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CO N CER NIN G  K R IP K E  S E M A N T IC S  PO R  IN TE R M E D IA TE  PR E D IC A TE

LO G ICS

In N *g a i introduced a new type o f sem antics .fo r inten-

mediate pred icate lo g ic s , whieh in ([33 H. Ono and S N agai termed 

the gen era ł K ripke  m odels. In this paper, we distinguish the genera ł 

K ripke fram es from the K ripke  m odels on the genera ł K ripke  fram es. 

B es id es  defin ig the gen era ł K ripke  fram es, we ais o deflne structurally 

gen era ł K ripke  fram es, and exam ine certain properties o f these two 

types o f sem antics.

In I we estab lish  sym bols and term inology which are used 

through out the paper.

In II we examine the re lations betw een  the genera ł K ripke 

fram es and the structurally gen era ł K ripke fram es. W e a lso  examine 

certain  properties o f these sem antics.

In III we app ly  the resu lts obtained by  the author in C?3 to 

the intermedlate pred icate lo g ics .

I. W ell-known ło g ica l and set-th eoretica l notions and sym bols 

are u sed  in the paper. T h e  sym bols: A  , V  ,—^ , —1 . V  , denote 

the familiar lo g ica l con n ectives : conjunction, disjunction, implication, 

negation , u n iversa l quantifier and ex isten tia l quantiQer, resp ective ly .

Th e letter N denotes the s e t o f natural numbers (from  z e r o ) .  P o r  

each  n C N, the sym bols: p ^ " \  r^n \ ... denote n -ary pred icate

va riab les . Th e sym bol A T  denotes a s e t  o f atomie formulas built in 

the usual w ay  by  means o f pred icate va r ia b le s  and individual va r la b le s  

from an countably infinite s e t •? x, y, z, ... r , and the symbol POR
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denotes a  se t o f formulas built b y  means o f conn ecttves : A  • V  •

—> , “ t , V  , 3  oJid atomie formulas. P o r  any Q C  . V  ,

 , 3- the sym bol P O R ^  denotes a  set o f formulas

w hose all con n ectives  be lon g to Q. Smali G reek  le tters  OC . /3 , 

w ill s e r v e  a s  m etalinguistic v a r ia b le s  runnłng through the se t PO R , 

w h ereas  the sym bols: A\ , V/ , =3>> ,\ = >  , , 31 stand fo r

conjunction, disjuntion, implication, equ lva len ce , negation, u n iversa l 

quantifler and existen tia l quantifier in the metalanguage. Capita l goth ic 

le tters  , ^ 5  « • • • denote a lgeb r as, and the re sp ec tiv e  Capital

Latin le tters  A , B, . . . the unhrerses o f the a lgeb ras . The presen t 

work w ill d iscu ss  on ly the so  ca lled  pseudo—B ooiean  a lgeb ra s  ( c f . [ ć 3 ) ,  

further ca lled  sym ply a lgeb ras . T h e  sym bols: 

denote re sp ec tive ly i unit element, z e ro  element, lattice o rder of the 

a l g e b r a , while the sym bols: A y  , , —*  jjc , denote

pseudo-B oo lean  operations o f that a lgeb ra  (c f.  C 63 )* In th® above  

sym bols the index Ą£ w ill be omitted w h en ever the poss ib ility  o f 

confusion  can  be ex d u d ed .

In this work, b y  K rip k e  frame we sha ll understand any 

parttaiły o rd ered  set, l.e . a  pair 'W '  -  <  W, ś: >  such that W

and 4  i »  a  partial o rd er in W. B y  a  gen era ł K rip k e  frame (g .  K . £.)

w e  sha ll understand a  triplet <  , V, >  sa tls fy ing  the fo llow ing

conditions (c f.  ( 3 ^ ) ;

&) Y  is  a  K rip k e  frame,

( l i )  V  is  a  mapping from W to the pow er s e t  o f some set such 

that V (a )  f  <f> fo r  any  a  €  W and V (a )  C  V (b )  i !  a  £  b,

( i i i )  is  a  a lgeb ra  in which there ex is t A  a, and V i t
t e  t  t e t ł

fo r  any T , such that T  «C K. (W , V ) and ł  C  K . (v ),

w here K  ( W, V ) denotes the smallest Cardinal which 

is  greater than v ( a )  and ^ fo r  any

a  fc W, and hi.(v  ) denotes the smallest Cardinal which is  

is  greater than V (o !) for any a  Gr W.

The sym bol P O R (v )  i s  u sed  to denote the s e t o f form ulas obtained 

fTom P O R  b y  addlng the individual constansts ^  fo r  each  element 

^  t  I a  e W }  . B y  a  valuation  on the g. K . f.
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we sha ll understand e v e r y  function v  frt>m the Cartesian  product of 

the se t  o f a ll c lo sed  form ulas o f F O R (V ) and W into A  sa tis fies  the 

fo llow ing conditions (c f .  I

1. fo r an n -ary  pred icate va riab le  v  (p ^ n  ̂ 5̂ i *  • • "^n*

a ) ^  v  ( P ^  $  j .  • • ^ n. b )  If a  4  b and <  5 j_ ............

3 n >  €  V (a )
n

*
2. v  ( Ot -A (3 , a ) -  v  ( oC , a )  A  V  ( /3  , a ) .

3. v  ( o C V  /9 • a ) -  v  ( oC w < <

4. v  ( ©c~^ /3 . a ) -  A
a ^  b

( v  ( oC , b )  —>  v < ć

5. V ( i  OC a ) -  A
a ^  b

( 1  v  ( oC , b ) ) ,

6. v  (  V  x  o t , a )
■ A ka ^  b

A  v  ( o t S .
;j  €  v ( b ) _

, b ) .

7. v  ( 3  x  oC. a ) - V , . v  ( o t ^ .  a ) .  
V (a )

W e s a y  that cC€ P O R  is  sa tls fied  b y  a  valuation v  on the g.

K . f. <  V . V, IX  >  , If v  ( oC1 . a )  -  3l tor any a  €  W, w here oC* 

is  the u n iversa l c losu re  o f ec . If e v e r y  a  valuation  v  on the g. K . f.

<  V  , V, >. sa tis fies  formuła oC , we s a y  that oC is  true in the 

g. K . f. <  V  • V- X l > *  The se t o f a ll form ulas true in the g. K . U 

<  , V, (th e contents o f <  , V, IX  >  )  w ill be denoted by

e  ( w  . v . ) .

B y  a  structurally gen era ł K ripke  frame (s .  g. K . f . )  we shall 

u n d e rs ta n d  an y  triplet < y { , V, >  • which sa tis fies  the fo llow ing

conditions:

( i )  W  and are K ripke fram es,

(U ) V is  a  function from W to the pow er set o f some set such

that V (a )  ^ fo r any a  € W  and V (a )  £  V (b )  i f  a  ^ j fb .

B y  K ripke  m odel on the s. g. K . f. <  Y / , V, ^  w e shall

understand e v e r y  function v  which takes one of va lu es  {  U , <t> J-

as  its  va lu e  fo r  a  triplet <  ot , a, w  >  o f a  c lo sed  formuła ot <  P O R (v )

and an elem ent a  ć  W and an elem ent w  fc W ^, w hose va lu es  are 

determined b y  the fo llow ing conditions:
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1. V  ( p ( n ) X x . . . f  n, a ; w ) -  3J \ f v t x >  x w  V b  >  a

v  ( p ^  ^ x . . . ? n, b, w1 ) -  al ,

2. v  (otAjS. a, w ) -  U ^  v  ( o t  , a. w ) -  Ji v  ( f }  , a, w )

-  U .

3. v  ( a t V ^ ,  a, w )  -  al v  ( oC , a, w ) -  al y  v  ( ^ , a,

w ) -  ai ,

4. V  (oę,->|3. a, w ) -  314=^ V w Ł > 1 w  ^ b  a ( v  ( o t , b ,

, W;L) -  <t>^v ( fi , b, w Ł ) -  1 ) ,

5. v  ( y o C .  a, w ) -  a i-# ^ > -\ ^ b ^  a ‘V [tw 1 >  ± w  (vfcC, b, w ^

- 0).
6. v  ( V - x  . a, w ) -  al 4=^- b ) a - \ ^ ^ e v ( b )  ( v  ( X ? ,

b, w ) -  al ),

7* v  ( ^  * O C ,  a, w ) -  110  31 ^ € .V (a )  ( v  , a, w ) -  ai).

W e s a y  that formuła o C e  PO R  Is  satis fled  b y  a  K rip k e  model 

v  on the s. g. K . f. <~WT V, '‘W ^  >  j ** v  , a, w ) -  al fo r  e v e r y

a  e  W and fo r e v e r y  w  £  W^, w h e re o C is  the u n iversa l c losu re o fo C  

If e v e r y  K ripke  model on the s. g. K . f.^ V / 7  V, ^  sa tis fies  formuła 

O C . we s a y  tha iO C is  va lid  on the s. g. K . set

o f a ll formulas va lid  on the s. g. K . f. V, . V i  >  .< the contents

o£ < V ^  v - Y i > ) will be  denoted by  E , V,

B y  an e a s y  ver ifica tion  b y  means induction with resp ect on 

the numbre o f lo g ica l sym bols in formuła o C  we have -

PR O PO SIT IO N . Let v  be a  K ripke  m odel on the s. g. K . 

v . - \ o  . Let a, b € w ,  a ^  b and let w, u £  w ^ . ̂  u. Then

for a n y c C ^ P O R , v  (c C * , a, w ) -  aj lm plies that v  ( o ć * . b, u ) -  al , 

w hereoC *is  the u n iversa l c losu re  o fo C .

T h e  sym bol C L  is  used  to denote the se t o f theorems of 

c la s s ic a l pred icate calcu lus, w hereas the sym bol IN T  is  u sed  to 

denote the set o f theorem s o f intuitionistic pred icate ca lcu lus. W e sa y  

that a  se t o f formulas L  S= PO R  is  an intermediate pred icate lo g ie  if
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lt sa tis fies  the fo llow ing conditions (c f.  C 5 j ) :

1. IN T  Ł  L  £. CL

2. L is  c lo sed  under the substltution,

3. L is  c lo s ed  under modus ponens,

4. L is  c lo sed  under the generaliznUon.

IŁ. W e d iscu ss  re lations betw een  the gen era ł K ripke fram es and the 

structurally gen era ł K ripke  fram es and we p rove  o f som e properties 

o f thls fram es. P o r  this purpose, w e modify the known Pitting method 

(w h ich  a llow s us to capture certain  re lations betw een  the K ripke  

fram es and the pseudo-B oo lean  a lgeb ras  (c f. £ 2 ] )  ) .

T h e  fo llow ing construction  a llow s the corre la tion  with any 

K ripke  frame "Y( o f the resp ec tive  a lgeb ra . Let -  < W ,  4  > be

K ripke frame. A  su bset H O. W is  ca lled  a  hered itary su bset o f frame 

~yf if fo r  any a, b  £ W  lt fo llow s from a £  H and a  », b that b £  H. 

T h e  sym bol D ("W ) denotes the c la s s  o f a ll hered itary su bsets  o f 

frame "W" • w hereas the sym bol A lg ("^ 0  denotes an a lgeb ra  with

universum D (Y O  and pseudo-B oo lean  operations deflned as fo llow s: 

fo r any H r  H 2 6  D ^ ) ,  A  H 2 “  O H 2, H 2 -  H 2,

H x—ł  H 2 -  {  a  ] a  6 W A\ V b  £ W ( a  4  b * 4 b  ^  b £  H 2 ) } ,

T H ,  -  It is  obvious that In Alg('J»/r) there ex is t A  H.
t f T

and V  H h w here T , T  a re  se ts  o f any power. 
t £ T  1

TH E O R E M  2.1. P o r  any s. g. K . f. , V, Y {  ± , E (  V  ,

v. - E ( 'W '.  V, A l g O ^ ) ) .

PR O O P. Suppose that £.V, V, V ' 1 >  is  a  s . g. K . f. and

v  is  K ripke  model on the s. g. K . f. < * v t "W  \ • W e

a  function from the Cartesian  product o f the s e t  o f all c losed

formulas o f P O R (V ) and W into D (W ^ )  « «  fo llow s: v  ( , a )  -

{ w £  W 1 | v (  oC , a, w ) -  U . It is  e a s y  to ve r lfy , by  induction

with re sp ec t on the number o f lo g ica l sym bols In cx , that is  a 

voluation  on the g. K . f. £ , V, A lg  ( )  >  . Now, s iń ce the unit

elem ent o f A l g ( '^ '1 ) is  W Ł itself, hence ( OL , a )  -  if and
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only if for i l l  « £  W Ł v (  ot , a, w ) -  li . Th * proof* of th* 
remaining *t*p *  a r* *a a y  and will b *  amltted. Q. E , D.

Let <*VY\ V, be a  g. K . f. A  auba*t P  of th* unłvaraum
of a lg *bra  1* ca ll*d  th* 01 ter of a ig *b ra  XL if P  is  non—« mpty and
for any a, b £  A , { » ,  b }  £  P  if and onły if a  a  b C P . A  fil tar
P is  sald t* be prima if P  C  a  and for any a, b fc A , if a  v  b fe P ,

than { a ,  b\ A  p  ^ <tf. W *  say  that a  fil tar P  Is An K (W , V )-01 ter If

lt haa th* f*ll*w ing preperty; for any T  4  R  (W , V ),  if ■{ a t 1 t £ t }
£  P , than A  at 6 P . And w * sny that a  01 tar P  i *  an K .(v )-

flltar if it h a* tlio^foUcrwing propertyt for any T  4 K .(v ), if V  af
t fc T

€ P, than {_ a t ) t £ T  J P  ji j!, whor* K. (V ) denotes th* 

smallest Cardinal which is  g r*at*r than V (a )  for any a  £  W. If K. ( W,

V ) 4  than w * idantify ^  (w , V)-G itar* with Gitara. Similarały, if

W (V ) 4  )\  o‘ 0ł*n w *  idnntify «  (V )-G itars with prlra* Gitar*.

LEM M A 2.1. ( i )  If R (W , V ) > X  e, than th* H (W , V )-Gitar

g*n *rat*d  by a  non-ampty *ubs*t A p of th* univ*rsum of a lgebra V[
la th* s*t of all *l*m *nts a  £ A such that a >  /\ a  for s*m *

__ t € T
•lament* * t £ A^, t €. T, and far soma T  4 lt (w, V ),

(i i )  If K. (W , V ) 4  X  o* then **** *  ( w « V)-Gitar generatad by  a
non-ampty aubs*t A  of the univ*raum of a lg *b ra  \X is th* sat of *11
•lament* a  £  A  such that a ^  a ^ A . . , A a n for aeme elements a^, .

. « .a  £  A  , n o

PROOP. By an eaay  variGcatien

Thia foliowa aaay  from Lemma 2.1 that

LEM M A 2.2 (cf. H. Raaiowa and R. Sikorski C 6 j ) .  Let a o ba
a  eloment of urtiveraum of a lgebra and let P  be a  K. (w , V)-Gitar

o ł algebra X t  . Than [ p ,  a Q) -  - ^ a £ A ) a > a o A c ,  c ć P  }
la  the R (W , V)-Gitar ganaratad by the aet {  a Q^ P.

LEM M A 2.3. Let P  be a  H. (W , V)-Gitar in a lgebra and
auppoae that (a  —> b )  ^  P . Thon the R (w , V)-G lter £  P , a )  generated
by P  and a  doea not contain b.
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PR O O F. Suppose that b £ C P , a ) .  Th en  b y  Lemma 2.2 b >  a  A C  

fa r sam e c  £ P . S a  c  A  a  — b and hence a  b £  P .  Q. E . D.

LE M M A  2.4, Lat P  ba a  p rap er R (w ,  V ) -  fil ter o f a lg eb ra  Vt- 

and auppose i  a  4  Th#n the R (w ,  V )- fu te r C P , a )  generatad  

b y  P  and a  is  p repar.

PR O O P . On th* strength  o f Lemma 2.3, s in e *  ~i a  — (a  ~ ? 0 ) .

Q. E . D.

LEMMA 2.5. Lat a algebra XC satisfies tha fellawirtg conditions 
the unlon aat-thearetical of any Chain of R (w, V )-fil ter a af algebra Vi 

Is a K. (W, V)-filter In . Let F q be a K- (W, V) -TUter of algebra 
and a 4 P0. Then Pft can be *xt*nd*d to a K.(V)-fIlter P such 

that a ^  P,

PR O O P . Let ua nota that i f  R (W , V ) v  )4  than w e con s ida r

fllters  and thus a ach  a lgab ra  sa t is fie s  tha conditiant tha unlon aaU

the o re  tleni o f any Chain o f flltars is  a  filtar. Thus, i f  K (w ,  V ) 4  X

than tha p roo f o f U m m a is  the sam e aa  in C 2 ],  pp. 25—26. S a  now  we

onły hava to con s id er tha fo llow ing ca so s t 1 ° . R (W , V ) >  X o and

K  (V )  4z R (V )  >  X  o* W ® om*t th*  Pro®* ° t  Lemma in ca sa
1 ° , s iń ca  it is  mada simple b y  tha p roo f o f Lemma in  2 ° .  T o  p rov*

2 °  lot us assumo that P q is  a  R  (W , V )- filte r  in XC and a  ^  P  .

Lat K  ba the co ilec tion  o f a ll K (W , V )- filte ra  in  not contain ing

a. T h e  co ilection  K  is  non-empty, s iń ce  P o £  K . tra t ^  ba a  Chain

in K ,  £  > and P  -  U ( X  I X t ^ ) .  S in ce  a  f  X fo r  a ll X€ 'C ,

then a  4  P  And on the strength o f assumptiona a f Lemma P  is  a  R (

W, V ) -filter ln  1y£ . H en ce, b y  K urn tow ak l-Zom  Lemma, K  has a

majdmal elem ent P . Now, assum e that P  is  not a  K (v ) - f i l t e r .  Then

there ex is t elem enta a , £  A , t e  T  and T  < R (V ) ,  such  that \ /
j  * t fc T

a, £ P  and l  a , ! t £ T  ^  P  -  <f>. P o r  each  t £ T , let P t -

[ p , a t) be a  K  (W , V )- fiite r  genera ted  b y  the se t  P  o  {  * t$. H en ce

F t O F  fo r  each  t £  T. Let us assum e that a  £  P { fa r aach  t ć  T .

Thus b y  Lemma 2.2 there ex iste  c t 6  P , t £  T , so  that a  >  c t /S a {

fo r  each  Ł € T. Let c  -  / \  c ,. S in ce  P  is  a  R (W , V )- fllte r
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then c  £  P  and a  >  c  A  a  fo r  ea ch  t fc T . H anca it fo llaw s that

a  >  V ( «  A a , ) .  B ecauaa c  A  V  a  -  V  ( c  a  a . )  (b y  p.
t fc T  * t ć T  t C T

135 ) and c  A  V a  €  P , than a  £  P  -  a  contradlction . Thara fora
t £ T

thara asdata t £  T  su ch  that a  f  P (. S o  P  ls  not maximal -  a  con tra-

dlctien. Thus P  ls  K . (v )  .fU ter. Q. E. D.

Lat U  ba a  a lgeb ra . B y  tha sym bol Pp(7X) wa danote tha 

sat o f a ll H .(W , V )- f i l  ter o a f a lgab ra  , which ara K (v )- f l l t e r e .

Tha sym bol denotes tha K ripka  fram e <  P p (  \ £ ) , G  >  .

THE O REM 2.2. ( i )  Lat %£ ba a  algabra satisfies tha c°ndltion:
tha unlon sa Utheoredcal of any Chain of K.(W, v)-filters ls a  K.(W, 
V)-flltar in , Than E ( <W'. V. I X  ) ć: E ^ ,  V, 3 ^ ( 7 $ ) *

(U ) P o r  an y  flnita a lgab ra  ^  . E ( ”VY\ v . X i )  ■ E (  Y ,  V,

PR O O P , T o  p rove  ( i )  lat us assum e that < 'Y f , V, *

g. K. f. and v  is  a  voluatlan  on tha g. K. U ć J Y f, V, '1%'?. W e daflne

a  function fram Cartasian  product o f tha sa t o f all c lo s ed  form ulas

of P O R (v ) ,  o f W and P p (7 X ) *nto *L ^  • <t> ł  a s  fo llow s: ( cx_ ,

a, w ) -  U lf v ( o l ,  a )  £  w. In o rd er  ta sh ow  th a tth u s-d e fln ed  

function ls  K ripka  model on tha s . g. K. f. O Y .  V, &  ( 7X) >  wa 

ver< jfy  Only tha ca sa  4 and 6, b e  causa tha ver iflca tion  >f tha ramalning 

c a s e s  is  aithar a a sy , o r  sim ilar to 4 o r  6. Lat v ^ (o C -^  /3 , a, w ) -  

U . Than v (  o t -9/3. a )  6 w . S a  / \  ( v  ( ot , b )  v (  /3 . b ) )
a  <c b

t  w  and hanca v (  ot, , b )  —9 v (  /3  , b )  e  w  fa r any  b >  a. If vr^ 2
w  than ls  e le a r  that fa r  any  b ^  a, v (  o t  , b )  -9  v (  3̂ , b )  ć  w^.

Thara fora  on b a s is  o f the deflnitien o f filter, lf  v (  oC ,b ) €  w^, than

v (  /3 , b )  fc w ^, and consaquan tly fa r  any  b >  a  and fo r  any  w^ 2  w

v ^ (  ot. , b j w ^ ) ■ 4  a r  V j (  /3 , b, w ^ ) -  U . Naw, cons idar the casa

whan ( OL —9 /3 , a , w ) -  O. Prom  this assumptien it fo llaw s that

v ( <3̂  f i ,  a f )  «  w  and consequantty A  ( v  (  oC , b )  —»  v (  /3 b ) )
J a  ^  b .
ę  w. Thara fora  thara ex ls ts  b Q ^  a  such  that v (  ot , bQ) -9 v (  /3 ,bQ) ^

w. Thus on tha strength  o f Lemma 2.3 wa can  assum e that there ex is ts

a  K  (W . V )- filte r  w # in  a lgab ra  X t  such  that w q 2  w, v (  ot . b Q)
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t  wq and v (  f i  , b Q) £  w^, By applylng to tha lattar Lemma 2.5 

we obtain that W(  can ba axtandad to a  K (V)-dilter auch that 
v (  f i  , b Q) ^  w^. So thara exłst b Q >  a  and w^ 2  w  auch that v^(eC.

> b Q, w ^ ) -  K and f i  , b# , ) -  ®. In tha caaa 6 tha follow-

ing aquivalencaa holdt v ^ (  x eH, , a, w ) -  JJ ifl v (  V x d ,  •  )

e w iff A A  v (  OC? . a )  e w Ut \ f b  >  a  >^S fcV (b ) 
b >  a  3 ć  V (b )

v (  oL^f . a  ) fe w  lff b >  a  V (b )  v 1 ( o c ' f ,  a. w ) -  U .

Te and tha preef a f ( i )  lt sufficea ta nota that lf v (  oi_ , a ) >11 

then v (  ot , a ) g  w for all w £ Hanca V g ( cC , a, w ) -  li .

Canvaraaly, let v (  o L , a ) 1| . Than by  Lemma 2.5 wa can a s e n d
to a K (V )-fllte r w auch that v (  ®(. , a )  ^  w, and conaaquantly 

v x (  oL , a, w ) -  <>.

Ta prava ( l i )  obaarva that by  Theoram 2.1, E (  ')\f , V, S^CK T ) 
) )  ■ K (  Y f  , V,' A l g ( ^ p (^ J ) ) ) .  Since is a  fi ni te algebra, therefere

i *  laomorphic with tha algebra A l g ( P p ( \ 0 )  -  tha function fj 

A H j D ^ d a : ) )  *uch  that f ( a )  -  {  P  | a  fc P  *  P  fe , i*

•n  laomorphism. Thus we concluda tha proaf af The o rem. Q. E . D.

Łat y f x -  £  W r  4  1 >  and W g  -  4  Wg, 4  g >

ha Kripka frames; wa aaauma that ^  W 2 -  The product of 

frames “V f 1 *  W 2 i «  dafined as  a  palr <  W 1 Wg, ^  ^  >

, whara 4  -jy ^  •  4 ^  U  4  2- It can be easily  noticed

that the condltion r* W g -  ^  ls not assantial -  the product of two 

Kripka framas can be obtalned by  uslng thelr isomorphic copias. In

the c a se  when we cons ider of the set o f K rip k e  fram es ^ I t  i j f

we shall write k  (V (^ )  | t  £ I )  o r j *  j instead o f <  I ( e  1^,

^ i ^  I V/1 > . w here 4 . >< , “V, -  U {4  i \ 1 1 •

An  Important property  o f structurally genera ł K rip k e  fram es is. ex res sed  

in the fo llow ing:

TH EO R EM  2.3. P o r  any se t o f s. g. K . t j  s i < . \ r e  v , w » >
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o

1 i ć  I }  there ls  a  a. g. K . f. <  Y^. V, Y {  *  >  auch  that E (  >Y

. v, V Y ° )  -  n  e ( vu 'y f * ) .
I €  I 1 1  1

PR O O P . Suppoae that la  g iv en  of the aet ot a. g . K . f. 's

V,, Y f f  | i € 1 ^ • lat ua con a ider the a. g . K . (,

< y r . v ,  r >  . w h a r . w -  x  v ,  > y ° -  x  W i
, 1 e  i r i  i e  i

and V la  the function from W  "L W j I i €: IJ  auch that fo r  any  a

6 1 ł ^  i }  . V (a )  -  Vt ( a )  l f  a  « W j ,  W e omlt the p roo f e f

the in du alon  E (  W  , V, W ° )  £= E (  W . ,  V., W ? )  s łn ce  it is
i €  i  1 1  *

cem p le iiy  d irect. T o  p rove  the con vera e  Incluaien ie t ua assum e that

cC 4 E (  "W . V, y ( ° ) .  Thus there ex ia t K r ip k e  model v  on the a.

g. K . Ł <  W ,  V, Y f  ° >  , a o e  W and wo e  W °  su ch  that v (  o t ',

a o , w o ) -  0 . S in ce  W  -  U •(. W j | i 6  i ja n d  W *  -  U  {  W °  | i € ]  ^

then h ere  ex is t i, j € I such  that a Q 6 Wj and w Q g  W °  . On the

Strength o f the constructien  o f the s. g. K . f. <  YY , V. "W ° >  it is  

obv ieu s that w e  can  assum e that i m j. C onaider K rip k e  m odel on

the a. g . K . L <  Vj, ~W °  >  auch that /3' , a, w ) -  v (  f i ' ,

a, w ) fa r each  (3  € A T , fo r  ea ch  a  f- W j and fo r each  w  « . W® . Th e 

read er can  ea a ily  ch eck  that so  defined o f the m odel can be

extended that: fo r  any  yS g  PO R , fo r  an y  a  g  W j and fa r  an y  w  e  V/j_

• v j (  w ) -  v (  /3' , a, w ) .  H ence, v ± (  oc' , a Q, w q ) -  0  and

ao e t  ^  A  E (  V Y T ,0 ) .  Q. E . D.
i t l  1 1 1

TH EO REM  2.4. P o r  any  a. g. K . f. < ¥ ,  V , K ° >  there

ex is ts  a  aet o f a. g . K / i  { <  Y fj. VJ( *  >  | i ć  I }  such  that

( i )  e  ( YT. v .  T Y ° ) -  r\  E (  V ... YirJ).
l e i

( i i )  P o r  an y  i  £  I, W ; bas the lea s t element,

( i i i )  P o r  an y  1 6  I, 'Ylf °  bas the lea s t elem ent.

PR O O P . L e t us assum e that < W ,  V, )Y ° >  is  a  s . g. K . f.

P o r  ea ch  a  € W, le t  W & -  {  b  | a g  b }  and le t  be th e  restriction

o f V to W  . S im ilarly, fo r  ea ch  w  € W °, le t W * m u | w  (  uJ.
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Now let us conaider the set ef a. g. K. t. ' *  { v a . 'W  *  >  I 
& 6 W, w e  W *  It ls  elear that in order to preve ( i )  -  (iii) lt suffices

te show: E (  TY , V, >Y ° )  -  0  { e ( TY*. v a . >Y ° )  I •  «
w  € W * }  , If ot 6 E ( TY , V, 7 / * ) ,  then for every  Kripke model

v  on the s. g. K . f. <  W .  v . 7/ ° >  • overy a  e W  and for
every w ć  W®, v (  oc‘ , a, w) «  U . This gives that for every a  € W  

and for every w  e  W®, cc e  E (  Y f a , V^, 'V Y ^ ). honee

oC e O { E ( V a. Va. V ^ ) | a  G W ,w e  W ° } .  Thas there ex is t Kripke

model v  on the s. g. K . f. < V ,  V ,  X ® >  , a  e W and w  t  W®' O o
such that v (  ot,1, aQ, w# ) -  4> . This yields -  similarly as  ln the proof
of the Theerem 2.3 -  that ot i  E (  V/ , V V _  ) and

Ot A WO O o

therefore cC ^  H { e ( Y a . Vft, ^  ® ) | a  <S W, w W °}.Q , E . D.

Following H. Ono 1̂ 9 J wo say  that the function fx W  t—>W *  

is a embedding of TY -  <W , ^  >  into TY ® •  < W, ^  if

and only if it satisfies the following conditions:
( i )  f(w) -  W®,

(U ) \ f  a. b G W  (a  4z. b =$> f ( a )  <£,* f ( b ) ) t
( i i i )  W  a G W w G W® ( f ( a )  ^  °  w 3| c  e  W (a  <  c  A\w

-  f ( c ) ) ) .

If there ls  a  embedding of W  Into W ° ,  we say  that TY is embeddable 

in v r ° .
W e s a y  that s. g. K . f. , V, ,s  ombeddable into

S. g. K . f. <. y {  * , V °  , 'yY °  >  if the following conditions hołd:

( l )  there exists a  embedding f ot TY Into T Y * ,
( l i )  there ex is ts  a  function g  from W  ■{, V (a )  | a  6  W }  te 

V j { v * ( b )  | b £ W® J such that g ( v ( a ) )  -  V * ( f ( a ) )  fo r each  

a  G W,

(iii) there  ex is ts  a embedding h o f Y f j_ *nto 'W  *•

TH EO REM  2.5. Suppose that < T Y , V, W  >  and <  TY®, V °, 

i  a1*  structurally gen era ł K rip k e  fram es. U ć. y / ,  V, 

is  em beddable into <. v °> VY ^ > then E (  TY , V, TY^)

C E ( V °  V®, > Y ° ).
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PR O O F . Let oCo łf. E ( W ° ,  V °  Y f £ ). Then there ls  Kripke 

model v  on the s. g. K . f. <  V 0. V °, ^ >  • * 0 €■ W °  and wq ć W®

such that v (  o l 0> a o, w ^ ) -  <t> . Now, we dellne Kripke model

on the s . g. K . U \ ( , V, es  follows: v 1 ( oC , a, w ) m
v (  c*- . f ( s ) ,  h (w ) )  for any oC € A T , for any a  e  W  and for any 

w e W j ,  where f is  a  embedding of 'W  Into W  °  and h is  a 

embedding of Y/ ^ Into Y f  ®. By lnductien with respect to the number 

of logical symbols ln formuła OC , w e  can show that is rea lly

Kripke model on the s . g. K . f. <  ~Y/, V, ^  and that for any
OC € FOR, v x (  oC , a, w ) -  v (  oC , f ( a ) ,  h ( a ) ) .  Since f (w )  -  W °

and h (W Ł ) m W^, then there exist b ć  W and u fe such that 

f ( b )  -  s o , h (u )  -  w Q. Hence, v 1 (  oc'o , b, u ) -  v (  ©c'0, s o , w ) -

0  • 9*

W e say  that an algebra ~̂ X is  strongly compact lf and onły 

lf there eadsts the greatest element ln set A -  U j. Such an element 

(if exista) will be deneted by *  XC • The symbol X£ /F denotes 

the ąuotient a lgebra obtalned by means of the relation congruence  

determined by  the filter F  of a lgebra  .

LEM M A 2.6. Let < Y( , V, > be a g. K . f. Let \C  be a  

algebra satisfies the condition: the unlon set-theoretical of any Chain 

of K (W , V )-fllters is K (w, V)-fltte»' in U  . Let a  e  A  and
a ^ U . Then there exlsts k  (W , V )-fllter F  such that /F ls

a  strongly compact a lgebra and *  ^  ^

PROOF. On the strengh  of Lemma 2.5 we can extend t  l i }
to H. (V )-filter F  such that a  ^ F . Now, we will prove that \ t  /F
is  strongly compact and X -^ jp  ”  E a }] F . By a  dlract argument

we get that l l  ^  •* t  l f ]  F  -  F  It is  elear that £a U  F  y F,
slnce a  ^  F . To prove that 1} a  ]  F  is  the greatest element in A/F -  

-  £ f }  let us suppose that TbD F  F . Hence b Ą F , and so  by  

the proof of Lemma 2.5 a f e l l F  o £ b }  ) ,  where E f  o  {  b }  ) is 

a  ( W, V)-fUter generated by the set F  u  {  b }  . Therefore, on
the basis of Lemma 2.2 a  >  c  a  b for some c ć  F. Thus b a

^  c which results in b a  € F  and consequently [ b l ]  F  <  ^ jp  Ectl V\

Q. E. D.
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THE O REM 2.6. U U  l ł  ł  nongentrsi* a lgebra then for any 

g. K . f. < y /  • v * ^  ^ «■ * « t  af g. K . f. ' •  { < .  V ,
>  I U l }  such that

( i )  E (  W .  V. U  ) -  i Q t E (  W , .  Vj, U j ) .
(i i ) Por any i € I, has the least alemant,

(iii) P o r  any i d I, ia strongly compact algebra.

PROOP. Suppose that <  7)f, V, U  >  l »  a  g. K . f. P o r  aach
a e  W, let W  -  { b I and lat V  ba ho restrictlen of V

A  A
to W . Łat the symbol SC  denote a  set of ali strongly compact alga— 

bras, which are of form %t-/P. Łat us considar tha set af g. K . f.
's  { <  'YVa , Va , ^5  >  | a  € W, "73 ć  SC  } .  It is  c iear tha in 

order to prlve ( i )  -> (lii ) it  sufBces to sh o w  E ( ")Y , V, ) -  f ')

E (  YY'., V .  7 3 )  I a  Ć W , S C } .  The indualen from the left
A  A  4

ip right is  obvious. To prove the comrerse inclusian let us assuma 

that CL ^  E (  TY” , V, lyt, ) .  Thus here ejcist a  valuailon v  on the 

g. K . t  <  y f ,  V, >  and a  6 W such -that v (  ot1 . a )  ^ ll . Hence, 
on the strength of Łemtr.a 2.6 there must ex ist a  strongly compact 

algebra ŷC /P such that “  t v ( <<■' . a)7l P« Considar a  va łua-

tion v 1 on the g. K . f. "W ** Va ' Z5'  ^  * uch thAt v ^ (  /̂  . b )

-  t v (  , b ) ] P  such v ^ (  /3 , b )  -  C v ( j3 , b )3  P  ter aach ^  d A T  

occurring in and for aach b 6 W . W e o mit ihe proof that v ,  ( ot* , a )A  .X .
“  C v  ( o t1, a )  3  P  “  s in c® h  »s  quite simple, therefore, ■cC ^

E (  7 f a . VfcI "M / P ).* *  E. D.

THEOREM 2.7. ( i )  E (  'W’ , V, "VC ) is  an intarmadiata predica-

te logie if and ordy if thara is  an element »  ć  W such thbt V (a )  ^  yC^.

(i i )  E (  V ( .  V, y  ) is  an intermediate predicate logie if and only 

if there is  an element a G. W  such that v (  a )

PROOP. To  prove ( i )  let us obserue that by  The o rem 3.6 af 

C5l p. 629, E (  W ,  V, -CR ) is  an intermediate predicate logie if and
only if there is  a  6. W such that V ( a )  >  )*( , where the letber

denotes the two elem ent a lgebra . S in ce  "D^is an su ba lgebra  o i any
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nendegenerae algebra, than ia elear that ( i )  holds.
T a  prove ( l i )  lat us observe that by  Theorem 2.2(i i )  E ( ^ ,  

v » CR) ”  E ( W  , V, ćTp (3 R )).  Naw, It la  obU ous that <  , V, YY £
ia ambaddable Into <  ”W , V, ?  (CR) ^  tar any Kripke (rama 

Y {  X’ ConaaquenUy, by  Thaorama 2.8, E ( "W , V, Y f ^ )  C. E (  Y ^ , V,

J p ( C R ) ) ,  whlch givaa finalły that ( l i )  holda. Q. E . D.

m. Thła aacHan ia a  eontinuation ot [ 7 }  • W a gtv*» aama critarian 

far łha incluaion ralatian bałwan tha norv-diajunctlve contanta ot two 

atrueturally generał Kripke frames.

bat 'W  ■ <  W, ba a  Kripke (trama. P o r any a, b e  W,
wa aay that b la  aueeeaaor of a  (aymb. a  <  b )  U a ^ b  and a  ^  b.

W a aay  that b ia a  direet aueeeaaor ef a  (aymb, a  -< b )  U a  <  b 
and there does not exist c « W  such that a < c < b .  A  Kripke irame 

'Y / ' ^  is strongly atomie ( cf. f i ]  ) ii and only ii for any
a,,be.W , ii a < b  , then there exists c <5W such that a < c ^ b .  A  Krip
ke irame aatisiiea the inereasing sequences condition ( cU \_lj )  ii and 

only ii there does not exist an iniinite inereasing sequence oi elements 

oi that irame. R can easiły be seen  that a  irame satisiies the inereasing  

sequences condition ii and only ii each ot its non-empty subsets has 

a  maximal element,

LEMMA 3.1. Łet be a strongly atomie Kripke
irame. Suppose that X Ł W ^  contains no maximal element oi the irame 

and let v  be a  model on the s.g.K.i.<lV^ V ^  such that the
condltions A T  W  w e  X ; v (oC , a  , w ) -
min {v ( o C ,  a  , u ) } u is  satisiied. Then lor any iormula

o C *1 F O R ^  - j  ^Zj *̂ le c o n d it lo n ^ a C  W  ^ w e x  : v(xT,a,w) -
m in-£v(oC, a  , u ) | u J holds.

PROOF. By iduction with respect on the number oi logical sym

bole in o C  . F o ro C t  a t  the Lemma holds by assumption. Łet us sup
pose for induction that the results ls true tor all ^  e  FOR  

, V , 3 ^  contalning le ss  that r logical..symbols
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and far any w fc X  and for any a  ć  W : v (  , a, w ) -  min {  v (  ,
a, u ) I w  x u }  and v (  y  , a, w ) -  min {  v (  ^  , a, u ) | w

^ u ]  . Suppose a lM  that ot ls  a  farm ula containing r  loglcal

symbols. Lat ot m /?> , a  fe W and w  £  X. Than v (  oC , a, w )

-  v (  /3 A. a, w ) -  min i  v (  /3 , a, w ),  v (  w , a. w ) }  -  min {  min 

{ v (  / 3 , a . u ) ! w - < 1 u } ,  min 1 v (  y  , a, u)  I w  -4 ̂  u -  min { v  

( /3^  a , u ) | w A 1 u } -  min { v (  ©o , a, u ) ) w  -< 1 u }  . Lat us

naw assume that «C -  (2 —> , a  e  W  and w  6 X  If a,
w ) -  U , then far any u >  ^ w  v ( /3-^ ^  , a, u ) -  11 . Since w  ls
net a  maxlmal element ln YE , and ' ł {  ̂  is  strongly atemic. then

{ u  ( w - < A u }  therefore min 1 v (  f i -*  ^  , a, u ) | w  u j

-  U . New, conaider -the case  when v (  fi , a. w ) m <b . From  

this assumptlon tt follows ihat for some z >  ^ w  and for some b >  ej 

v ( f i  . b, z )  -  U and v (  y  , b, z )  -  ©. If z -  w , then according  

to the induction hypothesis there exlsts u^, w  ^ and v (  yS, b,

ux ) -  U and v (  , b, -  ©. Thus v (  jf  , b, u ^  -  <J> and

brom here v (/3  a, u ^ ) -  © which results in min {  v (  Q  ^  , a, u )
I w  Ł u }  -  ®. Let us now suppose ihat z ^ w, Then w  <  3 z,

so  by  the aasumptlen that is strongly atemic, there exlsts u q

such that w ^ uq 4 . z. Since uq ^  ^ z, hen v-(y3->^, b, u# ) -

©  and v ( ^ ^ - ,  a, uq ) -  ©, whlle sińce w  ^ uq , then min {  

a, u ) | w  ^ u }  -  <t>. For oC ■ ~l |3 , the reasonlng is simlllar.
Let us suppose that oC -  V*/3 , a  € W and w  € X. Evidently

&  I w  -< Ł u }  y J*. If v (  V *  (3 , a, w ) •  U , then for any b ^  a

and for any ^ Ł V ( b ) ,  v ( (S §  ,b ,w ) -  3( . H ence b y  the induction hypo

thesis  for any b ^ -a  and fo r any i ę e v ( b ) t min-£ v((J § ,b ,u )  ) w ^ u ^ - l l ,  

and so  m in^ v (  V x ^  »*»u ) I w "^ i  u3 “  ^ * In 016 ° P P ° 3łte w ay , if 
v (  V *  fi ,a ,w ) -  >̂, then there is  b ^ a  and )§ €  v ( b )  such that 

v ( P §  ,b, w ) -  and hence v (&  ^  ,a, w ) -  Th en  on the strength 

of the induction h ipothesis m in / v (^ '^ , a t u ) | u 3" ”  so

m in -£v( "Y ,a, u ) |  ̂ u^- (j). F ina lly  suppose that o C  -  3 x fi •

a e w  and w G X. Sim ilarly as ab ove  •{ u | w ^3 u 3 ^  v (3 x ^ a' w ) ” 3**

then there is  s o m e § € v (a )  such that ,a ,w ) -  3i . T h e re fo re  by

e it . 'u c  h- thesis min ,a ,u ) | w "ii U 7j —. U and hence
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min v  ( 3 *  fi . « .u ) | w u }  -  31 . If v (  3  *  ^ • a»w ) ”  • then for

any S e v ( a ) »  v  t y Ś  »*• w ) ■ I  • S o  by  the induction h ipotheais for 
a n y ^ € - v ( a ) ,  min {  v (  0 -^  ,a, u ) | w  u }  -  \ , therefore

min * {v (  3 x  {3 ,a, u ) | w u ^ “  Q-E *D«

LE M M A 3.2. Let ' Y f  i  “  ^  w i »  ^  i  ^  ^  a  atronSiy
atom ie K ripke  tramę satis fy ing the in erea s in g  seq u en ces  condition. 

bet C  be a  subset contain ing all maximal elem ents o f the irame

Then  e v e r y  m odel v q on the s. g. k .  t. < - y { , v . - y o  >  

can  be extended  to a  m odel v  on  the s . g. k .  u v . y / ± >  so

that fo r any formuła OC £  PO P r fo r any a ^<A. ^  , -l . V  . 3  V
W and o r any  w  £  W , v ( c <  , a, w ) -  v q ( c >C . a, w ) .

PR O O F . Let the assum ptions o f the Lemma be sa tis fied  and 

le t Vq be a  model on the s. g. K . f. , V, ~tyf0 ^  • F o r  anY

o C £  A T  we put v ( c £  , a, w ) -  v q (c*C , a, w ) l f  w  £  Wq) and vfcjC ,

a, w ) -  min "{ v (  aC , a , u ) | w  x u J  l f  w  £  W^ -  Wq . Such a

definition is  co rrec t b ecau se , If w  € -W ^  -  W©, then w  is  not the 

maximal elem ent o f the frame thus on the strength o f strong

atom icity o f the frame j the s e t  -^u | w  ^  i  u cannot be empty.

W e sha ll flrst p rove  that the function v  has be en, In the ab ove  way,

defined  fo r e v e r y  triplet from the se t A T  >< W X  W^. Let us su ppose 

that Y  — W 1 is  such  that u £  Y  i f  and on ly  if the function v  is

defined fo r  a ll triplet from the se t A T / -  W /'tu^J’ . It Is  e le a r  that

£  Y  and fo r any w £ W 1 -  i f { u  | u ] j  , then w £  Y .

Let us aasume to the contrary, i.e. that Y  C- W^. Th en  -  Y

thus there ex ists  a  maximal elem ent in the s e t W -  Y  becau se  the
Ą 1

in e rea s in g  seq u en ces  condition is  satis fied  on the strength o f the

assumption. Let w  be a  maximal elem ent in the se t W , -  Y . ThenO _ . j
w q W^ -  W q and u | w q ^ u ^ ^  Y  b ecau se  w Q Y . T h e re 

fo re  there ex ists  u such  that w  jC . u , u Y , thus w  . contrary O O  ̂ J. O O ł o
to the definition, is  not maximal in se t -  Y . W e have demonstrated 

that the function v  is  defined fo r e v e r y  triplet from the se t A T  X  W X  

W^. It is  ob lvious that v  must be a  model on the

s. g. k .  v  , y ( Q y  .
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Now  , it rem oins to p rove  that FOR

{A. 1. ¥ .3 }
will be a  formuła such that fo r  oome w  6. W and some a  £  W,o o '

v ( c ^ 0,a0,w ) ^ v o^c^ o ,ao ,W  ̂ * W e known that a  formuła t>C0 with thls

property  cannot be a  atomie formuła . I<et us su ppose that

the function v  is  łn agreem ent with the functlon v q for 
any a €  W , far any w  €  W and to r  any formuła oontaln ing łasa  than 

a C  łotzłoal „wmbołs. S u o d o m  that w  ^  W la  & madmal element

contradictłon. If ^  # -  fi v (  0 ^ Q. ao, w# ) -  Jl and v o (oC0>

a Q, wo ) m <J>, then there eadata a^ ^  aQ and a 6  Wq auoh that z  ^

w0, v 0 ( ^  , a r  * )  -  Jl and v 0 ( ^  , a Ł, z )  -  Thia i*  not

poaałbłe for z  -  wo beoauae then v (  fi , a^, z ) -  v (  , a 1# w# ) ~

Jl and v (  ^  , a t , * )  -  v (  ^  , a ^  a )  -  <j>, thua v ( q C e . a ^  we ) -  <J>

contr ary  to the aaaumptton. Therefore there muat be z  >  w . ̂ 1 O
Hence v (o £  Q, a^, a )  -  v o ( ° ^ o '  &o* z ^’ k>#cau* e w0 to maxtmal łn 
the set w e  W # 1 v ( o <  Q, a^, w ) -f v ft( c C  q , a o, w ) ^  . Hence

it folłows that v Q( o <  0» « 0i a ) -  Jl -  a  contradictłon. Let us now 

auppose that ofT 0 -  fi v (  c <  0. a o , wo ) -  <|> and v q ( c <  0. ao,

■*v0 ) -  Jl . Then there exista a^ €. W and z  ^  such that a^ ^  aQ

«n d  a ^  Ł wo, v (  fi , a.^ a ) -  Jl , v (  ^  , a ^  a ) -  <|>. Let a^ be

a  majdmal element in the set z &  j x ^  l  wo* v ( ^  • * i »

a ) ■ Jl , v (  ^  , a j ,  i )  -  <|>Tj . U  ao €  Wo , then v (  fi , a l f  zQ) -  Jl,
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v ( 3f * *1* *o> “  h®nc® v * (  c<-0. ® !» w0 ) "  Q  and s® v ( oL0. *<,.

w ) <■ 0  -  a  contradłction. If *  e  W , -  W  , then, on the strength
€> O  1  O

©f Łemma 3.1, v (  ot o, a ^  xft) -  min {  v (  ̂  o, « 0, « )  I * 0 ^

■ <t>. Then there eadsts u suoh that z „ u and v (  oC a„,
O  0 X 0  O  X

u q ) -  ®. Hence there must a 2 fe W  and z ć  such that a 2 ^  a^

®nd *  1 uo* • a 2* * )  “  1 a n d  v ( • a 2 * * )  “  ° *  Thu*

x >  ^ * o, -which contradicts the assumptlon that z Q is  majdmaL Por

oC 0 «  1 /3, the ezpected eontradletfon can be obtalned by  a  slmiłar 

reasoning. bet oC 0 -  V  *  , v (  oC c, ao. » # ) -  11 and v o( ^ 0,

co, wo ) -  0 . Then for any a Ł >  a o and for any V ( a Ł ) ,  v (| g § .

a , , w ) -  11 , and there ezists a .  >  a „  and ^  _  e  V (a„  ) such
x  O  X  o O  X

that v o ( (3  ^ś0, w# )  -  O. Thus on the strength of induction

hlpothesls v o ( f i  g o , a ^  w q) -  v (  £  a1> wo ) -  0 , from this

v (  cX.o> ao, wo ) m 0, which contradicts the assumptien. It ls  elear  

that the expeeted contradłction can be obtalned by  a  similar reasoning

when oC0 -  V x  jS . v (  oCQ, ao. wft) -  0  and v # ( cX0,

wo ) -  ll . Pinally, let us assum e that oL 0 “  3 x|3 , v (  oL 0, aQ,

w0 ) -  11 and v 0 ( ot Q, aQ, wQ) -  0 . Then for any fc V (a Q),

v © ( / 3 ^  , ao, wo ) -  0  and there ezłsts ^  o e  v ( a0 ) such that

v (  {3  ^ 0. a0 , wo ) -  U . S o  by  the Induction hlpothesls for *50

*  V (a 0 ) ,  v (  f:l  a o, wo ) .  v (  f i  ^ 0. a0, wq) .  U , thus v (  ot0,

ao , wq ) -  v q ( oL Q, ao , w# ) -  U -  a  contradłction. W e o mit the

proof of the remaining part sińce it ls  eompletły similar. Q. E . D.

THEOHEM 3.1. Let ± m £  W r  4  ± >  be a  strongly
atomie Kripk frame satisfying the inereasing sequences condition.
Let Y -  ^  W®, Z. a be a  Kripke frame. Suppose that
there exista a  function h: W °  |-^ such that:

( i )  h is one-to-one,

(ii) for each  w 1# w 2 £ wt  ® w 2 if and ordy if h ( w x ) 4  ±
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h ( w 2) •

(Ul )  for each U W j Ib  a  maximal element of then there

exists u W °  such that h ( u ) «.

T h en  E

n p o R{ A . n . Y . B ^  •
PR O O P . It foUows from Lemma 3.2.Q.e .D.

TH EO REM  3.2. S uppose that the conditlons o f Theorem  3.1 hołd. 

L et be a em bedding o f '"W - W ^ In to  A ^ 0 -

and g  be a  function from U - ^ _ v (a )  | a  C W  "Jj t o U '^ V ° ( b )  | b £ W ° J

such that g (  v (  a ) ) -  V ° ( f ( a ) )  fo r each  a € w .  Then  E ("W^. V

For{A .-». i .  v . 3 i ( ŁE(^ 0 ' v° '^i> °  3y

PRO O P. B y  Th eorem s 3.1 and 2.5.Q.E.D.
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SEM AN TYK I T Y P U  K R IP K E 'G O  DLA POŚREDNICH S  K  W A N T  YF1 KO

W ANYCH  LOGIK

ST R E SZC ZE N IE

W p ra cy  w yróżn iam y uogóln ione K ripke  struktury o ra z  stru

kturalnie uogóln ione K r ip k e  struktury, następnie badam y pew ne w łas

n ośc i tych dwóch typów  semantyk.
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