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I« Introduction. Let © be the complete m - complex
(n-dimenaional complex) Withn n veritices, and % "L be the
Join of oomplexes y-~ and L. The following result of
B. Grunbaum L13 is well known:

Theorem A, Let n, k, n*, ..., n™ be positive integers,

suoh that n™ + =n + 1, then the n - complex
nr 1 N nk“1

@ 3°e=n vV ...v ™
2n1+1 A\

is not embeddable in R”™n.

This result is an extension of results due to Van Kaapur.
Ck) and A. Flores I3/l on the existence of n - complexes which
are not (topologioaly) embeddable in PM1 . (For n=1 see )-

The present paper is in faot a part of the author®s .9]j
M.S. thesis, written in 1966-67 under the guidance of
prof* V_A_. Rohlin.

In that time it was not published, because prof.Y._A_Rchlin

relied on the author, that he would prove the next results :

(8) Hypothesis of V.A. Rohlin ,

-1

in
21+1
the decomposition of the oomplex ~ in the form (1). We shall

Let P; be the number of the (i-1)-complexes ~

express this faot writting



Bn = Bn(ps3,--,,Pp) » where

<2> » . ti 0 -1
v(1:1
In order that IBb(pl,...,Pa)iand [Bn(ql,.-.,qf0)]
(™0, g~"0) be bomeomorphlc It le necessary and sufficient

thar. w =k, pl = 41**o»»Pm =

After 1969, the author was not engaged in this subject.
Moreover, the author has learnt about of a more elementary
proof of Theorem A than in U4j , due to B. Grfinbaum 11j,C6 .

On the other hand the paper of J. Zaks 15 j contained the
more general results about a minimality property of complexes
ih, than there were in ik'j . The only results of (see the
Theorem 1 and Corollary 3 below), which are not improved for
present time are the results refering to the Rohlin hypothesis,

I1. Notations and results

Let IN be the set of positive integers, R be the real
line, Z be the subgroup of rational integers. Let jr6.IR .
¥0 denote by I1nj the greatest integer less then or equal to
f . B (n) we denote as usual nl/(ml (n-m)I), where re.lI>(,
b>6 ja " . By Ti we denote the function: (Nu\1})>>* NN ,
B (n)=card jxE. H - 2~xfn, T 1is a prime numberj.

If L 1is a subcomplex of complex and X is embedded
(topologically) in IR* , |k (will denote its realization in
{K , and IL ! will be the subset of JK lin the usual way.
Let Bn(n ¥ o) be a n-dimensional complex.

By H~(Bn), ilj(/Bn/) we denote, as usual, the 1i-th homology



group of BE , the j-th homoiopy group of 1b ft (i=0,1,.'_,n;
>eeetD » nJO),

In the sequel, we shell use the symbol BI1l for denoting both

BN=BM(p.y=»=IP) end B rB (pq,.«=.p;.0,»»-Q) , (i=1,2,...).

1 times
Proposition 1. Let Bn=Cn = Bn (p,®-=,0,1), n& 1 .
2n+3 htimes
Then
=z , H1(Bn) = ... = 0 for n~2,

hd b*) =2 (& ... ¢ 2 for n”i.

(2nt5)timea
Proof. The case n = 1 1is trivial.
n
Let n~"2. It is not difficult to see that N has the
) 2u+23 ) 2n+3 ) )
homo topy type of the union of | copies of tue n-dinensio-

nai sphere. Then if easy to see [7] that

(3N HjB1) = GE)Z . HI(@n)= ...= Hn_i(Bn)= O.

20+2)/times
c n+l/
Finally, by oonneotedness of B(n 1) we have

@ Ho(@Bn) =2

Corollary 1. Let BN=BN(p",---»Pn)» Pu 4 °» n~r1 e Then

G) HoBn) =2 , H”Mp“) = ... =H~A"B“) a0 for n?2;
(6) wHn(en) =2 ® ... € for 1 0=
% 5 2i1\Pi times
I=A 1;
n a,

Proof, The case n=1 1is trivial. Let B 1 1 are



the complexes of the for* (I). Then by using the Join operation
properties (see, for example, [loJ, VTIll, exercise 5)
obtain;
V - v (B°'* B’2) =V B°1)® V B°2) -
From here and Proposition 1 we get immediately (6) end (6).
Lemma 1, Let BN = Bn(pl, -.,p"), = Bn(o,---, 0 ,pr>
- Pj/70 1 Px°t (»F1) . If r>1, then
Hn(8?> i HolBj>

Proof. From the Proposition 1 one conclude that

Hh(B’) = ® 1 , V. B2) =* 0 »» 02,
1 /21 \p K /21 p
mn\ times M i1 times
1=1Vil j=rv 3/

Let (xn)be a sequence of Integers such that xq =(") .

XJ = ) (1™ eee» xn-1 / (n1T2>* * 7t le easy
to see that

(©)) *nf 4 ,

By (8) there exista ™ (i) € [2, xJ such that

an G ay1 .Ji*1y1, U1

Let n , (1 tm) £ (©, +00 H)# s(1 s(m) £ N
It is well know that there exists ht I'min t (p) gmax t(p)
m P=1, p=1m
such that - Z 3(p)
) n @uw) ~ .hl“1
=1



Therefore this together vith (8) () glvo ,
1 ,21 4 p. 1 . A~ 41 p,
= r ? (i ipi = (h =
in:1 Vi n. (>(l)) p ¢ 1) r
ic
K /23\Pi K Jp. 4= dpy,
0, ij J O (50)> = th2)

From (@) and (10) one oonolude that if r>1 ve havt

) > 1 (D! k

Since S ip -2z- jJp =n+1 and
i=1 1 J=r J

bATACI), J (1), h2£[f(r), J (k)] ve infer that
=r vas PV ia ' Ao
This together vith the Proposition 1 give the assertion.
De'ini]fion.l- Let 1= Bn(p,.,---»PH) and
= Bn(ql,. .. »@) be n-oomplexes of the fora (1), n>1.

Let f/min » pi*pi7fi» qi=qi”fI1* 1=1 »eeex

IT not all fl""’fB are zero then the k-oonpleies
b*. BK@ . . . . a ="™T.....g") are oalled reciprocal
simple parts of , Thus ve have
(12) B® = B*V B* , B® = B**B2 , vhere B* = Bt(fl,...,f").
IT ail zero then the oomplexes aro

oalled reelprocal simple . (For example, the complexes

BN , B from Lemua 1 are the reciprocal simple oomplexes).
Lemma 2« Let B — Bu (pj,===.PV), =B (@ ,»==,q"/

be the reeiprooal simple oomplexes, Pw™®» 4r~o,

Let

a) r<(3n) a, if w is even,
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an =< [p@Emn)uw] , if m is odd.
If mr 12, then
Hn gB’?) / Hn(ﬂ'i)

r /23 4j

Proof. Hy the faotorization of the number L: ., 7
J=1 J

Into prime faotore, ««ins Bertrand*» poatulate (proved by

P.L. Chebyshev), *aylllg that for any X? 2 there exists such

a prime number p that p 2k (see, forexample, [8 Jp- 13*),
it in easy to see that the greatest px*ime number is in the

i notorlzatlon of ( \ .
vr /
Next we want to establish that by (1) or (ii) there exists
a prime number in the fnotorlzatlon of the number \mm) which
belongs to (2r, 2m) . Sinoe this faot we would have in the

factorisation of J/tmj into prime faotors a prime number which
i absent in the fdotorization of tzr\).UsingProposition 1
4 '

r
tills would end the proof.

Let n(, - IT ie well know the result of Chebyshev:

a3) 0,92 -2- < Ji(n) < 1.11 - -
In n In n

Assume tliat d is even, i.e. exist*! iIttIN suoh that

m = 2k. Henoe by (i) we get

r)'a(zm)- TFC2r) > i (iHR)- i"(3K) > 0.92 ——————— 1.11 =
0,35 k (In Kk - 1.67)
(In "Ik . (In 3Kk

IT kn6, thon In kK >1.67, and therefore T (2m) - 5?2 (2r) >0.
Now nsmiiue that mis odd 1i.e. exists K £ IN such

r3 S
thiat m : 2k 4 1. Noto that L> (2k ¢« I) “- 1 4 3k. Hence if



11

K > 6, then

(2e) - I (2r1) +2) - T(2r) s'ITAk + 2) - S 3Kk)
4k + 2 3k 4k
> 0.92 ——————————- - 1,11 >0.92
In (4k + 2) lu 3k In 4k
- 1,11 3k > 0.
In 3k
Remark J.. Let =Bn(pl,---,pe), bJ= 3n(ql?.*.,c;),

n51» PB / O.
Let s =2, 3, 4, 5, 6,7, 9, 10, 12, 13. If a>k, then

He(®) /7 H3(B™) . This follows from Lemma 1, applying the
(25\

Vs [/

factorization of - In the same way we can obtain the ns

result :
IT ni 21, then there exist exactly three pairs (for
s=8, 11, 14) of the reciprocal simple complexes of the form

(1), which have the same homology groups. These are

(bJ6 = 816 (4, 0,0,0,1,0,0,1)
(1*0 {
~AB'6 = B16 (0, 3,0,1,0,0,1 )
K =7
8%° = 8° (0,2,0,0,0,1,0,0,0,0,1 ;
(15) A 20 20, a = 11
Bg « B '(1,0,0,0,2,0,0,0,0,1)
K = 10
B21 = B21(1,0,0,1,0,0,...,0,1)
(16) 15~ 3410 3),0,...,0,1)
K = 13
Theorem 1. Let B, = B (p*fee¢if.)» =B (@, ---,9Y)

be the n-complexes of the form (1). Then and jB~
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are nonhomeomorphie, provided
O) pu g °, ~ =0 or Pu =0, i 0
for »ouB u €[1,2,...,k ],

or
(z1) the reciprocal simple parts of B” , are
such that
hdb”) 4 Ve 2*
Proof, (i) We Jhall begin with the 3aeB where pu 4 °»
- 0. (The prcof Inthe case Pu = 0, 4 0 is analogous)«
Then there exists a factor Zurl in the decomposition of
B? . Denote by the set of vertice of 0*U 1 . Let r' Ml
be a (n-1 )—dimengional simplex of such tﬁggl ~ contains
exactly (u - I) vertices of = By the slmplicial structura

, H»1l . . .
of B}\1 the simplex 6 > is a faoe of exactly u n—dimensio-
nal simplexfes of B*. Let apoint aoslnt 15"*n”1U Then
the n-th local group is <D ,»e(+)I? ,

(u — 1)times
Lee cl ( (= 1,2) be a setof points for which

the n-th local group is §7,0) «o«_gl) i?7 - Clearly, we get
(u - A)times
dim P = n-1, dim 6 n-2, because in therms Is no

(n-1)-simplex, which is a face of exactly (u - 1) n-simplexes.
Finally, recall that the n-th local group is a topological
invariant. This completes the proof.
The proof in the oase (ii) follows immediately from Corollax*y 1,
From the Theorem we get immediately two results :

Corollary 2. Let B° , B° be the reciprocal simple complé-

tas, Then jB~t is not aoaeomorphio to j J =
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Corollary 3» Let B1lt be the n - complexes of the
form (I). Let fcr B~ and the conditions of Lemma 1 or
Lemma 2 be satisfied* Then is rot homeomorphio to |3g]-

Remark 3» Let B~ = Bn(pl,...,pt), B“ = Bn(qgl,-.-Dgt).
be the n-coinpleres. Let ni137. If Zj Ip - g-1/ O ” then
)BrI\ is not homeomorphio to 1®2 le =1

Indeed, we can assume that the condition of Theorem 1
does not hold. Therefore we can restrict to the case p” / C,
4t i 0 and (ptgi=0)<==> (pi= g+ = o) for all i"t.

Let B =B(p»#..,ps)f B2 = be the reciprocal
simple parts of B*, Bg (/0" g”o). Since s 4 r, then
without loss of generality we can assume sy r. Let Bw be

a m-complex of the form (1) for which B°® = Bmv B" ,

Bg = Bu s/ Bg- By our assumption it is easy to see that if

N
max 1pNig¥j>0 then min o ((=1,...,s) and
an m? 2Z i -eign(max (px, gx])> r+s .
i=1

Let sé N , By Remark 1, only if s££8rill,l4ij the
condition (ii) of Theorem 1 does not hold. If s = 8, then
by Remark 1 H”~EPp = ~(Bg) only for k~l6. If k£21,
then from view of B~ , Bg"™ (seeRemark I) and from (1?)
we get :m?228. Hence n”™-k + m+tl =16 + 28 + 1 = 45_ If
Ku £2, then by (17) m?s+r=8+7* Because the equality
HK(BM)= Hk(3g) holds only for r = 7.

Therefore n >22 + 15 +1 = 38,
If s =11 or s = I, we canconsider in the same way

that n7 43 .



l*

If s = 15t then the factorization of \Fonteins the
prime number 59. By r<s and by Proposié&gﬁ-i we get
\/ B*) / Hk(~J), which contradicts our assumption.

If s> 16t then by Corollary 3 wO have r». 12. By (17)
m7 s+r7 16 + 12 = 28. Hence n m@+ K + \ m+e+ 1

w28 + 16 + 1 = 45, 30 the proof is finished.
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O PEWNEJ HIPOTEZIE ROCHLINA

. Q
Streszczenie

Niech ~ N bedzie (n-1)- wymiarowym szkieletem
2n-wymiarowego simpleksu.
Niech |K L jbedzie zkgczeniem (Join) WielosScianow [K]

i ILI , Oznaczmy nastepnie

() i (D) RIYF YAV yen Ve

vi?k™1l N 4 N '
Vw2k+tl 4,*W -2k+1 ,

gdzie m jest wymiarem wielosScianu iBm(p11---+PA§“» a

1+m= ip+» p 70

Wiadomo (Tw. B. G;aﬁbauma 196&%» *e wielosSciaa type (*) wymia-
ru Wl nie daje sie topologicznie zanurzy¢ w R2m

Z drugiej strony wielosciany typu (*) posiadaja szereg
interesujgcych wkasnosci dotyczacych np. minimalnoscl. Badania
w szczegolnych przypadkach byty zainicjowane pracami K. Kura-
towskiego (1931)» A. Floresa (1932/33) i1 Van Kampena (1932).
W 1967 r» W.A. Rochlin sformutowat hipoteze, ze dwa wielosciany
BUCpL,.,-,nQ) 1 IBn(g,,---,9 );sa homeomorflczne wtedy i
tylko wtedy, gdy K = s, pl = R,»ee_»Pjj-g* = W niniejszym
artykule podano szereg wynikéw dotyczacych tej hipotezy.
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B.1.OguHey, Ob QIHOA TWMOTE3E POXIHA

Pestome
4 .
Mycts £ - (-0 -MepHbIA 0CTOB 2n -MepHoOro cumnm-
2
nekca. MNyctb |K~ALj pmpxkoitH nonmagpos [}C! wn ||| .MycTb

w 1B6%,..,po|=15I"5%
Nt £ L
roe m pasmepHoCTb nonuagpa ib~CpuPrrp/l, tm=CCLft) 1)

k *o . W3BecTHoO, (Teopema bpaHko IpioHbayma (1967)),4T0 nonu-
agp (>) pB3MepHOCTM m He BKNajgblBaeTcs TONONOrNYECKM
B IKIT . C gpyroin cTopoHbl nonuagpbl Tuna C¥  obnagatoT psa-
oM 3aMeyaTesibHbIACBONCTB, Hanpumep,MUHUMaNbHOCTU. WX  m3yue-
HMEB YaCTHbIX C/y4yasax BOCXOAUT K pabotam K.KypaToBCKOrO
(1931), A.donopeca (1932/1933), BaH KamneHa (1932).

B 1967 r. B.A.PoXMH BbICKasan TruUnoTesy, 4yto /JBa
nonunsgpa jbt(p4d}pr<->pkK | " roMeoMOpPQHbI
Torga W Tonbko Torga, korga k*s, p,=d0 ..., pk=Q@L>

3 HacTosiweli paboTe npuBedeH psAg  pe3ynbTaToB B

060CHOBaHME 3TOM TUMNOTE3bI.



