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ABSTRACT. In this paper, we present some results concerning functions which
are represented as the maximum of two extra strong Swiatkowski functions.
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1. Preliminaries

We use mostly standard terminology and notation. The letters R and N
denote the real line and the set of positive integers, respectively. The symbols
I(a, ) and I[a, b] denote the open and the closed interval with endpoints a and b,
respectively. For each A C R, we use the symbol Int A to denote its interior.

Let I be an interval and f: I — R. We say that f is a Darbouz function
(f € D), if it maps connected sets onto connected sets. We say that f is a
quasi-continuous function [2] at a point x € I if for all open sets U > z and
V 3 f(x) we have Int(U N f=*(V)) # 0. The symbols €(f), C*(f), € (f), and
Q(f) will stand for the set of points of continuity, right-hand continuity, left-
hand continuity, and quasi-continuity of f, respectively. If Q(f) = I, then we
say that f is quasi-continuous (f € Q). We say that f is a strong Swigtkowski
function [3] (f € 7., if whenever a,8 € I, a < f3, and y € I(f(), £(B)),
there is an xg € («a,8) N C(f) such that f(xg) = y. We say that f is an

extra strong gwigtkowski function (f € eyfes), if whenever o, 8 € I, a < 3, and
y € I[f(), f(B)], there is an z¢ € [, 8] N C(f) such that f(z¢) = y. (Clearly
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jes - ,5’@ C DN Q and both inclusions are proper.) Finally let
S(f) =J{(ab): fi(a,b) e A} and U(f) =|J{(a,b): fl(a,b) € Fos}.
Now assume that f: R — R. If A C R and x is a limit point of A, then let
lim(f,A,z) = lim f(x).

t—xz,tecA

Similarly we define lim(f, A,z7) and lim(f, A, z™). Moreover we write lim(f, z)
instead of lim(f,R,x), etc. Let z € R. If 2, — x and z, < 2,41 < z for
all n € N, then we will write z,, / = (x \_ ). Similarly, if z,, — 2 and
Ty > Tpy1 > x for all n € N, then we will write z,, \,  (x " ).

2. Introduction

In 1992 T. Natkaniec proved the following result [5, Proposition 3].

THEOREM 2.1. For every function f the following conditions are equivalent:
a) there are quasi-continuous functions g1 and go with f = max{g1, g2},
b) the set R\ Q(f) is nowhere dense, and f(x) <lim(f, C(f),x) for each z € R.
(In 1996 this theorem was generalized by J. Borsik for functions defined on regu-

lar second countable topological spaces [1].) He remarked also that if a function f
can be written as the maximum of Darboux quasi-continuous functions, then

f(x) < min{lim(f, C(f),z"),im(f, €(f),z")} foreach zeR, (1)
and asked whether the following conjecture is true [5, Remark 3].

CONJECTURE 2.2. If f is a function such that R\ Q(f) is nowhere dense and
condition ([Il) holds, then there are Darbouzr quasi-continuous functions g1 and
g2 with f = max{g1,g2}.

In 1999 A. Maliszewski showed that this conjecture is false, and proved some
facts about the maximums of Darboux quasi-continuous functions [4]. However,
the problem of characterization of the maximums of Darboux quasi-continuous
functions is still open.

In 2002 I proved the following theorem [0, Theorem 4.1].
THEOREM 2.3. For ecvery function f the following conditions are equivalent:

a) there are functions g1, g2 € S with f=max{g1, 92},
b) the set 8(f) is dense in R, and

f(x) < min{lim(f, C(f), ™), im(f, C(f),27)} for each x € R.
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In this paper we examine even smaller class of functions, namely the family

5”65 of extra strong SWlatkowskl functions, and we present conditions which
are necessary to represent the function f as the maximum of two extra strong
Swiatkowski functions (Theorem E.T]).

3. Auxiliary lemmas

The proofs of next three lemmas will be omitted. Lemma [B.I] we can prove
by the same way as [0, Lemma 3.2], the proof of Lemma is similar to the
proof of [0, Lemma 3.3], and the proof of Lemma is almost the same as the
proof of [0, Theorem 3.5].

LEMMA 3.1. Let ag < a1 < ag. If fllaj—1,0a;] € 5’;8 for i € {1,2} and
a1 € e(f); then fr[a(]an] € ryes-
LEMMA 3.2. If I is a compact interval and I C U(f), then fII € F.s.

LEMMA 3.3. Let g1,92: R — R and f = max{g1,g2}. If the sets U(g1) and
U(gs) are dense in R, then U(f) is dense in R, too.

LEMMA 3.4. Let f: R - R, ¢ € R, and I = (a,b) be an open interval. If
there are extra strong ng’gtkowskz’ functions g1 and g2 with f = max{g1, g2}

and f(x) < ¢ for each x € INC(f), then f(x) < c for each x € I.
Proof. Let f = max{g1, 92}, where g1,92 € .. Assume that
flz) <e for each =z € (a,b) NC(f). (2)

Since each extra strong Swi@tkowski function is quasi-continuous, according to
Theorem 2] for each z € (a,b) we have f(z) < lim(f, C(f), ). So,

f(x) <c¢  foreach =z € (a,b). (3)

Now suppose that
f(zo) =¢ for some zg € (a,b). (4)
We will show that condition (@) is impossible. Assume that f(xo) =0 (x0).
(The case f(z9) = g2(xo) is analogous.) Let a < z < xg. Since g1 € S, there

is an z1 € [z,70] N €(g1) such that gi(z1) = c¢. Let € > 0. Since z1 € C(g1),
there is a § > 0 such that

lg1(x) —g1(z1)] < € for each z € (21— 46,21 +9d)N (a,b).
By ([B) and since f = max{g1, g2}, we have g;(z1) = ¢ > f(x1) > g1(x1). Hence
g1(z1) = f(z1) > f(z) > q1(2) for each =z € (a,b).
This yields
If(z) — f(z1)| < |g1(x) —g1(z1)| < € for each € (1 — 40,21+ )N (a,b),
whence z1 € C(f). Therefore ¢ = f(x1) < ¢, a contradiction. O
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4. Main result

THEOREM 4.1. Assume that f: R — R and there are extra strong Swigtkowski
functions g1 and go with f = max{g1,g2}. Then the set U(f) is dense in R and
for each a ¢ C(f) at least one of the conditions below must be satisfied:

a) there are sequences (), (yn) C C(f) such that x,, a / yn, f(zn) > f(a),
and f(yn) > f(a) for each n € N,

or
b) a € C*Y(f), lim(f,a™) = f(a)/, and for each y > f(a) there is a § > 0 such
that max{f,y}(a — d,a) € Fes,
or
¢) a€C(f), im(f,a™) = f(a)i and for each y > f(a) there is a § > 0 such
that max{f,y}(a,a+ ) € Ses.

Proof. Let f = max{g1, g2}, where 1,92 € #,s. By Lemma B3] the set U(f)
is dense in R. Fix an a ¢ C(f) and suppose that condition a) is not satisfied.

Assume that there is a 7 > 0 such that f(x) < f(a) for allx € (a,a+7)NC(f).
We will prove that condition b) holds. Let I = (a,a + 7). By Lemma [3.4]

f(z) < f(a) for each =z € I. (5)

Assume that f(a) = g1(a). (The case f(a) = g2(a) is analogous.) First we claim
that a € C(g1).

Suppose the contrary. Since g € .7, and a ¢ C(g1), there is an 2o € INC(g1)
such that g1(xg) = g1(a). But, by ([©)

fa) = g1(a) = g1(xo) < f(wo) < f(a),
a contradiction. So, a € C(g1) as claimed.
Now we will show that a € €*(f). By condition (G, and since a € €T (g1)
and f = max{g1, g2}, we have

hm(fa a+) 2 hm(.gla a+) =91 (a) = f(a) > hm(fv a+)'
)

Further we will prove that lim(f,a~) = f(a). Conditions f = max{g1, g2}
and a € C(g1) imply

lim(f,a™) > lim(g1,a”) = g1(a) = f(a).
Now suppose that lim(f,a™~) > f(a). Define
__tm(fa7) ~ f(a)
2
Since a € C(g1), there is a § > 0 such that

f(z) > f(a)+¢ and g¢gi(x) < f(a)+e  foreach z € (a—4,a).

> 0.
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Hence f = g2 on (a — d,a), and
hm(QZa a’i) = hm(f7 a’i) > f(a) > 92(0’)'
So, g2 ¢ D D .Z,,, a contradiction. Consequently, lim(f,a™) = f(a).

It remains to prove that for each y > f(a) there is a number 6 > 0 such that
max{f,y}(a —d,a) € Ss. Fix ay > f(a). Since a € C(g1), thereisa § >0
such that

lg1(x) —g1(a)| <y — f(a) for each x € (a —6,a).
Since f = max{gi, g2}, for each z € (a — J, a) the inequality f(z) > y implies
f(z) = g2(z). Therefore max{f,y} = max{ge,y} on (a — d,a). Taking into
account that go € .%,s and the maximal class with respect to maximums for
the family of extra strong Swiatkowski functions (i.e., the family of all func-
tions whose maximum with every element of .7, belongs to .%s) consists of

constant functions only [7, Corollary 3.6], we conclude that max{gs,y} € S
Consequently,

’

max{f,y}[(a — 6,a) = max{gs,y}[(a - 6,a) € S,

which completes the proof of condition b).
Analogously we can show that if there is a 7 > 0 such that f(z) < f(a) for
each x € (a—7,a)NC(f), then condition c) holds. This completes the proof. [

Now we will show that the condition: “for each a ¢ C(f) there are sequences

(#n), (yn) C C(f) such that xn, ' a  yn, f(zn) = f(a), and f(yn) > f(a) for

each n € N” is not necessary for a function f to be the maximum of two extra
strong Swiatkowski functions.

Ezample 4.2. There is a function f: R — R which not satisfied condition a)

of Theorem HT] and which is the maximum of two extra strong Swi@tkowski
functions.

Construction. Define
max{sinz=! 2z} if <0,
Flay = o b
—x if x>0.

Observe that 0 is the only point of discontinuity of f. Since f(z) < f(0) for
each ¢ € (0,400), condition a) of Theorem E.T] is not satisfied. Now define
g1(x) = —|z| and
sinz ! if <0,
ga(x) = 4 —5 if x=0,
min{sinx’l,—x} if x> 0.

Clearly f = max{g1,92}, and g1, 92 € Sy O
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The next example shows a difference between maximums of strong Swi@t—
kowski functions and maximums of extra strong Swiatkowski functions.

Ezample 4.3. There is a strong Swi@tkowski function f: R — R which cannot
be written as the maximum of two extra strong Swiatkowski functions.

Construction. Define
sinz™! —|z| if z #0,
f@) =3 if = 0.

Observe that 0 ¢ C(f) and conditions a), b), and ¢) of Theorem [Z1] are not
satisfied, whence f cannot be written as the maximum of two extra strong
Swiatkowski functions. But f € .% and f = max{ f, f}, therefore f is the
maximum of two strong Swi@tkowski functions. O

Finally we would like to present the following conjecture.

CONJECTURE 4.4. If the set U(f) is dense in R and for each a & C(f) a function
f: R — R satisfies condition a) or b) or c) of Theorem[T], then there are extra

strong Swigtkowski functions g1 and go with f = max{g1, 92}
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