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On the rate of strong summability
of Fourier-Chebyshev series
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1 Preliminaries.
Let us consider the system of Chebyshev polynomials
Tg(x) = 1, Tn(x) = cos(narccosx) (n=1.2,...),

which are ortogonal with the wetght g(x) = (1 —x2)~* on the interval [—L,1].
Let / be a real-valued function continuous on [—1,1], and let

()
1) S[FI{x) - ™ ckTk{x)
k=0
be its Fourier series with respect to the system that is
(2) co=- [ f(Hg(t)dt, ck=- f f(t)Tk[t)g(t)dt (k= 1,2,...).
T J-1 T J-1

Denote by Sn(x;/) the n-th partial sum and by <r°(x) = cr"(x;/) the n-th
Cesaro (C, a)-mean of order a of the series (1). Introduce the modulus of
continuity of / defined by

u{e)=u(6.H=" sup ( sup v+ - /NI,
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and the best approximation of / by polynomials Pn of the degree at most n
given by

En{f) = Ilr:}];i IS<U*[I)<! [/(x) - P,,(x)|5 .

Take into account a regular summability method determined by a trian-
gular matrix [lanfc/An| with a,jt > 0 and An = IX=0Qnfc- Write, for each
non-negative integer n,

1 i/p
3) i2n (x;a)p = 1(x;/)-1(x)|P| , p>0.

The aim of this note is to estimate the guantity (3).
In considerations, the suitable positive constants independent of n. f and
r are denoted by xj (j = 1,2,...), and

7G/) = min(29 — 2,n), 71(¥) = 20~\ 72(%) =min(2,+1 - 2,n).

2 Auxiliary results

We start with an analogue of the Brudnyi and Gopengauz theorem (Th. 4,
[1], p. 892).

Proposition. Let

00
(4) F(z) =" c¢ kzk, 2=re*, 0<r <1
Jt=0

where ck are defined by (2). Then

(5) A Jfl “ﬁ~ dt uniformly in x € [—tt; 7].
-r

Proof. An easy computation gives
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1 .rr
— J  f(cosy) {P{r,y+x) + P(r.y - .n}dy+

1 fr
+ [ f(cosv) {Q(riV+x)- Q(r,y - x)) dy =

—9iu(ri—)+ u(r’x)—iv((,—=x)+iv(r.x)},

where u(r.x). v(r.x) are the Poisson and the Poisson conjugate integrals of
f{cosy) and P(r,s). Q(r,s) are their kernels. respectivelv. Thus

. . OF(z}
a0z " dx
1 d(u (r, —a) + u(r.x)) Ld(v (r, =) + v (r, X))
2r dx - dx

Therefore, it is sufficient to show that the both terms of the right-hand side
of the above relation are of the order

0 t 2uoft)dthj .
Since
I-, FsP{r's)is =0'
we have
wurs) 1 dP{r,y+x)
d = iL fcsy) di dv=
=+ {0y Mooy
= % - fw{/(cos(f=Fi?))~ f{cosx)} ------ dt.

B} the mean-value theorem, for arbitrary real x, t and some 6 € (0,1),

|[/(cos(f + x)) —/(cos rr)|

\f(cos x —tsin(x + 9t)) —f (cos x)\ <

< sup ( sup  IM(y - h)y- I(y)|l =

|/i]<lh L —1<y»y—ac<i

— u (M>/) < + )N A w
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Analogously,
If (cos(t - a)) - /(cosx)|< (tt+ \)u f—;/j .
Hence
du (r, £x) sin 11 dt =
dx (1 —2rcost +r2)2 B

sint

= 2(0+;) Q- > r 73 (@ —r)2+ arsinzu2))2

~  AMY A \rtl\j ((1—na}2-154r(£/&rs)2)2dt -
= 2,(»>+D)(l-r

Arguming further as in [5], pp. 150-151 we obtain

du (r, £.r)
8x

and this immediately implies

1 dv(r, £x)

< A3f t ai{t)dt
dx J

I-T

Now the desired assertion is evident.

Remark 1. When x = arccos 7, estimate (5) holds uniformly in y E[—,1],

Lemma 1. Ifa > k >0 and fc(l —a) < 1, flien

L il 1
(6) . < 13 E
.n+ 1SS n+ 1*0

uniformly in x and n 0,1,2,....



On THE RATE OF STRONO SUMMABILITY OF 31

Proof. Let us consider the power series (4) and denote by ~"(y) its m-th
(C.a)-means for z = e'arccosy. Easy calculation gives

, 'i'varccosy,
O-4“«-"(1/)-<(»))= E-C-1"e
u- o
whence. for z = r'v (0 < r < 1),
a £ /) ~ T°(y))zm = Zg,arccosy F '(Z giarccosj/) (j _

m=0
Further, taking a number p € (1,2) such that pa > 1, by Hausdorff-Young
ineguality with g = we get

i
‘co n } e ( r* \Ff(rfWptarccosy\\P ) P

.T7—0 - k- re-

In view of Proposition, the right-hand side of the above ineguality does not
exceed

. \ oD Tilp
KrLilL r‘Ut)d’[)IO (L —)2+ 22)°pl2

Setting 1 —r = 1/(2?? -f 1) and taking the real part we obtain our thesis (see
[5], pp. 152-153).

Lemma 2. Suppose that for each q > 1, the condition

(i 7(d ) U2 "W
(7) 0] E (a,)* <A6(2-) £ a,t
|« J r-=7i ()
holds for v - 1,2, whenever 2" 1 < + A 2"'n-1. Then, for
P ¢ (0, 00),
i/p

ARV \ -1 7(p) )
i E/) H 53 IM *;7) - 1(x)]p,
v=7i(y 1 k=) J

Proof. Proceeding analogously as in [4] and using Theorem 3 from [6] we get
the desired result.
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3 Main results

Now we present two approximation theorems which are analogues of some
Leindler's results ([2], [3], [4]).

Theorem 1. Under the assumptions of Lcmma 2, we have

i, yn |/ ~AA \ I XIP
Rn{x]Dp< ~ £ | Y. Qnfc) (E-yi(")(N)P]| forn =0,1,2,
An u=l \fc=T)M

Proof. The above estimate is a consequence of Lemma 2.

In particutar if p — 1, an* —A,,Zl, &> 0 the condition (7) holds. Thus
we obtain

Corollary. Under the assumption 8 > 0,

-Je f1 An-1 I5* (x;/) - f(x)I< K9—~T Y E~f) forn=0.1,2,....
An k=0 n-ri k=0

Passing to the more generat means (3), let us put

1JL /1

vk=o ~ +1

Theorem 2. Suppose thata > 1/2, p > 0, p(l —a) < 1 and that

for each g > 1, whenener 2m< n + 1< 2m+l —1. Then

1 A t/p
(9) An ap- An {~T fern = (M A
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Proof. Clearly,

{Rn{x:a))p<

s 2 q7- Z!/=O Kr'(i) - <(’m)[ + !Eo - [<F)1

= /\{E’ +Ej_

Choose two numbers p',q" > 1 such that pp'{l—a) < land p + * = 1
view of estimate (6) and condition (8).

72(0
H Ylg"< <
A" ;=0 W=2-i
72() op 3
1 m /1 720 op
< i- E B»j 52 E K“-*w -<(x) <
A" /=0 iI=2(—
Al/\ o 1 1] 2/ E _ - <
1=0 Iri /=0 ajp
(2A"3)p ) )
£ 2. TTTTTw-J <(2A3)pAIOrTT X>(i0)
, 18w
where #,,,/ = ( at (M+ 1)* 1
u/=2'-1

By Corollary, for » € (1, 00),
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r- no | 72(0
al2e |2 () Z <
1=0 i1=2"-1

N h 12 - y\ Nkl 2, / ) PS\1 I rr r- 1 yy I >vp
-XSIlﬁATT)AS) SAAO A .-"EM w r
Summing up these estimates we obtain (9).
Remark 2. Condition (8) is satisfied in the special case when ank = ABZ\

and fi > 0.

Indeed, observing that

*2(&)< <p{k) when k > k'

and
tp{21- 1) < 2VX(Jfc) when 2' - 1< A< 2+l - 2

and also the fact that anf = A,,Z\ (/? > 0) satisfy (7), we obtain

n (Ag:")9 (" ("))l 197
0 ti/=2'-1

< 26 |M 2-1)f.2~ Z (Atl)j "'U

n 72 (0 \
< 2.A',t, M* - 1))" E < -) <
A=0 \ u=2l —
m /[ 7200 \
< 4m', e e =
i'=0 \i=214 )

= 4<AWBE Afci (*(<)" =
il=0
I'[?] » o\

= /ma,3 E+ E US:IMO)p<
1"=°  «/=[SI+1/
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. . 0
Z AH (n+ 1)3-1D~A+ U -UA~A1+iJJ" zZ_. <-1\<

i/=0 H,I.].H_
< WIS+ DIGALERY T PN D T)

References

[1] BpyjjHbiH K).A., roneHray3 H.E.. 0606w,eHue odnou meopeMu.
Xapdu u JlummAbeyda. MaTeM. CSopHHK 52 (1960), 891-894.

[2] Leindler L., On strone approiimation of Fourier seines, Periodica Math.
Hung., Vol. 1 (2), (1971), 157-162.

[3] Leindler L., On the strone approiimation of orthoeonal series, Acta Sci.
Math., T. 37, Fasc. 1-2 (1975), 87-94.

[4] Leindler L., Uber dit Approiimation in starken Sinne, Acta Math. Acad.
Sci. Hung., T. 16. Fasc. 1-2 (1965). 255-262.

[5] Lenski w ., Generalizations of iwo Leindler theorems, Functiones et Ap-
proximatio IIl. (1976), 149-155.

[6] Rempulska L., Twierdzenia aproksymacyjne dla szereedbw Fouriera-Czeby-
szewa, Fasciuli Mathematici Nr 5 (74), (1970), 63-69.

Streszczenie

O rzedzie mocnej sumowalnosci szeregow Fouriera-Czebyszewa

Uzyskano oszacowania uogdlnionych mocnych dewiacji sum czeSciowych
i (C.a)-Srednich szeregow Fouriera-Czebyszewa funkcji ciggtych od tych fun-
kcji. Bledy oszacowan wyrazone zostaty w terminach najlepszych przyblizen
i modutéw ciaggtosci. Udowodnione twierdzenia stanowig uogdlnione odpo-
wiedniki wynikéow L. Leindlera.
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