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In paper [2] the authors introduced the notion of a relatively conti-
nuous function: A function /7 : X — >Y is called relatively continuous
at x € X if, for any open set V Cc Y, where f(x) € V, the set
is open in the subspace f~1 (k) mlIf this condition is satisfied for each
X € X, then / is said to be relatively continuous. In paper [5], this
notion was generalized in the following way: A function /7 : X — >Y
is locally relatively continuous! if there exists an open base B for the
topology on Y such that f~x(V) is open in the subspace f~1 (V) for
any V € B. In [5] the authors also investigated the principal properties
of L.r.c. transformations, connected with the continuity and sections
of functions, with that they often assumed the considered functions to
be connected. The purpose of the following paper is to complete and
extend the results included in [5]. Especially, we shall show that l.r.c.
functions may have “rather disorderly” properties and, what is more,
that the situation is typical (in the topological sense)2 for this kind

Tn the further part of the paper we shall use the abbreviation lLr.c. instead of
the extended name “locally relatively continuous”.

2i.e. the set of all l.r.c. functions which do not possess those properties is small
in the topological sense - see the considerations in chapter XIIl of monograph [1].
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of functions. Theorem 2 from paper [5] is also analysed with respect
to the possibilities of replacing the connectedness of the considered
transformations with the Darboux properties of them.

We shall use the standard notions and notations. By R, Q and N
we denote respectively the sets: of all real numbers, rational numbers,
positive integers.

A subset L C X is called an arc if there exists a homeomorphism
h :[0,1] — >&. The elements h(0) and h (l) will be called the endpoints
of £. The arc with endpoints x and y is denoted by L(x,y). If £ is
an arc and a,b G t, then the symbol L”~(a,b) denotes the arc with
endpoints at a and 6, which is contained in t.

The open ball with centre at x and radius r > 0 will be denoted by
K(x,r). S(x0,r) = {x :g(x0,x) = r} where g denotes the metric in
the space considered. The symbols A and Int (A) stand for the closure
and the interior of A, respectively.

Assume that X is an arbitrary topological space. We say that a
nonempty closed set K cuts a space X (onto the sets U and V, between
nonempty sets A and B) if X\I< —UI)V where U and V are disjoint,
open and nonempty sets (and A C U and B C V).

Let / be a function. If a d b, we shall write f(a, b), Z(a, 6], /_1[a, b)
etc. instead of f((a,b)),f((a,b]),f~1[a,b)), omitting the dispensable
double brackets.

By Cf we shall denote the set of all continuity points of /.

If/ :X xY — ¥YZ,then by fx (fy) we shall denote an x —section
(y - section) of /, i.e. fx(t) = f{x,t) (fv(t) = f(t,y)).

A function / : X —» Y is said to be quasi-continuous ([4]) at X
if, for each neighbourhood W of f(x) and each neighbourhood U of
X, the set Int (U M is nonempty. The function / is said to be

guasi-continuous if it is quasi-continuous at each point of its domain.

The notions and symbols we use, connected with porosity, come
from papers [10], [L11] and [12].

Let X be a metric space. Let M C X, x € X and S > 0. Then we
denote by 7(2,S, M) the supremum of the set of all r > 0 for which
there exists z G X such that K(z,r) C K(x,S) \ M.

If p(M,x) = 2 elimsup5”.0+ifeiLMI > 0, then we say that M is
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porous at X.
If there exists s > 0 such that p(M, z) > s for 2 E X, then we say
that M is uniformly porous.

The authors’ considerations contained in [5] suggest the question:
Do the lL.r.c. functions which are not continuous at any point of their
domain exist? The answer is positive (Proposition 1). What is more,
the authors proved in [5] (Theorem 3): Let X be a locally connec-
ted space and let Y and Z be topological spaces. Suppose a function
/ : X XY — >Z has continuous x-sections and connected y-sections.
Then / is continuous if 7/ is l.r.c. Proposition 1 will show that (under
pretty natural assumptions on the spaces considered) there exist l.r.c.
functions /7 : X x Y — >R discontinuous at every point, whose proper-
ties are close to the assertion of the above theorem (the connectedness
of y-sections is replaced by the Radakovic property3).

Proposition 1 Let (X ,g) be a nonsingleton and connected metric
space and Y - an arbitrary metrizable topological space. Then there
exists an l.r.c. function f : X XY — ¥ R whose all x-sections are
continuous and y-sections possess the Radakovic property, such that
Cf =0.

Proof. Let xO ¢ X. Without loss of generality we may assume
that X \K(x0,1) g 0. Of course, S(x0,L) is a nonempty closed set
forn= 1,2,.... Let £: N Q \ {0} be a bijection.

In the set R\ ({L :n= 1,2,...} U{0}) we define an equivalence
relation * in the following manner:

d*t <= d—t6 Q.

Let W be the set of all equivalence classes of the relation *. Then there
exists a bijection g : W R\ Q.

3A function g is connected if the image of an arbitrary connected set is also a
connected set. If we assume that the closure of the image of a connected set is a
connected set (which coincides with the T. Radakovic idea from paper [9]), then
we say ([3], [6], [8]) that the considered transformation possesses the Radakovic

property.
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Define a function /7 : X x Y — >R by the following formula:

if x —x0;
i{n) if x € S(XxO0,£) for n=1,2,...;

ri(Ex) if g(x0,x) GEx G W.

We shall prove that / has the required properties.

To this end, let us notice that
(1) 7/ is an lL.r.c. function.

Indeed, letR —{(p,q) : pP,gG Q \{0}} be a base for the space R
and (p0,Co) some element of it. Let nPo,ng G N be such that £(nPo)=
pOand £(nfo) = g0and, moreover, let (z0,y0) G f~ 1(Po, q0)- Then there
exists SO > O such that (I\(z0,y0),S0) x Y) N f~I1[p0,qd C f~ 1(p0,q0)-
This implies condition (1).

Of course,

(2) fx is a continuous function for x € X.

Now, we shall show that
(3) fyis afunction which possesses the Radakovic property, for y G V.

Let y0OG Y and let C be a connected subset of W x {yo}- Consider
two possibilities:

1) C C S((x0,y0),r) C X x {y0 for somer > O0or C = {(xo0,y0)}.
Then, of course, fy(C) is a singleton.

2) C\S((xo0,y0),r) o O for any r > Oand C o {(xo0,y0)}. Let a G
R\ Q. Then there exists W G W such that r/(W) = a. In virtue
of the connectedness of C, we can easily observe that there exists
KGCfi{(x,y0 : g(x0,x) GW}. Then f(k) = q(W) = a. We have
proved that R\ Q C f(C), what means that /(C) = R. This implies
condition (3).

In virtue of (1),(2),(3), the proof of Proposition 1 will be finished
when we show the discontinuity of the function / at any point. Let
(a,b) 6 X xY and S> 0. Then {x GK(a,6) : g(x0,x) GT} ¢ O for
any T G W. This implies that R\Q C f(K(a, 8) x {b}), what means
that R\Q C f(V) for any open neighbourhood V of (a,b) G X x Y.
The proof of Proposition 1is completed.

The above proposition incites one to pose the next question: If we
additionally assume that the considered functions are close to conti-
nuity (e.g. quasi-continuous), do there exist Lebesgue nonmeasurable



On the Continuity 27

l.r.c. functions? If the answer to this question is positive, is this situ-
ation incidental or is it typical (in the topological sense)? The answer
is included in the following theorem:

Theorem 1 In the space CfR of bounded quasi-continuous l.r.c. func-
tions f : R — >R, with the metric of uniform convergence, measurable
functions (in the Lebesgue sense) constitute a uniformly porous set.

Proof. Let CM*R denote a subset of CfR consisting of nonmeasu-
rable functions and let g* be a metric of uniform convergence. Let
/ € CfR be an arbitrary function and y > 0. Let then [xo0,yO\be an
interval such that xO< yOand f[xo0,y0] C (a0—],a0+ 8) where aOis
some real number.

Denote by C the Cantor set with positive Lebesgue measure inc-
luded in the interval [x0,yo] such that xO,yo € C. The set C is con-
structed by “removing” some open intervals from the interval pKO,Yo]-
Let A\ be the interval removed in the first step of the construction
of the set C; A2 - the union of two intervals removed in the second
step of the construction of the set C, etc. In this way we shall form
a sequence of open sets, such that An = [xo,y(] \C.
Denote by C* some nonmeasurable subset of C such that x0,yo ™ C*
and C* M U“ rAT = 0.

Now, let B denote an open base for the space R, such that f~ 1(U)
is an open set in the subspace f~1{U) for each W GB.

Now, we shall define local bases B(x) at x 6 R. Consider the follo-
wing cases:

A) x € (—00,a0— ). Then let

B(x):||/|eB:xeu nvn ¥.doc

B) x6 (a0+ 1,+00) . Then, let

B(x) = jt/ £B:i GL Al/N A4
3. >}.
C) x = a0O— Let U\ € B be a set such that x € U\,

Ui n~-00,a0- ~ C ~a0 ..
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uxn ctn - +00 c

and f(x0), f(yQ £ IR. Put RBi € Ui M (a0- §, +00) . Now, let U26 B
be a set such that

X GU2C Ui, U20 (—00,a0—1 ¢ g

3j 3 2'a° 3
U2n c vV Bi +al0- 1"
- 27+ 0 3’ 2
Let then B2 £ U2T) («0—|,+00). Continuing this process, we shall

dehne a sequence {Un}™=1 C B such that Un+i C Un (n = 1,2,...),
D“=ziUn - {aO- 8}, /(x0),/(y0) # Un (n = 1,2,...) and choose a
sequence {Bn}~! such that Bn G Unn (a0- |,a0 and Bn\ aO- |.
Let us adopt B(a0O—]) = {Un: n—1,2,...}.

D X = a0+ . In a similar way as above we shall dehne a sequence
(K}£°=1 C B such that x ¢ V,, (n = ,2,...),K+i C Vn, fI"Lx K =
{a0+ 8}, K C (cog», +00), f(x0),f(y0) Vn(n = 1,2,...) and choose
a sequence {7n}ELi such that GVvnM(a0,a0+ §) and /* a0+ 2.
Let us adopt B(aO+ |) = {Vv*: n= 1,2,...}.

E)xG (a0—8,0or0+ |). Then, let B(x) be the family of those sets U,
for which:

xeU eB, UC Qn \~/5ao+’v77
and the sets U \ {x} and
({Bn: ne N}U(7,: nGN}U Ja0- a0+ / (x0) .,/ (y0)j)

are disjoint.
The family B* = UJeR'~(x) a base of our topology in R
Now, dehne a function g : R — >R in the following way:
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" (X) if >xG (- 00,x0 U [y0,+ 00);
ao+ 3 if G C¥*
if ceEC\(C-Uu-~1 U kO, y0});
/(®o) if x £ ~dnforn —1,2,
/(Yo) if XGAj,_iforn=12,.;
Ain-2 if XG Ad4n 2 forn = 1,2,..;
, Tin—3 if xGA4nsforn= 1,2,....

It is obvious that g is a nonmeasurable and quasi-continuous func-
tion.

Now, we shall show that g is an l.r.c. function.

Let U ¢ b*. Denote V = g~I(U) and V~ —g~I(U). Letv G V. Let
us analyse the following possibilities:

1) v ¢ (—00,x0 U (yo,+00). Then there exists 6V > Osuch that

and (v —Sv,v + Sv) ¢ (—o00, X0) U (yo, + 00). Then
(v- 5v,v+svynv~-c f~1{uU) N ((—00,x0 u (yo+00)) c V.
2) v= x0.Then U G B, f{x0 = g(x0 € U,

(UN\{f(xOQ} M

{/?»: neg N}u{7n: nG N}uja0—~,aQ+ -,f(yO|~ =0

and U C (a0— ], a0+ |). Besides, it is known that there exists SO> 0
such that (v - 600n]MNk'C(m - 8,vl]MNf~I{U) C V and v+ SO< yO.
At the same time, V~ fl(w, v+ 60 C g~I(f(x0) C V, therefore, indeed,
(w-(i0,« + ® n r C V.

3) v = y0. Our considerations are similar to those in 2).

4) vG An(n = 1,2,...). Then V~ N (x0,y0) = V M (xQy0) C V is
an open set in V~.

5) v G C*. Then g(v) = a0+ 8§ and (kO,y0) M k" = (x0,y0) N V.
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6) V6 C\(C*UU~1 AnU{x0,y0}). The reasoning is analogous to
that in 5).

The arbitrariness of choice of v proves that V is open in V~.

The proof that g is an lL.r.c. function is completed.

Now, we consider the ball K(g, \). Since Q*(f,g) < \g, therefore
k(9i 4) ¢ K(f, 7. 1t is not difficult to notice that if h £ K (g, |), then
it is a nonmeasurable function, what proves that K(g, C Cf*R. In
turn, this implies that p(CfR\Cf*R,f) > |, what, by the arbitrariness
of the choice of /, ends the proof of the theorem.

In paper [5] the authors proved (Theorem 2) that (under some
assumptions concerning the domain of the considered transformations)
if /7 is an l.r.c. and connected function, then it is continuous. It turns
out, however, that, in the case of functions defined in Rn, we can
replace the connectedness by the Darboux property4, and even make
use of the local Darboux property5:

Definition 1 Letf : X — yY where X, V are topological spaces. We
say that a point xO0 G X is a Darboux point of the third kind of f if,
for each arc L = L(x0,a), the following condition is fulfilled:

if K is a set such that, for some net C L for which
X0 € linvgs™V; K cuts Y between {f(x0} and the set
{/(*«7) :0-6 S} Uacpa™ f(xir),6

then K M f(L~(x0,xa)) / O for any a € S.

Theorem 2 Let f : Rn — Y Y be an lLr.c. function where Y is a
connected regular topological space. Then the following conditions are
equivalent:

(r) x0 is a Darboux point of the first kind of f.

4i.e. (see [7]), the image of every arc is a connected set.

5In the theorem below we use the definition of a Darboux point of the third
kind only, therefore we shall quote it in full here. The definitions of Darboux points
of the first and the second kinds are pretty long([7], [8]), so we shall not quote
them - in the proof of theorem, for this kind of points, we make direct use of the
result included in the papers cited above.

6By acpCles/ (xd) we denote the set of all accumulation points of {f{xa)}aes-



On the Continuity .31

(ii) xO0 is a Darboux point of the second kind of f.
(in) x0 is a Darboux point of the third kind of f.
(iv) x0 € Cf.

Proof. In view of the results included in papers [7] and [8], it
suffices to prove the implication (iii)="(iv).

Suppose that xO ™ Cj. Then there exists an open neighbourhood
Y of a point f(x 0), such that

f(K(x0,S)) \V 770 for any 5> 0.
This means that there exists a sequence such that
g(x0,xn) \ 0 and f(xn) £V, for n GN

Let, for an arbitrary n — 1,2,..., tn G (g(x0Ixn), g(x0,xn+1)). Denote
I* (/**) an interval, one endpoint of which is xn (xn+1), but the other
endpoint lies on the sphere S(xO0Itn)i with that we demand that the
lenght of I* (/**) is equal to g(S(x0,tn), xn) (g(S(x0,tn), zn+1)). Mo-
reover, let /*** C S(x0,tn) be an arc which endpoints belong to /* and

Let £ = {xOQ UU~ri(7*U/**U/***). Then L is an arc, one endpoint
of which is xO0.

Let B be a base of the space Y such that
(4) f-\U) is an open set in /-1(t/), for U G B. Choose U0 G B such
that f(x0) € UO C UO C V (this choice is possible because X is a
T3-space).

Denote F = Fr(UQ). Then F & 0 in virtue of the connectedness
of ¥, and this means that F cuts V between {f(x0} and the set
{f(xn) : n € N}Uacp(f(xn)). Since x0is a Darboux point of the third
kind of /, we can infer that xOG f~ 1(F). This fact implies (according
to the fact that UOis an open set) that /_1([/0) is not an open set in
f~1(U0), what contradicts to (1). The obtained contradiction ends the
proof of the theorem.
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