than tha proof of Umma is the same aa in C2], pp. 25-26. Sa now we
onty hava to consider tha following casost 1°. R(W, V) > X o and

K (V) 4z R(V) > X o~ W® om*t th* Pro®* °t Lemma in casa
1°, sihca it is mada simple by tha proof of Lemma in 2°. To prov*
2° lot us assumo that Pq is a R (W, V)-filter in XC and a ™ P
Lat K ba the coilection of all K (W, V)-filtera in not containing
a. The coilection K is non-empty, siice Po £ K. trat® ba a Chain
in K, £ > and P - U(X IXt~). Since a f X for all X€ 'C
then a 4 P And on the strength of assumptiona af Lemma P is a R (
W, V)-filter In 1yf . Hence, by Kurntowakl-Zom Lemma, K has a
majdmal element P. Now, assume that P is not a K(v)-filter. Then
there exist elementa a, £ A, te T and T < R (V), such that \/

j * tfc T

a, £ P and | a, ! tET N~ P - < Por each t £ T, let Pt -
[p, at) be a K (W, V)-fiiter generated by the set P o { *t$. Hence
Ft O F for each tE T. Let us assume that a £ P{ far aach t ¢ T.
Thus by Lemma 2.2 there existe ct 6 P, t£ T, so that a > ct /S a{

for each £ € T. Let c - /\ ¢c¢,. Since P is a R (W, V)-fliter



then ¢c £ P and a > ¢ A a for each tfc T. Hanca it follaws that

a > V (« Aa,). Becauaa c A V a - V (c a a.) (by p.
tfcT * teT tC T
135) and c A V a € P, than a £ P - a contradlction. Tharafora
tET
thara asdata t £ T such that a f P(. So P Isnot maximal - acontra-

dictien. Thus P Is K.(v).fUter. Q. E. D.

Lat U ba a algebra. By tha symbol Pm wa danote tha
sat of all H.(W, V)-filtero af algabra , which ara K (v)-flltere.
Tha symbol denotes tha Kripka frame < Pp(\£),G >

THEOREM 2.2. (i) Lat %£ ba a algabra satisfies tha c°ndltion:
tha unlon saUtheoredcal of any Chain of K.(W, v)-filters Is a K.(W,

V)-flltar in , Than E(WW. V.IX ) ¢ E ~, V,37(7%)*
(U) Por any flnita algabra ~ . E ("VW\ v.Xi) m E(Y , V,

PROOP, To prove (i) lat us assume that<'Y f, V, *
g. K. f. and v is a voluatlan on tha g. K. U¢JYf, V, '1%?. We daflne
a function fram Cartasianproduct of tha sat of all closed formulas
of POR(v), of W and Pp(7X) *nto L~ e« <t as follows: (ex ,
a, w) - U If v(ol, a) £ w. In order ta show thatthus-deflned
function Is Kripka model on tha s. g. K. f.OY. V, & (7X)> wa

ver<jfy Only tha casa 4 and 6 becausa tha veriflcation >f tha ramalning
cases is aithar aasy, or similar to 4 or 6 Lat v*(oC-~ /3, a, w) -

U. Than v(0t-9/3. a) 6 w. Sa /I\ (v (ot , b) v( /3 .b))
a <<b

t w and hanca v( ot, , b) —g v(/3 , b)) e w far any b > a. If vr’\2

w than Is elear that far any b ~ a, v( ot , b) '9 v ( A3 , b) ¢ wn.
Tharafora on basis of the deflnitien of filter, If v( oC ,b) € w”, than

v ( /3 , b) fc w~, and consaquantly far any b > a and for any w” 2 w
v~A( ot. , bjwn) m4 ar Vj( /3 , b, w”) - U . Naw, considar the casa
whan (OL—9 /3, a, w) - O. Prom this assumptien it follaws that

v (3 fi, af) « w and consequantty A (v. (oC, b)y— v( /3 b))
J a”™b 9 .
e w. Tharafora thara exlsts bQ” a such that v( ot, bQ) °J v( /3 ,bQ) "~

w. Thus on tha strength of Lemma 2.3 wa can assume that there exists

a K (W. V)-filter w# in algabra Xt such that wq2 w, v( ot . bQ)



t wqg and v(fi , bQ) £ w”, By applylng to tha lattar Lemma 2.5

we obtain that W( can ba axtandad to a K (V)-dilter auch that
v( fi , bQ) ~ w”. So thara exist bQ> a and w2 w auch that v~(eC.
>bQ, wn) - K and fi , b#, ) - ®. In tha caaa 6 tha follow-
ing aquivalencaa holdt v~ ( xeHd, a w) - I iflv(VvVxd, <)
ewiff A A V(OC? .a) e w Ut \fb > a >ASfcV(b)
b> a 3¢ V(b)
v(oL~Af . a ) fe w Iff b> a V(b) vi(oc'f, a. w) - U.
Te and tha preef af (i) It sufficea ta nota that If v( oi_, a) >11
then v( ot, a) g w for all w £ Hanca Vg( cC , a, w) - i .
Canvaraaly, let v( oL, a) 1] . Than by Lemma 2.5 wa can asend

to a K(V)-fllter w auch that v( ®. , a) ~ w, and conaaquantly
vx( oL , a, w) - <.
Ta prava (li) obaarva that by Theoram 2.1, E( )\f , V, SACKT)
)) m K( YT, V'Alg(*p(~J))). Since is a finite algebra, therefere
i* laomorphic with tha algebra Alg(Pp(\0) - tha function fj
AHjD~™~da:)) *uch that f(a) - { P |J] a fcP * P fe

i*
, |

*n laomorphism. Thus we concluda tha proaf af Theorem. Q. E. D.

tat yfx - £ Wr 4 1> and W g - 4 Wg, 4 g>
ha Kripka frames; wa aaauma that N W2 - The product of
frames Vv fl1* W 2 i« dafined as a palr < W1 Wg, » n >
, whara 4 -jy ~ . 4~ U 4 2-1t can be easily noticed

that the condltion r* Wg - ~ Is not assantial - the product of two
Kripka framas can be obtalned by uslng thelr isomorphic copias. In

the case when we consider of the set of Kripke frames AN ¢ ijf
we shall write k (V(™) |J[t£1)or j* i instead of < I (e 17,

Noint V/L> . where 4 .>x,Y, - U{4 i \1 1 -

An Important property of structurally generat Kripke frames is. exressed
in the following:

THEOREM 2.3. Por any set of s. g. K. tjsi<.\re v ,w »>



1 i¢ 1} there Is a a. g. K. f. <Y~ V, Y{*> auch that E(>Y

v, VY°) - n e vu 'y f*).
1 €1 11 1
PROOP. Suppoae that la given of the aet ot a. g. K. f.'s
v, Yff | 1€ 1" elat ua conaider the a. g. K. (

o
<yr.v, r > . whar. w - X v o, >y°- X W i

, lei ri ie i
and V la the function from W "LWj | i € 1J auch that for any a
6 1 +~i} .V(a) - Vt(a) If a «<W j, We omlt the proof ef
the indualon E( W , V, W °) £ E( W., V., W ?) since it is

i € 11 *

cempleiiy direct. To prove the converae Incluaien iet ua assume that
cc 4 E( "W. v, y(°). Thus there exiat Kripke model v on the a.
g. K. b <W, V, YTf°> ,ao e W and wo e W° such that v( ot’,

ao, wo) - 0. Since W - U o(. Wj | i 6 ijand W* - U { W° | i€]"

then here exist i, j € | such that aQ 6 Wj and wQ g W°. On the

Strength of the constructien of the s. g. K. f. <YY , V. "W °> it is
obvieus that we can assume that i mj. Conaider Kripke model on

the a. g. K. L < Vj, ~W *° > auch that /3", a, w) - v( fi',

a, w) far each (3 € AT, for each a f-Wj and for each w «. W® . The
reader can eaaily check that so defined of the model can be

extended that: for any yS g POR, for any a g Wjandfar any we V/_

e Vvj( w) - v(/3, a w). Hence, vt(oc',aQwqg) - O and
ao et~ A E ( V YT,0).Q. E. D.
it 1 1 1

THEOREM 2.4. Por any a.g. K.f. < ¥ , V,K?®> there
exists a aet of a. g. K /i {< Yfj. VX * > | i¢ 1} such that
(i) e(YT.v. TY°)- N OE( V... Yird).

lei

(ii) Por any i £ I, W, bas the least element,
(iii) Por any 16 1, 'YIf° bas the least element.

PROOP. Let us assume that <W , V, )Y°> is a s. g. K. f.

Por each a € W, let W& - { b Jag b}and let be the restriction
of V to W . Similarly, for each w € W°, let W* m u |w ( ud.



Now let us conaider the set ef a. g. K. t. '* { va. 'W *>|
&6W, w e W* Itls elear that in order to preve (i) - (iii) It suffices
te show: E( TY .V, >Y°) -0 { e ( TY*.va. >Y °)bk «

w € W*} | If ot 6 E( TY , V,7/%*), then for everyKripke model

v on the s. g. K. f. < W. v.7/°> . overy a e W and for

every W ¢ W®, v( oc‘, a, W) « U . This gives that for every a € W

and for every w e W®, cc e E( Yfa, VA, 'VY?). honee

oCe O {E (Va. Va.V”™)] aGW,we W?*°}. Thas there exist Kripke

model v on the s. g. K. f. <V, V, X®> ,aOeW andthW®
such that v( otl aQ, w#) - 4 . This yields - similarly as In the proof

of the Theerem 2.3 - that ot i E( V/ _, VA \Y% w ) and
“o o) 0

therefore cC"H {e( Ya. Vft, ~ ®) | a SW, w Wr°}.Q, E. D.

Following H. Ono 19J wo say that the function fx W t>W?*
is a embedding of TY - <W, ~ > into TY® « < W, if
and only if it satisfies the following conditions:

(i f(w) - we,
(V) \f a. b GW (a &« b =pf(a) <£* f(b))t
(iii) W a GW w G W®e (f(a) ~ ° w 3lc e W(a < ¢ A\w
- f(c))).
If there Is a embedding of W Into W °, we say that TY is embeddable
in vre.

We say that s. g. K. f. , Vv, ,s ombeddable into

S. g. K. f. < y{* V°, YyYe° > if the following conditions hotd:

(n there existsa embedding f ot TYInto TY?¥*,

(1) there exists a function g from W o V(a) | a 6 W } te
Vj{v*(b) ] b £ W® J such that g(v(a)) - V*(f(a)) for each
a GWw,

(iii) there exists a embedding h of Yfj *nto 'W *e

THEOREM 2.5. Suppose that <TY, V, W > and < TY®, V°,
i al* structurally generat Kripke frames. U ¢y/, V,

is embeddable into <. v °> vy » >then E( TY , V, TY?H)

C E(V° Ve, >Y°).
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PROOF. Let oCo # E( W?®°, V° YTf£). Then there Is Kripke

model v on the s. g. K. f. <V 0.V~°, N> e*0 A W° and wg¢ W®
such thatv ( o10> ao, w”) - <& . Now, we dellneKripke model
on the s. g. K. U \(,V, es follows: v1( oC , a, w) m

v( c*. f(s), h(w)) for any oC € AT, for any a e W and for any

w e Wj, where f is a embedding of ‘W Into W ° and h is a
embedding of Y/ ~ Into Yf ® By Inductien with respect to the number
of logical symbols In formuta OC , we can show that is really
Kripke model on the s. g. K. f.< ~Y/, V, n and that for any
OC€ FOR, vx( oC , a, w) - v(oC , f(a), h(a)). Since f(w) - W~
and h(Wt) mW~*, then there exist b ¢ W and u fe such that

f(b) - so,h(u) - wQ. Hence, v1( oc'o, b, u) - v( ©c'O, so, w) -

0 - 9*

We say that an algebra ~X is strongly compact If and onty
If there eadsts the greatest element In set A - Uj. Such an element
(if exista) will be deneted by * XC e The symbol X£ /F denotes
the guotient algebra obtalned by means of the relation congruence

determined by the filter F of algebra

LEMMA 2.6. Let < Y(,V, > be a g. K. f. Let \C be a
algebra satisfies the condition: the unlon set-theoretical of any Chain
ofK (W, V)-flliters is K (W, V)-fltte»' in U . Let a e A and
a "U . Then there exlsts k (W, V)-fliterF such that /F Is
a strongly compact algebra and * non

PROOF. On the strengh of Lemma 2.5 we can extend tli}
to H (V)-filter F such that a ~ F. Now, we will prove that \t /F
is strongly compact and X -~jp ” Ea}] F. By a dlract argument
we get that Il n & tIf] F- F Itis elearthat £aU F y F,

slnce a ~ F. To prove that Lla] F is the greatest element in A/F -
- £f} let us suppose that TbhD F F. Hence b A F, and so by
the proof of Lemma 2.5 afellF O£b} ), where Ef o {b} ) is
a (W, V)-fUter generated by the set F u { b} . Therefore, on
the basis of Lemma 2.2 a > ca bfor some c¢ F. Thus b a

~ ¢ which results in b a € F and consequently [bl] F <”2jp EctlW

Q. E D.



THEOREM 2.6. U U I+ + nongentrsi* algebra then for any
g. K. f. <y/ev*n~r N @ *«t af g. K. f. 'e {<. AVA
> |1 U |1} such that

(i) E(W. V.U )- iQ tE(W,. Vj Uj).
(i) Por any i€ 1, has the least alemant,

(iii)  Por any id I, ia strongly compact algebra.

PROOP. Suppose that < 7)f, V, U > I» a g. K. f. Por aach
ae W, let WA -{b 1 and lat VA ba ho restrictlen of V
to W . tat the symbol SC denote a set of ali strongly compact alga—

bras, which are of form %t-/P. Lat us considar tha set af g. K. f.

's {< ™"Wa, Va, ~5 > Ja € W, "73 ¢ SC }. It is ciear tha in
order to prlve (i) = (lii) it sufBces to show E( ")Y, V, ) - fY)
E(YY,, V.. 73) I a cw, SC}. The indualen from the left

ip right is obvious. To prove the comrerse inclusian let us assuma

that CL ~ E(TY”, V, Ilyt, ). Thus here ejcist a valuailon v on the

g. K.t <yf, V, > and a 6 W such -thatv(otl. a) ~ Il . Hence,
on the strength of Lemtr.a 2.6 there must exist a strongly compact
algebra "C /P such that “ tv(<d . a)7l P« Considar a vatua-
tion vl on the g. K. f. "W** Va' 5 N *uch thAt v~( /~ . b)

- tv( , b)IP such v~( /3, b) - Cv(j3 , b)3 P ter aach ~ d AT

occurring in and for aach b 6 WA' We omit ihe proof that VX( ot*, a)
“ Cv(otl a)3 P *“ sinc® h »s quite simple, therefore, mC "
E( 7fa. Vfd "M/P).** E. D.

THEOREM 2.7. (i) E( 'W , V, "VC) is an intarmadiata predica-
te logie if and ordy if thara is an element » ¢ W such thbt V(a) ~ yC~.

(i) E( V(. V, vy ) is an intermediate predicate logie if and only

if there is an element aGW such that v(a)

PROOP. To prove (i) let us obserue that by Theorem 3.6 af
C51 p. 629, E( W, V, -CR) is an intermediate predicate logie if and
only if there is a 6. W such that V(a) > )¥ , where the letber

denotes the two element algebra. Since"D”is an subalgebra oi any



nendegenerae algebra, than ia elear that (i) holds.
Ta prove (li) lat us observe that by Theorem 2.2(ii) E (~,
V» O:a ” E(W ,V, ¢Tp(3R)). Naw, It la obUous that < , V, YYE
ia ambaddable Into <W , VvV, ? (CR) " tar any Kripke (rama
Y {X ConaaquenUy, by Thaorama 2.8, E("W , V, Yf~) C. E( Y™, V,

Jp(CR)), whlch givaa finalty that (li) holda. Q. E. D.

m. Thia aacHan ia a eontinuation ot [7 } « Wa gtv*» aama critarian
far tha incluaion ralatian batlwan tha norv-diajunctlve contanta ot two
atrueturally generat Kripke frames.

bat 'W m < W, ba a Kripke (trama. Por any a, b e W,
wa aay that b la aueeeaaor of a (aymb. a < b) Ua~b and a ™ b.

Wa aay that b ia a direet aueeeaaor ef a (aymb, a -<b) U a< b
and there does not exist c «W such that a<c<b. A Kripke irame

'Y/' ~ is strongly atomie ( cf. fi] ) ii and only ii for any
a,,be.W, ii a<b , then there exists ¢ <6W such that a<c”~b. A Krip-
ke irame aatisiiea the inereasing sequences condition (cU \_lj ) ii and

only ii there does not exist an iniinite inereasing sequence oi elements
oi that irame. R can easity be seen that a irame satisiies the inereasing
sequences condition ii and only ii each ot its non-empty subsets has

a maximal element,

LEMMA 3.1. tet be a strongly atomie Kripke
irame. Suppose that Xt W~ contains no maximal element oi the irame
and let v be a model on the s.g.K.i.<IV™ V ~  such that the
condltions AT W we X ; v(oC, a , w) -
min{v(oC, a , u )} u is satisiied. Then lor any iormula
OC*1FORN™ -j ~Zj e conditlon~aC W ~w e x : v(xT,a,w) -
min-£v(oC, a , u) | u J holds.

PROOF. By iduction with respect on the number oi logical sym-
bole inoC . ForoCtat the Lemma holds by assumption. tet us sup-
pose for induction that the results Is true tor all ~ e FOR

,V,37n contalning less that r logical..symbols



and far any w fc X and for any a ¢W: v( ,a, w) - min{ v ( ,
a, u) | w Xxu} and v(y , a,w) - min{ v(”™ ,a, u) | w

N u] . Suppose alM that ot Is a farmula containing r loglcal

symbols. Lat ot m /> ,a feW and w £ X. Than v(oC, a, w)
- v( /3A a, w) - mni v(/3, a, w), v(w, a. w)} - min{ min
{v(/3,a.u)!w-<1u}, mnlv(y , a u) lw -4n u - min{v

( /3~ a,u)J]wA1lu}- mn{v(© ,a u))w <1 u}. Lat us

naw assume that «C - (2 — ,a e W and w 6 X If a,
w) - U, then far any u >~ w v ((/3-~”~ , a,u) - 1. Since w Is
net a maxlmal element In YE, and "H{~ is strongly atemic. then

{u ( w-<A u} therefore min 1v( fi-*~ , a, u) | w uj
- U . New, conaider -the case when v( fi, a. w) m< . From

this assumptlon tt follows ihat for some z > ~ w and for some b > ej
v(fi.b, z) - U and v(y , b, z) - ©. If z - w, then according

to the induction hypothesis there exlIsts u”®, w n and v (yS, b,
ux) - U and v ( , b, - ©. Thus v( jf , b, unr - < and
brom here v(/3 a, u”™) - © which results in min{ v( Q N, a, u)
I w t u} - ®. Let us now suppose ihat z ~ w, Then w < 3 z,
so by the aasumptlen that is strongly atemic, there exlsts uq
such that w N uq 4.z Since ug ~ ™ z, hen v-(y3->®, b, u#) -
© and v("”~-, a, uq) - ©, whlle since w N uqg, then min {

a, u) | w N u} - < For oC m ~l |3 , the reasonlng is simlllar.

Let us suppose that oC - V*/3 ,a € W and w € X. Evidently

& Iw <t u}yJ*.va(V*(3,a,w)-U,thenf0ranyb’\a
and for any "tV (b), v((S§ ,b,w) - J . Hence by the induction hypo-
thesis for any b”-a and for any ieev (b)t min-£v((J §,b,u) ) wru~”-Il,
and so min®*v(V x~»»u) Iw"?i u3“ ~ *In 016 °PP°3te way , if

v(V * fi,a,w) - 7 then there is b~a and)8€ v(b) such that

v(P§ ,b, w) - and hence v(& ~ ,a, w) - Then on the strength

of the induction hipothesis min/Zv(~'~,at u) | u3ld"” SO
min-£v( "Y a, u) | N un- (). Finally suppose thatoC - 3 x fi =
aew and w GX. Similarly as above ¢{ u | w”3 u3~” vV(3xNaw)”3*
then there is some8€v(a) such that ,a,w) - 3. Therefore by

e it.'uc h- thesis min ,a,u) Jw"ii U7 — U and hence



- B8 -

min v (3 * fi .«.u) | w u} - 3. Ifv(3* Nearw) ” e then for

any S ev(a)» v tyS»e w) m | « So by the induction hipotheais for

any~€-v(a), min{ v(0-~ ,a, u) | w u} - \ , therefore
min *{v( 3 x {3,a, u) | w un“ Q-E *D«
LEMMA 3.2. Let 'Yfio* N wiy N~ i~ N a atronSiy

atomie Kripke trame satisfying the inereasing sequences condition.

bet C be a subset containing all maximal elements of the irame
Then every model vqg on the s. g. k. t. <-y {, v. -y o >

can be extended to a model v on the s. g. k. u v. y/£> so

that for any formutaOC £ POP ¢ for any a~n
ANV 3V

W and or any w £ W , v(c<, a, w) - vg(ce>X. a, w).

PROOF. Let the assumptions of the Lemma be satisfied and

let Vg be a model on the s. g. K. f. , V, ~tyfO ~ < For anyY

oCE AT we put v(cf ,a, w) - vqgq(c*C , a, w) If w £ Wq) and vfcjC,

a, w) - min"{v(aC, a, u) | w X u J If w £ W~- Wq. Such a

definition is correct because, If w €-W” - WO, then w is not the
maximal element of the frame thus on the strength of strong
atomicity of the frame jthe set-~u | w ~ i u cannot be empty.
We shall flrst prove that the function v has been, In the above way,

defined for every triplet from the set AT > W X WA2. Let us suppose

that Y — W1 is suchthatu £ Y if and only if the function v is
defined for all triplet from the set AT/-W/'tunJd’ . It Iselear that

£ Y and for any w £ W 1 - if{u | ulj, then w£ Y.
Let us aasume tothe contrary, i.e. that Y C-W~. Then - Y

thus there exists a maximal element in the set W1 - Y because the
inereasing sequences condition is satisfied on the strength of the
assumption. Let w_ be a maximal element in the set W, -. Y. Then

o _
w(q W~n - Wq and u | wg N u ~"™NY because wQ Y. There-

fore there exists ug such that Lo JC,\;1 Us: % 4 Y, thus W - contrary
to the definition, is not maximal in set - Y. We have demonstrated
that the function v is defined for every triplet from the set AT X WX

WA, It is oblvious that v mustbe a modelon the

s. g. k. v,y (Qy



Now , it remoins to prove that FOR

{A. 1. ¥.3)

will be a formuta such that for oome w6.W0 and some ao £ W,

v(c~0,a0,w) ™ vo”~cnho,ao0,WN * We known that a formuta t>CO with thls
property cannot be a atomie formuta . I<et us suppose that

the function v is in agreement with the functlon vq for
any a€ W, far any w € W and tor any formuta oontalning tasa than

acC totztoal ,wmbots. Suodom that w ~ W la & madmal element

contradiction. If ~No# - i v(0~Q. ao, w#) - J and vo(oCO>

aQ, wo) m <} then there eadata a» ~ aQ and a 6 Wqg auoh that z »

wO, vO( ~ , ar *) - Jd and vO( ~, at, z) - Thia i* not
poaatbte for z - wo beoauae then v( fi, an,z) - v( , al# w#) ~
Jd and v(~, at, *) - v( "~ , a” a) - 9 thua v(gCe. a”™ we) - <>
contrary to the aaaumptton. Therefore there muat be z 2 1 WO'
Hence v(o£ Q, an, a) - vo(°~o0' &o* z/' k>#cau*e wO to maxtmal in
the set we W# 1 v(o< Q, an, w) -f vft(cC q, ao, w) ™ . Hence
it foltfows that vQ(o< O» «0i a) - Jd - a contradiction. Let us now
auppose that ofT 0 - fi v(c< 0. ao, wo) - ¢ and vg(c< 0. ao,
®0) - Jd . Then there exista a~€. W and z » such that a» ~ aQ
«<nd a™~ t wo, v(fi ,an~a - A ,v(”"™ ,a” a) - ¢ Let an be
a majdmal element in the set z & j o ox ~ WOo* v (N e *i»

a) m 1, v(~"™ ,aj, i) - <. U ao € Wo, then v( fi , alf zQ) - J,



v( 3f* *1* *o> * h®nc® v*( c<0. ®!» wO) " Q and s® v ( oLO. *<,.
W¢>) a0 - a contradiction. If *o e W, - W, .then, on the strength
©f temma 3.1, v( oto, an~ xft) - min { v(~ o, «0, «) | *0~

m <t Then there eadsts Y suoh that 2y M and v( oC T
ug) - ®. Hence there must a2 fe W and z ¢ such that a2 ~ an
®nd * 1 uo* e a2 *) “ 1 and V( e a2* *) “ °x Thu*

X > ~ *o, -which contradicts the assumptlon that zQ is majdmaL Por
oC 0 « 1 /3, the ezpected eontradletfon can be obtalned by a sIlmitar
reasoning. bet oC 0O - v * ,v( oCc, ao. »#) - 1L and vo("O,
co, wo) - O. Then for any at > ao and for any V(at), v(]gs§.
a,, WO)
that vo( (3 7SO0, w#) - O. Thus on the strength of induction

- i N
11, and there ezists a > ad and o e V(a,k) such
hlpothesls vo( fi go, a” wC]) - v( £ al> wo) - O, from this

v( cXo> ao, wo) m O, which contradicts the assumptien. It Is elear

that the expeeted contradiction can be obtalnedby a similar reasoning

when oCO - Vx jS .v(oCQ, ao. wft) - 0 and v#( cXO,

wo) - Il . Pinally, let us assume that oLO *“ 3X|3 ,v( oLO, aQ,
w0) - 11 and vO( ot Q, aQ, wQ) - 0. Then for any fc V(aQ),
vo( /3~ , ao, wo) - O and there ezists ~ o0 e v(a0) such that

v( {3 ~ 0. a0, wo) - U . So by the Induction hlpothesls for *50
* V(a0), v( fil ao, wo) . Vv( fi ~ 0. a0, w() . U, thusv(oto,
ao, wq) - vg( oLQ, ao, w#)- U- a contradiction. We omit the

proof of the remaining part since it Is eompletty similar. Q. E. D.

THEOHEM 3.1. Let +tm£ Wr 4 £> be a strongly
atomie Kripk frame satisfying the inereasing sequences condition.
Let Y - N WO, Z.a be a Kripke frame. Suppose that
there exista a function h: w° |-~ such that:

(i) h is one-to-one,
(ii) for each wil# w2 £ wt ® w2 if and ordy if h(wx) 4
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h(w2) e

(Ul) for each U Wj Ib a maximal element of then there
exists u W*° such that h(u) «

npoR{A.n.Y .B" o

PROOP. It foUows from Lemma 3.2.Q.e.D.

THEOREM 3.2. Suppose that the conditlons of Theorem 3.1 hoid.
Let be a embedding of "W- W ~lnto AMO -
and g be a function from U-~_v(a) | aCW'J toU'"V°(b) | bEW?°J

such that g(v(a)) - V°(f(a)) for each a€w. Then E (WM V

For{A.-». i. V.3i(LE(* 0 " 'Aj> © 3y

PROOP. By Theorems 3.1 and 2.5.Q.E.D.
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SEMANTYKI TYPU KRIPKE'GO DLA POSREDNICH SKWANTYF1KO-

WANYCH LOGIK

STRESZCZENIE

W pracy wyr6zniamy uogoélnione Kripke struktury oraz stru-
kturalnie uogdlnione Kripke struktury, nastepnie badamy pewne wilas-

nosci tych dwdéch typéw semantyk.



