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ZESZYTY NAUKOWE WYZSZEJ SZKOŁ^ PEDAGOGICZNEJ v BYDGOSZCZY 
Problemy Matematyczna 1986 z.8

WŁODZIMIERZ ODYNIEC 
WSP w Bydgoszczy

ON A ROHLIN HYPOTHESIS
XDI« Introduction. Let be the complete m - complex
n

(m-dimenaional complex) with n veritices, and ~У<- ̂  L be the 
Join of oomplexes y~ and L. The following result of 
B. Grunbaum L13 is well known:

Theorem A, Let n, k, n^,..., n^ be positive integers, 
suoh that n^ + = n + 1 , then the n - complex

nr 1 ^ nk“ 1
(1) 3 ° = ^  V ... v 7̂

2n 1 +1 V '
is not embeddable in R^n.

This result is an extension of results due to Van Каарчг.
Ck) and A. Flores Г3 Л on the existence of n - complexes which 
are not (topologioaly) embeddable in 1Р^П . (For n=1 see ).

The present paper is in faot a part of the author's .9j 
M.S. thesis, written in 1966-67 under the guidance of 
prof* V.A. Rohlin.

In that time it was not published, because prof.Y.A.Rchlin 
relied on the author, that he would prove the next results :
( в )  Hypothesis of V.A. Rohlin , i-1

Let p be the number of the (i-1)-complexes ^ ini 2l + 1
the decomposition of the oomplex ^  in the form (l). We shall 
express this faot writ ting



б

Bn = Bn(p.,..,,р ) , where1 п- *

<2> » . ( t i O - i  
v 1=1

In order that l ВЬ(р1 ,...,Pa ) i and | Bn(q1 ,...,qfc) j 
(p^/0, q^'O) be bomeomorphlc It le necessary and sufficient 
thar. ш = k, p1 = 4 1 **«»»Pm =

After 1969, the author was not engaged in this subject. 
Moreover, the author has learnt about of a more elementary 
proof of Theorem A than in Ü4j , due to B. Grfinbaum l1j,C6_.

On the other hand the paper of J. Zaks ! 5 j contained the 
more general results about a minimality property of complexes 
i?n, than there were in i k ' j . The only results of (see the
Theorem 1 and Corollary 3 below), which are not improved for 
present time are the results refering to the Rohlin hypothesis, 

II. Notations and results
Let IN be the set of positive integers, IR be the real 

line, Z. be the subgroup of rational integers. Let jr 6. IR .
¥0 denote by I ̂  j the greatest integer less then or equal to
f  . By' (n ) we denote as usual nl/(ml (n-m)l), where ne.l>( ,
> m
ь 6 jû . By Ti we denote the function: ( !V ч \1} )—^ IN ,
ji (n) = card jx£. H : 2 ^xfn, т is a prime number j.

If L is a subcomplex of complex and J-( is embedded
(topologically) in IR̂  , |k ( will denote its realization in 
{Rk , and IL ! will be the subset of j К I in the usual way.
Let Bn(n У, o) be a n-dimensional complex.
By H^(Bn), ilj(/Bn/) we denote, as usual, the i-th homology
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group of BE , the j-th homoiopy group of 1b f t (i=0,1,.!.,n; 
> •••tD » nJO),

In the sequel, we shell use the symbol B11 for denoting both

ВП=ВП( p. y • » • |P ) end В rB^( p. , . « • , p , 0. » » . Q ) , (i=1,2,...).I Ш 1 ni-4-v---
1 times

Proposition 1. Let Bn= Ç n = Bn (p,•.•,0,1), n &  1 .
2n+3 htimes

Then

= z  , H1(Bn ) = ... = О for n ^ 2 ,
hJ b*) =2  (£ ... Ф 2  for n^i.

(2nt5)timea
Proof. The case n = 1 is trivial.

nLet n ̂  2. It is not difficult to see that ^  has the
( 2u+2) 2n+3homo topy type of the union of i ) copies of tue n-dinensio-

nai sphere. Then if easy to see [7] that

(3N H j B 11) = G E )Z . H1 (вп ) = ... = Hn_i(Bn)= 0.

20+2 ) i
С

/times 
n+1/

Finally, by oonneotedness of B ( n  1 ) we have

(4) Ho(Bn) = 2

Corollary 1 . Let ВП=ВП( p̂  , . . . »Pn ) » Рш 4 °» n ^ 1  • Then

(5) Ho(Bn ) = Z  , H ^ b“) = ... = Н ^ ^ В “ ) a О for n ? 2 ;

( 6 ) нп ( в п ) = 2  ®  . . .  €> f o r  1 *

times%  ;'2i\Pi
l= A  1 ;

Proof, The case n=1 is trivial. Let В 1 i
n. Zl,;

are
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the complexes of the for* (l). Then by using the Join operation 
properties (see, for example, [loJ, VTII, exercise 5 )
obtain;

V - v  (B ° ' *  B”2) = V B°1)®  V B°2) •
From here and Proposition 1 we get immediately (5 ) end (6).

Lemma 1, Let B^ = Bn(p1,..,p^) , = ВП(о,...,0 ,pr>
• Pj/0 1 Px/ ° t  (»Fl) . If r>l, then

нп(в?> i  HolBj>
Proof. From the Proposition 1 one conclude that

Hn(B”) = ®  I  , V B2) = *  0  »«» Ф 2 ,
1 /21 \ p к /2J p
П \ times Г] i I times
1 = 1 V i I j=rV J/

Let (xn)be a sequence of Integers such that xq =(^) .

xj = (2 )/ (1 »̂ •••» xn-1 / (n!T2>* * Zt le easy
to see that

( з )  ( ± 1 ) =  j  ’J ,  * J -1 ’ ^  =  e n d
(9) *n f 4 ,

By (8) there exista ^ (i) € [2, x^J such that

(10) ( j. (i))1 . J * 1 ], Ü 1  .

Let n , t( 1 t(m) £. (o, + 00 ) # s(1 s(m) f Л ,
It is well know that there exists ht Г min t (p) , max t(p)

m P=1, p = 1 m
such that , ч Z  з(р)
(и) П (t(u)) ^ . hl “ 1

f =1

\
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Therefore this together vith (8) (ю) glvo ,
1 , 21 ч p. 1 . ^  -j 1 p,
n  ) =  П  (  ?  (i)) ipi = (h )  r = *Vi i = i > 1i = 1

jC
7— dp,= Г Лк / 2J \ Pi к Jp. 4

0 ,  i  j  J  Д  ( 5 ( J ) >  = th2)

From (9 ) and (lO) one oonolude that if r> l  ve havt 
^(г) > I (l)»! k

Since S  ip - Z -  jp = n + 1 and
i=1 1 J=r J

b ^ T ^ C l ) ,  J  (1 ) J ,  h2 £ [ f ( r ) ,  J  ( к ) ]  ve infer that

кп  Г 3 ) ’ *  .A  ( “ ) ’ *
J=r V J > i=1 '

This together vith the Proposition 1 give the assertion.
De'inition 1. Let = Bn(p„,•••»P_) and1 ' 1 I Ш

= Bn(q1,. .. »q^) be n-oomplexes of the fora ( 1 ) , n >, 1 .

Let f^min » pi*pi”fi» qi=qi”fl* 1=1 »•••»“ •
If not all f.,.,.,f are zero then the k-oonpleies

1 в
ь*. вк(р" . . . . ą  = ^(î.....  q^) are oalled reciprocal
simple parts of , Thus ve have

(12) В® = B*V В* , В® = В**В2 , vhere B* = Bt(f 1 , . . . , f^).
If ail zero then the oomplexes ar©
oalled reelprocal simple . (For example, the complexes 
B^ , B^ from Lemua 1 are the reciprocal simple oomplexes).

Lemma 2« Let B^ — B11 ( p.j , • • • , P^) , = В ( q̂  , » • • , q^ /
be the reeiprooal simple oomplexes, Рш^°» Чг^0,
Let
(i) г < (ЗЛ) «г , if ш is even,
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(il) **< [(зл)ш] , if m is odd.
If m г 12, then

Н (В?) / н (я?)n i  n 2
Г /2J 4j

Proof. Ну the faotorization of the number [ ; , /
J  = 1 J  '

Into prime faotore, ««ins Bertrand*» poatulate (proved by 
P.L. Chebyshev), * a y 111 g that for any 1c ? 2 there exists such 
a prime number p that p г; 2k (see, for example, [ 8 J p. 13**),
it in easy to see that the greatest px*ime number is in the 
i notorlzatlon of ( \ .

V r /
Next we want to establish that by (l) or (ii) there exists 

a prime number in the fnotorlzatlon of the number ( Ш ) which\ ш /
belongs to (2r, 2m) . Sinoe this faot we would have in the

/ tm 'factorisation of j  j  into prime faotors a prime number which
m I 2r \i.-» absent in the faotorization of ( ). Using Proposition 1

4 r '
tills would end the proof.

Let n(, . If ie well know the result of Chebyshev:

(13) 0,92 -2- < Jl(n) < 1.11 — —
In n ln n

Assume tliat d  is even, i.e. exist*! it tIN suoh that 
m = 2k. Henoe by (i) we get
r . *»k 3k
)>( 2m)- îf ( 2r) > ' j i (i»k)— "ÏÏ" ( 3k) > 0 . 9 2 -------- 1.11   =

ln ilk In 3k
0,35 к (ln к - 1.67)
(ln 'ik) . (ln 3k)

If клб, thon ln к > 1.67, and therefore Ti (2m) - 5? (2r) >0.
Now nsmiiue that m is odd i.e. exists к £ IN such

г 3 -,
tliat m : 2k 4 1. Noto that L -> (2k ♦ l) ‘ - 1 я 3k. Hence if
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к > 6 , then
. ( 2 œ )  -  Il ( 2 r )  + 2 )  -  'ÎT ( 2 r )  s ' I T ^ k  + 2 )  -  Sî"( 3 k )

4k + 2 3k 4k
> 0 . 9 2 ----------- - 1 , 1 1   > 0.92

l n  (4k + 2 ) l u  3k ln 4k
3k 

l n  3 k

3k- 1 , 1 1    > 0.

Remark J.. Let = Bn(p1 ,...,pe), bJ= 3n (q1?.*.,c; ),
n -5- 1 » PB / 0. .
Let s = 2, 3, 4, 5, 6,7, 9, 10, 12, 13. If a > k, then
He(B^) / Hß(B^) . This follows from Lemma 1, applying t h e  

/ 2 s  \factorization of I .In the same way we can obtain the пя
V s  /

result :
If ni 21, then there exist exactly three pairs (for 

s=8, 1 1 , 14) of the reciprocal simple complexes of the form 
(1 ), which have the same homology groups. These are

(1*0 {

( b J 6 = в 16 ( 4 , 0 , 0 , 0 , 1 , 0 , 0 , 1 )  

^ в ’ 6 = B 16 (0, 3,0,1,0,0, 1 )
к = 7

20 20B‘ = B (o ,2,0,0,0,1,0,0,0,0,1 ;

( 1 5 )  ^  2 0  2 0 ,  a  = 11Bg « В (1,0,0,0,2,0,0,0,0,l)
к = 10

В21 = B21(1,0,0,1,0,0,...,0,1)

( 1 6 )  i B 1̂ =  B ^ 1(0, 3, ),0,...,0,1)
к = 13

Theorem 1 . Let В, = В ( p̂  f • • ♦ i Pj. ) » = В (q^,...,q^)
be the n-complexes of the form (l). Then and jB^
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are nonhomeomorphie, provided
(i) pu ф °, ^  = 0 or Pu = 0, i  0

for »ошв u €[l,2,...,k | ,
or
(±l) the reciprocal simple parts of в” , are
such that

hJb^) 4 V ® 2 *
Proof, (i) We Jhall begin with the заев where pu 4 °»

- 0. (The prcof In the case Pu = О ,  4 0 is analogous)«
Then there exists a factor in the decomposition ofZu+1
B? . Denote by the set of vertice of 0 * U_1 . Let Г ' П""1

U 2u+1
be a (n- 1 )-dimensional simplex of such that ~ contains
exactly (u - l) vertices of • By the slmplicial structura

л Не» 1of B̂  the simplex 6  is a faoe of exactly u n—dimensio­
nal simplexfes of B^. Let a point ao 6 Int i5'n”1U  Then
the n-th local group is <J) , » • ( + ) / ?  ,

(u — 1 )times
Lee с  I ( , (i = 1,2) be a set of points for which

the n-th local group is Ü? ®  « • « (î) i? • Clearly, we get- - —S
(u - A )times

dim P̂  = n-1 , dim -6 n-2 , because in therms is no
(n-1 )-simplex, which is a face of exactly (u - 1 ) n-simplexes. 
Finally, recall that the n-th local group is a topological 
invariant. This completes the proof.
The proof in the oase (ii) follows immediately from Corollax*y 1, 
From the Theorem we get immediately two results :

Corollary 2. Let B° , B° be the reciprocal simple complé­
tas, Then j B^ t is not aoaeomorphio to j j •
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Corollary 3 » Let B1 t be the n - complexes of the
form (l). Let fcr B^ and the conditions of Lemma 1 or
Lemma 2 be satisfied* Then is rot homeomorphio to |3g|.

Remark 3» Let B^ = Bn(p1 , . . . ,pt ) , в“ = Bn(q1 ,..l)qt).
tbe the n-coinpleres. Let n i 3 7. If 2 _I |p - q. | / О ’ then

n i = 1) B 1 \ is not homeomorphio to I ®2 I•
Indeed, we can assume that the condition of Theorem 1 

does not hold. Therefore we can restrict to the case p^ /  C,

4 t  i  0 and (p±qi=0) <===> (pi= q± = o) for all i^t.
Let В = B ( p » # . . , p s)f B2 = be the reciprocal
simple parts of B^, Bg (p^/0^ q^o). Since s 4 r, then 
without loss of generality we can assume s у r. Let Вш be 
a m-complex of the form ( 1 ) for which B° = Bm v B^ ,
Bg = Ви s/ Bg. By our assumption it is easy to see that if

. /V ^max i p^ i q̂ lj > 0 then min 0 (i=1,...,s) and
s

(17) m? 2Z i - eign(max (р±, q±] ) >  r+s .
i= 1

Let s é Й  , By Remark 1 , only if s££8r11,l4ij the 
condition (ii) of Theorem 1 does not hold. If s = 8, then 
by Remark 1 H^ÈPp = ^(Bg) only for k ^ l 6. If к £ 2 1 , 
then from view of B ^  , Bg^ (see Remark l) and from (1?)
we get : m ?, 2 8. Hence n^-k + m+1 = 16 + 28 + 1 = 4 5. If
к и £2 , then by (1 7) m ? s + r = 8 + 7 *  Because the equality 
H-K(B^)= Hk(3g) holds only for r = 7 .
Therefore n >- 22 + 15 + 1 = 38,

If s = 1 1 or s = 1*4, we can consider in the same way
that n 7/ 43 .



If s = 15t then the factorization of \ conteins the
. ' - 4 5/.'.

prime number 29. By r< s and by Proposition 1 we get

V
If s> l6t then by Corollary 3 w© have r̂ . 12. By (17) 

m 7/ s + r 7, 16 + 12 = 28. Hence n ra + к + \ m + e + 1
■>, 28 + 16 + 1 = 45, 30 the proof is finished.
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0 PEWNEJ HIPOTEZIE ROCHLINA
o,Streszczenie

Niech ^   ̂ będzie (n-1)- wymiarowym szkieletem
2n-wymiarowego simpleksu.

Niech |К L j będzie złączeniem (join) fwielościanów |K| 
i ILI , Oznaczmy następnie

( * )  i B  ( p 1 i .  . .  » P j j . )  I =  't?1 \/ f  y 'j ̂ V у • » 9 'У •••

v t/?k"1 ^ 4 ^  "V w 2k+1 4',*W -2k+1 ,
ID \ \gdzie m jest wymiarem wielościanu i В (p11•••łP^)'» a

1 + m = ip+ » (p / O) .
i=1 к

Wiadomo (Tw. B. Grunbauma 1967;)» *e wielościaa type (*) wymia-
2 mru Ш nie daje się topologicznie zanurzyć w R .

Z drugiej strony wielościany typu (*) posiadają szereg 
interesujących własności dotyczących np. minimalnoścl. Badania 
w szczególnych przypadkach były zainicjowane pracami K. Kura- 
towskiego (1931)» A. Floresa (1932/33) i Van Kampena (1932).
W 1967 г» W.A. Rochlin sformułował hipotezę, że dwa wielościany 
;ВШ(р1,.,.,nQ) i IBm(q,,...,q );są homeomorflczne wtedy i 
tylko wtedy, gdy к = s, p1 = R., » • • . » Pjj-q̂  • W niniejszym 
artykule podano szereg wyników dotyczących tej hipotezy.
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В,Л.Одинец, ОБ ОДНОЙ ГИПОТЕЗЕ РОХЛИНА 

Резюме
п—4

Пусть £  -  (п- о -мерный остов 2п -мерного симп-
2 л-М

лекса. Пусть | K ^ L j  джойн полиэдров |}С! и ||_ | .Пусть

w  1Б%,..,ро|=!5Г^5%  '
^ ' £  L _ 

где m размерность полиэдра i Ь^СриРгг^рЛ, tm =ÇCLft )_1)>

к *о . Известно, (теорема Бранко Грюнбаума ( 1 9 6 7 ) ) ,что поли­

эдр (>) рвзмерности m не вкладывается топологически 

в !к1т . С другой стороны полиэдры типа С*) обладают ря­

дом замечательный свойств, например,минимальности. Их изуче­

ние в частных случаях восходит к работам К.Куратовского

(1 9 3 1 ), А.Флореса (1 9 3 2 /1 9 3 3 ), Ван Кампена (1 9 3 2 ).

В 1967 г .  В.А.Рохлин вы сказал ги п отезу , что два

полиэдра j Ьт (р4}рг<-> р к)  I и гомеоморфны

тогда и только то гд а, когда k * s ,  p, = cj,0 ..., pk = Q/(L>

3 настоящей работе приведен ряд р езультатов в

обоснование этой гипотезы.


