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AN ESTIMATION CF THE SOLUTION OF VOLTERRA'S INTEGRAL
EQUATION FOR VECTOR-VALUED FUNCTIONS WITH VALUES IN
SOVE FUNCTION SPACES

In [2] we dealt with a Volterra integral equation

(1 u(x) IEXTu (t)dt + b(x) ,

where x,t,a€Rn; b and u are vector-valued functions of the va-
riable t (a< t<x) with values in a Banach space Y, and T(x,t)
is a linear bounded operator of Y into itself for ast<x, stro-
ngly measurable in both variables.

The order relation c< d for ¢ =(c ,...c n JR0= (1 d1, ...,
dn)€ Rn means here that gd for i = 1,2,...,n. Denoting by w
the space of all such operators and supposing that [JJb(x)]Y < B(x)
where B(x) is measurable and bounded for x= a, there was proved
the following theorem

Theorem.Let us suppose that A(x,t) is a real-valued function,
defined for a< t< x, nondecreasing with respect to x for every

t and such that A (t,t) is measurable and bounded for t= a;
X

JA(t,t)dt<l1l for x=a. Moreover, let us suppose that

a
(2) [ Tx, )] lys A(x,t) for astsx ,
where is independent of x and t. Then the integral equation

(1) has a unique solutions in the space of all Y-valued bounded



and strongly measurable functions in x= a. Moreover we have an

estimation
U lly< 8 (X)exp(Jax A (t,t)dt)for x< a ,

where B (x) = sup B(x) , and where |[pbX)]]y< B(x) .
as t< x

1.The aim of this section is to verify the inequality (2)
in the case when the operator T(x,t),which will be briefly deno-
ted by T, is given by the equality v = Tu, where W. = SaTg,dut
and Y is the space CVp of continuous functions u of bounded
p-variation \W(u) in <a,b>, p 1. Let us recall that the p-var-
iation of u in <a,b> is defined by

V )= sup”™lu”™ - uri-In |
where :a=T ek...< TNn=bis an arbitrary division of the
interval<a,b> (see L.G.Young, [5]), Vp will mean the space of
all functions u for which Vpu)<+ o .Then JJullp = (Vpu)/P is a
seminormin both, in CVp and Vp andg O if and only if uis
constant in<a,b> . L.C.Young proved, [5], that if ’p,q>"» .
and LECVP, wevq, whan the Riemann-Stieltjes integral andu

exists and

SVFMHHD+)  hee B

We shall prove now the following theorem:

Theorem 1. Let p,q >1, >1 and let a real-valued function
Tg,T. defined for , T@sb> satisfy the following conditions:
(@) T,€ V and T=0 for every (€ <a,b>, Ta = 0,
(b) the vector-valued function f:<a,b>- \q defined by f(6Y= Tg,,

is continuons, in <a,b>,

c) Am{t CJI'V m Y.< ,ag'



Then the operator T defined by v = Tu with
b
v -1V du<

is a linear continuous operator in CVP and its norm

IM I~
with

<* = K
$(? ' D-
Proof. From the condition (b) it follows that V= \ is a con-
tinuous function in <a,b>, because for arbitrary ~,6 "€ <a»b>

we have

K = '3 S A~V Vv £~

Now, we have

'| 'b
*: . ' - % "

L FIVLAV -UT'K?230*0 " m

- *

= KAC (p+ g)Hp
This completes the proof. —

2.Now,keeping the operator T in the form wwTu with
let us consider the case if Y =¥ where \lk the space of fun-
ctions of bounded variation [ju =V 1 (u) in<a,b>. The following
theorem holds:
- Theorem 2. Let T . be a real-valued function defined for £-
¢ ,b> and satisfying the following conditions:

(@ is continuous with respect to T for every < a.b>,



(b) T,» satisfies the Lipschitz condition with respect to f or

every <a, bp>:

with the constant A independent off.
Then the operator T defined as in Theorem 1 is a continuous
linear operator in ¥d its norm |jT|)"WA withcC= b - a.

Proof. We have

Hi, - sspi | v * \M)bl -Kbus a1@wi -

3. Finally, we are going to estimate the nora]|Tj]”in case of
the space Y = H of functions satisfying the Holder condition with
an exponenty , O<y <1, in the interval <a, b> the norm in H is
defined by

TR TRCIIEY K'-v 4

There holds

Theorem 3. Let T, be a real-valued function defined for
<a, b> and such that
(@) Tis an intergrable function of in<a,b> for every (a,b)

(b) T satisfies the Holder condition

b 'Y £ H ~T'T %
for every <a,b> with A independent oft .
Then the operator T defined as v = Tu with Wg-.= $ undt is a

continuous linear operator in H with norm

where

c*= (b - a) max(l,

Proof. W obtain
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But
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for every££4i,b>

Hence
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AU ESTIMATION OF THE SOLUTION OF VOTERRA'S INTEGRAL EQUATION

FOR VECTOR-VALUED FUNCTIONS WITH VALUES IN SOME FUNCTION
SPACES

SUMVIARY

There are given proofs of three theorems in this paper, in
which is defined the constante of the estimation of the solution

of Volterra's integral equation when the values of the kernel are

in the CVp and V1 spaces and also in case when the kernel satisfy
the Holder condition regard to parameter.



