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ON A CERTAIN ALGORITHEM OF COMPUTING ¥D

1« It is known (cf. [1]1§ 99) that a sequence (x,) defined
recursively by -

(1) X = 3(xy + %), where x )0 and D) 0,
has the limi%

Pl [C b
(2) Un(3(xs* ) -y

The generalisation of the formula (2) to the case of vD-
is not considered in [1], but the following Hobson's formula

-1

G) um(x+ —'tT’r). -9 £ ¢ D < (x¢E, xex®)
asoo ' k(x,¢) » X ot1) s 2

is pmvodn) . .
It is proved [3] that the sequence (x,) defined

recursively by
(&) Xp4q = %(a}; x%n), vh_ere‘ x°>'0 and D) 0,

has the limit

x) We adopt the netation ’o -{0,1,2,...} and !k-{k.kﬂ,k+2...}
for ]:ENO.

xx) Vvide [2] y § 36.
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(5) RECC A2 .

2.1. Iet x>0, D> O, kEHz. and let (xn) be the sequence
defined recursively by

1 - D
@ e ifoome ]
The purpose of this note is to prove that the seguence
(6) converges to VD . _
If x, = %— then it follows from (6) that x,= VI.J— for
all n€N,. In the sequel we assume that x % W . From x>0

it follows that x>0 for every k€N, and every nEl’o;
2.2. We shall prove that the sequence (6) is bounded from

below. We have

(7 ' ng-W - ;‘1?, (k=1)x = Ji n, n].

‘Let us note that x = D is a double root of the polyno-
mial
(8) 2(x) = (k=1)xX = X1 ¥ + D.

Hence we may assume that

(9 2(x) = (x - ¥.)2 % bR

By the method of undetermined coefficients we find

(10) A:-k-1 ’ q' (k"z )V; pe e .15-24&?_1 VD_-L;-ZVD—?' an .‘.:-2-ﬁ'

where 36{2’5!“300 -(k-B)}.
It is easy to prove by induction that

(11) 1§ = (k-j-‘l)v;s y for 36{0,1,2....&-2)}.
Hence

(12) - (=121 WD + D = (x-¥p )2 ; Ce=go1)¥Dd k=32 |

J=0



In view of (12) the formula (7) can be written in the
form

(13) xn”-—y_ - _r) ii(k-d-ﬂv— xﬁ‘d"? o

J=0
Since x>0 for every nEH and A§ 50 for every JE{O YsZpasn
(k-2)} it follows from (13) that
(13) x40 W
for everynE!o;
Consequently, the sequence (6) 1s bounded from below.
2.3. The sequence -(x..l ,:2,x3,;.;) is decressing because

*n+1"%p = %‘é’r
and by (14) :

(15) xn.p‘ < iy

for every nfN,.
It follows from (14) and (15) that the sequence (6) is

convergent, i.e. there exists the limit 111:(5) = q
Nes= 0O

satisfying the conditions
q- }[(k—‘l)q B 1%;]. 1) 0,
q
It follows that q_-i_%-, i.e. 5

D
(16) 1ta(] [Fk-1)zn+ E_—_,,]) -% .

3. We shall estimate the error of the n-th approximation

Po-xa- W,

1t follows from (14) and from the identity ¥D -v-?-{’;i_-;-



e

that the condition x > V- implies V—) —2-3 end

5-% <x F .

Consequently

Suppose
(18) D) “? r

In this case pnﬂ can be estimated in terms of ﬁn;
In fact, by (13) ;Il.d (18) we have

[t éﬁg(k-w ol 32,

Substituting x, in place of VD_ ‘and using (14) we obtain

M(ﬁi—- % k- j-1 )xk—2
fnt S

2 -
/.‘nzﬂc % ; (k-3-1),

Since :>: (k=3=1) = 3k(k-1) and in virtue of (18)and (14)

i;eo

'h) %. we get
(19) /Ry < (e P ,
In particular, HA- 107%, where s€N,, then

-28
(20) [y < (x=1)10728,
For ke2 we havVe /D¢ 1072%, end for sny integer

ke[wP"‘fz, 10P+1], where pEN,, we have A%H( 10™284D,

4, Using the formula (16) we can casily compute ¥ wiu
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the help of a digital computer. For example, the following
results have been obtained with the use of Odra 1204.

a) For k=2, D=2, x,=1
x,=1,53 X,*1,316 666 667; x3=1,814 215 6863
Xp=Xg=ese=1,414 213 562.

b) For k=2, D=2, x =2 ;
x,=1,53 Xp=1,46 666 667y X3=1,414 215 686,
x;-x;-...-‘l Y414 213 562,

¢) Por k=2, D=4, e Ry
X,=2,55 Xy=2,053 x3=2,000 669 7564
Xp= 2,000 000 093 Xg=Xg=s.+=2,000 000 000.

d) For k=10, D=245, x =1
X, #2583+ 0 0X=18,51 660 0003 «+0Xy=13,49 860 1403404
X29=1,733 525 144 x3,=1,733 471 119;

Xz =X3meee=1,733 471 111,
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ON A CERTAIN ALGORITHM OF COMPUTING v
Summary
Let x50, DO, k€N, ={1,2,3,+..} and let (x;) be the
sequence defined recursively by S i:l[(k--‘l)xn+ —1:5_1] .



. S0 e
The purpose of this note is to prove that xn+‘1< x, for every

nEN1 and the sequence (5) couverges to Vl; (% = D).
Suppose D } 1;. In this cose /éﬂ can be estimated in

terms of /;n-xn- Vﬁ + Ve have /‘n?” {(k=1) g;i. In particular if
[on= 107%, where s€N,, then /#m ¢(x=1) 10725, For k=2 we have

/‘?174_,1( 10728 gnad for sny integer k€ [1#10°~1, 1+10°], where

pEN,, we have A-S”( 10928,

O PEWNYM ALGORYTMIE OBLICZANIA VIT
Streszczenie
Za6tmy, e X )0, DO 1 KEN,={1,2,3,.c.} 1 clag (xp)
jest okreélony rekurencyjnie = 3
D
T = F{0emt B -
¥ pracy udowodniono, 2e cigg (xn) jeast malejgcy dla kazdego

nfN, 1 ma granice ¥ (k) = D).
Zalé2my, %2¢ D )-%. ¥ tym priypadku x .4 moze byé

oszacowany 3a pomocg /(3 =X - . Many ﬁ’” <(k-1)p§.

¥ saczegbélnodci, jezeli Al- 1078, gdsie s€N,, wéwcsas
/5n+1<(1:-1) 10™2%, Dla k=2 memy Aﬁq ¢ 10728 1 4ala pewnego
catkowitego kE [1 moP=1, 1+10p], gdzie pEH1 mamy ,

se /b < 10P=28,
A+



