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1. Introduction

We use mostly standard terminology and notation. The letters R and N
denote the real line and the set of positive integers, respectively. The symbol
I(a,b) denotes the open interval with endpoints a and b. For each A C R we
use the symbols int A, cl A, bd 4, and |A| to denote the interior, the closure, the
boundary, and the outer Lebesgue measure of A, respectively. The Euclidean
metric in R will be denoted by dist.

Let I be a nondegenerate interval and f: I — R. We say that f is a Darboux
function (f € 2), if it maps connected sets onto connected sets. The symbols
¢(f) and €~ (f) will stand for the set of points of continuity and left-hand
continuity of f, respectively. We say that f is a strong gwigtkowskz’ function [4]
(f € SS), if whenever a,8 € I, a < 3, and y € I(f(«), f(B)), there is an
xo € (o, B)NE(f) such that f(zo) = y. The symbols ¢ and usc denote families
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of all continuous and upper semicontinuous functions, respectively. The function
f is upper semicontinuous strong ng'gztkowskz’ (f € Ssusc), if it is both upper
semicontinuous and strong Swi@tkowski. (Clearly S’SUSC - S'S C 2 and both
inclusions are proper.) We say that f € & if and only if f[I] is a singleton. The
symbol [f = a] stands for the set {x € I : f(z) = a}. Similarly we define the
symbols [f < a], [f > al, etc.

Let f: R— R. If ACR and x is a limit point of A, then let

lim(f, A,2) = _lim__f(0).

Similarly we define lim(f, A, z7),lim(f, A, ™), etc. Moreover we write im(f, z™)
instead of im(f,R,z7), etc. If &£ is a family of real functions, then we define
the maximal class with respect to maximums for . as follows:

Mupmax (L) = {f : gevgmax{f,g} € f}

It is known that Mp.x(usc) = usc (see e.g. [2]). In 1971 Farkova charac-
terized the maximal class with respect to maximums for the family of Darboux
functions, which is equal to the family of Darboux upper semicontinuous func-
tions [1]. In 2003 I proved that My (Ss) = € ([5]). In this paper we char-
acterize the maximal class with respect to maximums for the family of upper
semicontinuous strong SW1@tk0WSk1 functions. It turns out that M ax( suSC)
consist of upper semicontinuous strong Sw1@tkowski functions which satisfied
some special conditions. (Theorems 24 and 2Z5]). In particular the maximum of
a continuous function and an upper semicontinuous strong Swi@tkowski function
is upper semicontinuous strong Swi@tkowski (Corollary 2.4]).

2. Main results

Lemma [Z.T] can be easily proved using [3: Theorem 12].
LEMMA 2.1. Let I C R be an interval, the function g: I — R, and x € I. If
gl N (—o0,z] € S, gl N (xz,00) € S5, and g(x) € g[[:r,t} ﬁ‘f(g)} for each
t € (z,supl), then g € Ss.
The proof of Lemma 2.2 we can find in [6} Lemma 3.4].
LEMMA 2.2. Assume that F C C are closed and J is a family of components
of R\ C such that C C cl|JJ. There is a family J' C J such that
a) for each J € J, if FNbdJ # 0, then J € J’,
b) for each ¢ € F, if ¢ is a right-hand (left-hand) limit point of C, then c is
a right-hand (respectively left-hand) limit point of the union |JJ’,
c)cddJ ' cFuU | clJ.

JeJ’
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Remark 2.3. Let f: R — R. Clearly, if the function f is Darboux upper
semicontinuous, then lim(f,z~) = f(z) = lim(f,z") for each z € R.

Next two theorems characterize the maximal class with respect to maximums
for the family of upper semicontinuous strong Swiatkowski functions.

THEOREM 2.4. Mmax( susc) C Ssusc

Proof. First assume that f ¢ S;. Then there are o < 8 and y € I(f(e), £(8))
such that f(z) # y for each z € (o, 5) N ( ). Put g = min{f(«), f(5)} and
h = max{f,g}. Then clearly g € € C Ssuse- Since y € I(h (a) h(B)) and
h(z) # y for each z € (a,8) N € (h), we have h ¢ S,. So, h & Ssuse, Whence
f ¢Mmax( susc)

Now assume that f ¢ usc. Then e.g., f(zo) < lim(f,z) for some zo € R.
(The other case is analogous.) Put g = f(x¢) and h = max{f, g}. Then clearly
gEeETF C Ssusc, and since

h(zo) = g(xo) = f(xo) < lim(f, xa') = lim(h,xa'),
h ¢ usc. SO, h ¢ Ssusca whence f ¢ Mmax(‘ésusc)- U

THEOREM 2.5. Assume that f € Ssusc. The following conditions are equivalent:
a) there is a function g € Ssuse such that max{f,g} ¢ Ss,

b) there are: real numbers a < b, a nowhere dense Gs-set A C (a,b), a point
xo € A, and a subfamily J of the family of all components of [a,b] \ cl A
such that

(i) dAcCcdUJT,

(i) U bdJ N (a,b) C ANcllf > f(xo)],
JeJg

(i) JJ < int([f < f(zo)] U ([f = fz0)] \ €(]))),
(iv) lim(f,UJ,x) < f(xo) for each x € A.

Proof. Assume that f € S'SUSC.
NECESSITY.
Let g € Squse and b = max{f, g} ¢ S,. Then there are a < band y € I(h(a), h(b))
such that

h(z) #y for each z € (a,b) N € (h). (1)
Since the maximum of two upper semicontinuous functions is upper semicontin-
uous (see e.g. [2: p. 83]), h € usc.

Define

G1 =int[h <y] and Gy =int[h > y].
Clearly sets G and G2 are nonempty, open and disjoint in [a, b]. Assume that Z;
and Z, are families of all components of G1 N (a,b) and G2 N (a,b), respectively.

1155



PAULINA SZCZUKA

Moreover let Z = Z; UZy and C' = [a,b] \ (G1 U G3). Obviously the set C is
closed and nonempty, and since h € usc,
Cni(a,b) Ch =yl (2)

We will show that C' is nowhere dense.

Suppose, on the contrary, that intclC # (). Then there is an open interval
I C C. Using condition (1) we obtain that h(x) # y for some x € I. If h(z) > y,
then f(x) > y or g(z) > y. Without loss of generality we can assume that
f(x) > y. Since f € S,, there is a t € I NE(f) such that f(t) > y. So,
(t—96,t+d)NI C[f>y]for some d >0, whence (t —9,t+0)NI C [h >y It
proves that (t — d,¢ + 0) N I C Go, an impossibility. If h(z) < y, then f(z) <y
and g(z) < y. Since f,g € usc, there is a 6 > 0 such that (z —d,z+d)NT C
[f <ylN[g < y]. Hence (x —d,x +3J) NI C [h < y], which proves that
(z — 0,z +6) NI C Gy, a contradiction. So, the set C' is nowhere dense.

Now we will show some properties of the set |J bdI. First observe that

IeIl
U bdIn(a,b) Cclh>y]. (3)
1€l
Moreover,
U bdIn(a,b) Ccllf >yl (4)
IEIl

Indeed, let = € (a,b) and x = sup I for some I € Z;. (The case x = inf I for
some [ € T7; is analogous.) If there was a § > 0 such that f(t) < y for each
t € (z,z+0), then from (@) and since h = max{f, g}, there was a t5 € (z,x+9)
with g(t5) > y. But I C [h < y], whence, by (), we would have g(z) < y for
some z € I. Since g € S, there was a toy € (z,t5) N €(g) such that g(tg) = y.
Moreover (z,t5) C [f < y]. Using h = max{f, g} one more time, we would
obtain g(tg) = h(tg) =y and ty € €' (h), which contradicts ().

In the same way we can prove that

UJ bdIn(a,b) Ccllg >yl (5)
1€,
Finally we will show that
hiz) = f(z) =g(x) =y foreach z € |J bdInN(a,b). (6)
1€,

Let « € (a,b) and x = sup I for some I € Z;. (The case z = inf I for some
I € 7, is analogous.) By condition (), h(z) > y. If h(z) > y, then f(z) >y
or g(x) > y. But I C [h < y], whence I C [f < y]N[g < y]. It contradicts
f,g € Ss C 2 and consequently h(z) =y. If g(x) < y, then since g € usc, there
was a 0 > 0 such that (x — §,2 + 0) C [¢g < y], which contradicts (B). Thus
y = h(x) > g(x) > y, whence g(x) = y. In the similar way we can show that
f(z) =y. So, condition () is fulfilled.
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Next we claim that

Icint([f <ylu ([f =y \€(f))) for each I €7Z;. (7)

Indeed, fix an I € Z;. Since h = max{f, g}, we have [h < y] C [f < y], and
by (@),
[h=ylN(a,b) C [f <ylU([f =9\ C(f)).

Hence, using definition of Z;, we obtain

I cintfh <y]N(a,b) Cint([f <yl U ([f =]\ €(f))),
as claimed.
Now we will prove that all our requirements are fulfilled. For each n € N
define
Fo=c([h>y+ 1]nC).
Let F = |J F, U{a,b}. Then F is an F,-set. Define A = C \ F. Clearly A is

neN
a nowhere dense Gs-set and A C (a,b). Now we will show that

C CcllyZy U{a,b}. (8)

Let x € C'\ {a,b}. If (§) was not fulfilled, then there was a § > 0 such that
(x—6,2+9) C [a,b] and (x—6,z+5)NJZ; = . But then (z—0,z+0) C CUJZs,
and by (), we would have (z — d,x + ) C [h > y]. Hence (z — 6,z +J) C Go,
a contradiction.

Moreover

U bdIc AU {a,b}. (9)
1€l

Indeed, let z € bd 1\ {a,b} for some I € Z;. Hence obviously z € C. If
x € F, then z € F,, for some n € N. Since h € usc, we would have h(z) > y+ i,
which contradicts (@). Therefore 2z € A, whence condition (@) holds.

Now observe that conditions ([§) and (@) imply clA U {a,b} = C U {a,b}.
So, we can assume that J = Z;. Then J is a subfamily of the family of all
components of [a, b] \ cl A. Choose an Iy € J such that sup Ip N {a,b} # 0 and
let xg = sup Iy. Clearly 2y € A. It remains to prove that conditions (i)—(iv) are
fulfilled.

Condition (i) follows from (8). (Recall that A C C'\ {a,b}.) Using (@) we
obtain that

J bdJN(a,b) C A.
JeJg
Since 9 € |J bdJ N (a,b), by @), f(zo) =y. Therefore, by (@),
JeJg

U bdJ N (a,b) C cl[f > f(zo)].
JeJ

So, condition (ii) is fulfilled. Condition (iii) holds directly from (7). Finally,
fix an x € A. Observe that, by @), h(xz) > y. But if h(z) > y, then z € F,
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a contradiction. Hence h(x) = y. Taking into account that h € usc, f,g € SS,
and h = max{f, g}, we conclude that lim(h, z~) = lim(h, ") = y. Moreover CU
UZz C [h > y]. So, if lim(h,JZ1,27) = lim(h,UZ1,2") = y, then z € €(h),
which contradicts (Il). Therefore lirn(h7 UIl,x’) <y or lim(h, UIl,er) <,
whence by (@),

lim(f,UJ,2) <y = f(zo)
This completes first part of the proof.

SUFFICIENCY.

Now assume that there are real numbers a < b, a nowhere dense Gs-set AC (a,b),
a point zy € A, and a subfamily J of the family of all components of [a, b] \ c] A
such that conditions (i)—(iv) are fulfilled. First observe that using assump-
tions (ii), (iii), and the fact that f € Ssuse, We have

f(x) = f(zo) foreach z € |J bdJnN(a,b). (10)
JeJg
Since cl A is nowhere dense we can write cl A as the disjoint union clA = CUP,
where P is countable and C' is perfect. We consider two cases.

Case I. P # 0.

Then, by assumption (ii), there is an isolated in A point zg € PN (a,b)N |J bd J.
JeJg
Let zg = supJ for some J € J. (If zg = inf J for some J € J we proceed

analogously.) Then, by [I), f(z0) = f(xg). This fact and assumption (iv)
imply that zo ¢ ¢~ (f). Using assumption (iii) we obtain that

f(z) < f(=zo) for each =€ JNE(f). (11)

Moreover, by assumption (ii) and since f € S,, there is a sequence (zn) C F(f)
such that @, — z; and f(z,) > f(xo) for each n € N. Hence, for each n € N,
there is a d,, > 0 such that f(z) > f(xo) for every z € (x,, — dpn,Tpn + In).
Without loss of generality we can assume that z,+1 + 0,41 < x,, — &, for each
n € N. Define the function g: R — R as follows:

f(x) if x € (—o0, 20],

f (o) if x € {x,,: neN}UJ[z,00),
g(x) = f(rpy) ifxe Ej [Tn41 + Ong1, Tn — Onl,
n=1

linear in each interval [z,11, Tp+1 + Ont1] and [z, — On, 24,
n € N.

Observe that g[(—o0, z0] = f[(—00, 20] € Ssuse and glz0,00) € €. So, clearly
g € usc. Moreover, g(z9) = g[(x,)] and (z,) C €(g). Thus, by Lemma 2.1]
g € Ss. Now we will show that h = max{f, g} ¢ S;s.
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Take an o« € JNE(f) and let 8 = x1 — d;. Notice that, by (III), for each
z € [a,20) NE(f)

h(z) = g(z) = f(z) < f(xo).
Now fix an z € (z¢, 8]. Observe that h(z) > f(zp). Indeed,
o if x € (), — 6p, xy, + 6y) for some n € N, then h(z) > f(z) > f(zo), and
o if v € [xyy1 + Ony1, Ty — Oy) for some n € N, then h(x) > g(z) > f(xo).

Hence in particular f(zg) € (h(a),h(8)). Moreover, since zg ¢ ¥ (f) and
f = g on (—o0,20], we have zy ¢ €(h). Therefore h(x) # f(z¢) for each
z € (o, B) NE(h). Consequently h = max{f,g} ¢ Ss.

Case II. P = 0.

Then C # () and C' = cl A. (Recall that C is perfect.) Define

c=inf{z €a,b: x€C} and d=sup{z€lab]: zeC}.
Observe that ¢,d € C. Let Z be the family of all components of [¢, d]\ C. Define
I'={Ie€Z: INn[f> f(zo)] #0}.

By (I0) and assumption (ii), Z’ # (. Taking into account that the set C' is
perfect and using assumptions (i) and (ii), we obtain that

C=clAcCec | bdJ Ceclf > f(zo)].

JeJ
Since f € Ssusc, we have C' C cl|JZ'. Now define
Ay =ANnC\ | bdl. (12)

IeT
Since A is a G-set, A; is a Gs-set, too. Then C'\ A; is an F,-set, whence there
is a sequence (F},) consisting of closed sets such that

C\ A = U F. (13)

neN

Define Fj = (). For each n € N, use Lemma [2Z2] to construct a sequence of
sets (F),) and a sequence of families of intervals (Z/,) such that

T T, (14)
F,=F,u U (F,u U bdlI) (15)
k<n Iez;
for each I € Z', if F/, Nbd I # 0, then [ € T, (16)
for each ¢ € F), if ¢ is a right-hand (left-hand) limit point of C,
then ¢ is a right-hand (left-hand) limit point of the union |JZ,, (7
cdUZ, c F,u | cll. (18)

1€z,
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Note that, by (18], for each k& < n, the set Fj, U{bdI : I € Z;} is closed.
So, by (IH), the set F) is also closed and F] C C\ A;. Moreover, by (IG),
Uz =7.
neN

Put

nr=min{n e N: I €Z,}, N,=min{neN: z€F,},
and

Ny, —1 ifzxe{bdl: I €T'} and z is a right-hand (left-hand)
Ng = limit point of the union UIEVI—D
N, otherwise.

Fix an I = (az,br) € I'. Observe that, if z € bd I, then by [@H),  *, < !

P nr+l — ng

< nll. Moreover, since f € Sy and IN[f > f(z0)] # 0, thereis a z € INE(f) with

f(x) > f(zo). So, there is a § > 0 such that [z — §,2 4+ 6] C I and f(z) > f(xo)
for each x € (2 — §,z + d). Define the function g;: clI — R as follows:

f(xo) ifz =z,

f(Io)-i-nlI if x € {z—9,2+ 6},

gr(z) = f(xo)—f—nlm if x € bd 1,

linear in intervals [ar,z — d], [z — 6, 2], [z, 2 + 0], and
[Z—}_(Sa b[]

Further assume that Z; = Z \ (Z' U J) and fix an I = (ay,b;) € Z;. Define the
function ¢y: clI — R as follows:

f(z0) ifxebdl\ U F],
neN
flzo)+ ! ifaxebdIn U F.,
(,0](.77) = “ neN
flwo) + |1 if o= 30,
linear in intervals [a;, ‘”;bf} and [‘“;bf,bﬂ.

Now define the function ¢: [¢,d] — R by the formula:

fx) ifrxecl, IeJ,

g1(x) ifrxecl, I,

eor(z) ifxcecll, I €1,

V() = L ,

flwo)+, ifze U F,\ U cl,
* neN IeT

f(z0) ifxe A\ U cll.

IeT
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Observe that A1 C [¢p = f(xo)] and
[ < flzo)l CUT C [¢ < f(wo)]. (19)

We we will show that ¢ € S, usc. First we will prove that v is upper semicon-
tinuous. Clearly ¥ [|JZ € usc. So, let z € C.

If z € Ay, then ¢¥(x) = f(xg). Suppose that e.g., lim(ip,x7) > f(zo). (The
other case is similar.) Without loss of generality we can assume that x # sup I
for each I € Z. Choose an ng € N such that lim(¢, 7)) > f(xo)+ n01—1' By (19
and construction of 1) we obtain that

mGCl(F,’LOUUI,CLOU U I) N (—o0, x).
€Ty, |1]2,}

Since A; C C and C is perfect, ¢ ¢l |J I N (—o0,x). Moreover, by (I8),

I€I1,\I|Zn10
(13, [@2), and (@3),

AN C(F, UUT,,) C (A NF,)U <A1 n U cu)
IeTy,

c <A1 mngo F;L) U ((C\Ig,bdl) mlg,cll) =0,

a contradiction. So, v is upper semicontinuous on Aj.

If v ¢ Ay, then x € |J F,,. Hence z € F} \ F)_, for some n € N. Suppose
neN

that e.g., lim(¢), ) > f(20) + . (The other case is similar.) If 2 = sup I for
some I € Z, then by (I0) and construction of ¢ we have lim (¢, 27) < f(zo) + .},
a contradiction. So let x # sup I for each I € Z. Note that z € cl([c,z] N[ >

f(xo) + 1), whence z € c1lJZ},_;. But by (8), = € (JclI. Hence there is
Iez,

n—1
an I € 7 such that © = sup I, which is impossible. So, lim(¢),z7) < f(xg) + 711
= ¢(x). It follows that ¢ € usc.

Now we will prove that for eachn € Nand § > 0,ifz # cand z € F),\{sup [ :
I € T}, then

U@ = 6,2)NEW)] O [f(wo), flzo) + ,]. (20)

Let n € N, 6 > 0,2 # ¢, and x € F) \ {supl : I € Z}. Then z €
FE! Ncl((—o0,z) N C) and by ([IT), there is an I € Z/, with I C (z — 4§, z). Notice
that ny < n. So,

Pz —6,2)NEW)] DI NE )] D [f(wo), fwo) + ]

Similarly we can prove that for each n € N and § > 0, if z # d and z €
F/\{inf I : I € I}, then

P[(z,x+8) NE W) D [f(xo), flwo) + 1].
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Now we will show that 1) € S,. Let o, 3 € [e,d], o < B, and y € I[(¢¥(a),¥(B)).
Assume that ¢ (a) < 9(8). (The other case is similar.) If «, 5 € clI for some

I € T, then since [ cl] € Sy, there is a ty € (ar, B) NE(Y) with ¢(tg) = y. So,
assume that the opposite case holds. We consider two cases.
Case 1. If y > f(xp), then ¢(5) > f(z) and 5 ¢ A;.

First assume that 8 ¢ |J F) or 8 € {supl : I € Z}. Then there is an
neN
I € 7 such that g € clI and a ¢ clI. If y € I(y(inf I),4(5)), then since

Ylell € Sy, thereis a tg € (inf I, B)NE (¢) C (o, B)NE () with ¥(tg) = y. So,
let y € [f(x0), 4 (inf I)].
e If inf I € Ay, then ¢(inf I) = f(z¢) = y and since inf I € C C cl|JZ', there
is an I’ € 7' such that I’ C («,inf I). Hence ¢ (to) = f(xo) = y for some
to € I'NE(Y) C (a, B) NE (V).
o Ifinfl e |J F), theninfI € F} \ F}_, for some n € N. By (20),
neN

Yy € [f(%)ﬂ/’(inflﬂ = [f(l‘o)af(l'o) + i] - d;[(a,inf[) m%ﬂ(ﬂj)]-

So, there is a tg € (a,inf I) N € (Y) C (o, B) N E () with (tg) = y.
Now assume that § € |J F)\{supI: I €ZI}. Then g € F}\ F]_, for some
neN

n € N. By (20),
y € [f(z0),¥(B)) = [f(w0), f(w0) + ) € ¥[(a, B) NE()].

Consequently, there is a tg € (a, ) N € () with ¢(ty) = y.
Case 2. If y < f(x0), then ¥(a) < f(zo) and « ¢ A;.
Then there is a J € J such that o € J and 8 ¢ clJ. Since, by ([I0), ¢ (sup J) =
flxog)and PlclJ = flclJ € S, thereis a to € (a,sup J)NE () C (e, B)NE ()
with ¥ (tg) = y. It follows that ¢ € S,.

Now define the function g: R — R as follows:

Y(x) ifz € led],
g(.’II) = ¢(C) ifre (—OO,CL
P(d) if x € [d, 00).

Then clearly g € usc and by Lema 2] g € S.. Finally we must show that
h = max{f,g} ¢ S,. Take a,f € [¢,d] such that « € JJ, 8 € UZ', o < B,
and h(a) < f(zo) < h(B). Obviously such numbers exist. It is easy to see that
[h = f(zo)|N(a, 5) CUTUA. If x € JN[h = f(x0)] N (e, B) for some J € T,
then since f = g = h on J, using assumption (iii), we obtain that = ¢ €(h). If
x € A1 N (e, B), then since A7 C A, by assumption (iv),

lim(f,UJJ,2%) =lim(h,UT,2") < f(z0) < h(z)
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or
hm(fv Ujvx_) = hm(ha Ujvx_) < f(l'o) < h(%),

whence we also obtain that z ¢ % (h). Consequently, h(x) # f(z¢) for each

x € (o, B)NE(h). So, h = max{f,g} ¢ Ss, which completes the proof. O

An immediate consequence of Theorem is the following corollary.

z

COROLLARY 2.6. ¢ C Max(Ssusc)-

Proof. Suppose that f € ¢ and f ¢ Mmax(ssusc). Then f € Squsc and there
is a function g € Squse such that max{f,g} ¢ Ssusc. Note that max{ f, g} € usc,
whence max{f, g} ¢ S,. Using condition (iv) of Theorem 25 we directly obtain
that f ¢ %, a contradiction. d

Finally we will show that inclusions from Theorem 2.4 and Corollary are
proper.

7

Exzample 2.7. There is a function f € Myax(Ssusc) which is not continuous.

Construction. Define the function f: R — R as follows:

{ x if x € (—o0,0],

sin ! —1—x ifx € (0,00).

fz) =

Clearly f is upper semicontinuous but not continuous. Note that R\ % (f) = {0}.
So, if x € €(f), then condition (iv) of Theorem [Z5]is not fulfilled, and if z = 0,
then condition (ii) of Theorem is not satisfied. Hence using Theorem
we obtain that max{f,g} € S, for each function g € Seyse. Since the maxi-
mum of two upper semicontinuous functions is upper semicontinuous, we have
max{f,g} € Ssuse. It proves that f € Mmax(ssusc). d

Remark 2.8. There is an upper semicontinuous strong Swi@tkowski function f

z

such that f ¢ Mmax(SsuSC)'

Proof. By [t Example 4.2] there are functions f,g € Seuse With max{ f, g}
¢ S, whence f & Max(Ssusc)- O
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