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Uniwersytet toédzki

ON SOME GEOMETRICAL CHARACTERIZATION OF SINGULAR NORMED
MEASURES \

Let X be a vector apaoe (real or complex) and let K be
a subset of X having at least two points. We shall say that
two different points p<, P2B K are antipodal in K (or
simply antipodal) if and only if for every ” « X,, €. K and
for every real number t the equality t<pl - P2)= 3l ~ X2
implies Jt|£1l .

It is easy to prove that for every pair x”, x2 of dif-
ferent points belonging to the compact set K in Hausdorff
topologioal vector™ space X there exists a pair of antipodal
points p~PjjfekK and a real number t, I1tlzi such that
t(Pt - P2)= x, - X2 .

Let (X, 4) be any measurable space and Ji,\J nonnegative
measures defined on this space and normed by the condition
yi(X)=~(X)a 1. Using the Jordan decomposition theorem we can
prove the next

THEOREM 1. Two normed measures vyi,V defined on X are
antipodal if and only if |vi -V |(X)D= 2, when jyi - V](X)
means the total variation of a signed measures v - on X.

From this theorem and Hahn decomposition theorem we can
obtain a simple geometrical characterization of antipodal
measures on X.

THEOREM 2. Two normed measures PP»? defined on X are

antipodal if and only if they are singular.

Let us oonslder the class KX »A JTTr of measurable
r fatr

spaces and the families “vyi } of normed measures

i |
Mrer ~ %
defined on X. Put u = P » =® V e Using theorem 2
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it is easy to prove
THEOREM 3. If there exists fQt[ such that O,o

are antipodal then the product measures p,i> are antipodal.
IT /~ is a fTiniteset then the above theorem can be
reversed. Using the Lebesgue—RadonﬁNikodym ntheorem we can prove
THEOREMThe measures p =® p., Vo defined on
n n k=1 k=1
a product(P measurable spaces and normed by the

condition - = 1 * Ic=1»2»***n* ar® antipod»l

and only if there exists a natural number Kg - in KOE n such

that the measures pr are antipodal.
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We shall construct the example showing that the theorem 3

can not be reversed if p, are the product measures on the
product of infinitely many measurable spaces. Suppose that
X =<0,1> , n are Borel subsets of X, - Put for all n«N

n
and for each Borel subset EC< 0,1>
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It easy to see that vn“uin . Let uI:n:<215 Mo Ql\— Czao . ‘Jn

Sign by B an arbitrary measurable subset of the product
(T-algebra (P iA_ = Then we have
n=1

V(B) =
Cl» <r* *"')q) B

no
and rCftht. +.~0i) - A4 n. AK)- n, a.-»-
So if we put A ={18-» ee)N then /U,(A)= [ Xn \ A”=0,
what means that p,”~ are antipodal.



