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ZESZYTY NAUKOWE WYZSZEJ SZKOLY PEDAGOGICZNEJ w EYDGOSZOZT

Problemy Matematyczne 1936 z,8

TOMASZ NATKANIEC
WSP w Bydgoszczy

ON CONTINUITY AND SEMICONTZNUITY POINTS.
FUNDAMENTAL THEOREMS

R denotes the real line and Q the set of rationals* Lct
(X, T ) be a topological space and f:X > R bea real
function, The purpose of the present paper is to study the set
of all points at which f is continuous, the set of all points
at which f 1is aemicontinuous and the relation between these
sets,

We say that f is upper semicontinuus at a point x cX
iff

NE>O 3UeT (itb 1 f *DJ(-0, ) +£))

and f 1is lower samicontinuous at x Iiff

VE>o 3ucT (x€ cA f ku?(f(x) - £,c0 ).
Recall that f 1is continuous at x iff f is Ilower and
upper semicontinuous at x. (JeJ P.86).

We use the following notation. IT the set A = [yfcR: 3U 1cCT
(x<EU & f*(U- ix } )£ (-oofy))j is non-empty then

-lim sup f(t) s inf A. IF a =0 then T-limsup f(t)= 00.
t X - c”™X

If the set B = [ytR: 3U<T (x euld. F<U-£x$)r (y, ¥))ri*

non-empty then T -lim inf f(t) = sup B. If B= f then
>+
J=lim inf f(t) = -00 . C(F) is the set of all points et
t X
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which F is continuous. It is easy to show that

C(H) = (xtXF T —lim inf f(t) =T -lim sup f()= fX)J-
t X t X
s(f) is the set of all points at which Ff 1is upper semlcontinu-

eis. Thus S(F) =]xaX:511m sup F(t) ~ fX)y

t @mx
s'(f) 1is the set of all points at which Ff is lower semi-

continuous «

s*(P) = APt T-lim inf F(t)>F(L)i.

t X
Lat B(F) = [xt\i \T—lim inf f(t) =T-lim sup
t X t X

T(F) = (xtX: ? -lim sup f(t) F) 1} .,
t X

T"(F)= [uX: 5"-1im inf f(©) > FX)} .
t Fx

-otice that

a) C(F) = s n s°(NH,

b) c(®) AT =c() n T°(H) =0 ,

cN  TH<? S(PH) and T"(F) i s"(PH),

9 c(P)e B(F)ss C(F) u T(FH U"T™ (D),

Jince T -lim sup f(t) = -(T -lim inf (D)),
X tT™x

S(F) = s"(-F) and S*"(F) s S(-P).
LEMMA O. If functions f,e x > K are bounded then

a) J~-lim sup (F+g)(t) =T —-lim sup f(t) + -Ff-lim sup g(v),
t =X ty«X Tt X

b) T-HM inf (F+g)()~7 -lim inf f(t) +J -lim inf g(t),
t + X t X t “mX

c) -lin sup (f+ (t J -limsup f(t-) +T-lim inf g(t),
t =X t-i X tw X

d j-lin inf (f+g)(t) S J -liminf f(t) t©-lim sup g(bv),
t $X t+ X t X
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LEMMA i. If a seriea f () is unifcrmly convorgent
ne N n
thon

a) T-lim sup( /L fH i1 2L T-1im sup ¥ (),
t i nfc

n n6-N t X n
b) T -lim infF (X f ) ~ o, -T-liai infFf (o),
t =i ntk a N t = n

c) mHN C(fn)£ C( I’)](tN f»)-
These leranas ara Wekl—known in Lhex case if X 1is a metric
space [t]-
The proofs for topological and for metrio spaces are similer
PROPOSITION 0. C(F) Isa Gg set for every function f:X —=>P.
(for metric spaces X see Tsi3 p.121).
Proof. XFf xtC(fFf) then for every n¢éN there exists a neigh-
bourhood U(x,n) of x such that f * U(x,n)? (f(xX) -~ »
f(x) + £2). Let V(n) =@ (u(x,n): x £ C(H}- Then V(n)cr
for each ntK and C(F) = (1 Vv(n)

Indeed, assume that x£nef$\l v(n). Then

ntN
VnC N By < C(F) iéc(y,2n).

Since If(xX)-f(z) /< ~ Ffor each z¢.U(y,2n)f we have

1/nkN Bu e X (xtu G f<US (F(*) - J IfTX) +3 )),

Thus xt c(f). The inclusion C(f)- n/; V(n) is elear.

N
PROPOSITION 1. Assume that there exlst dense sets KfL t X

suoh that KUL = X and KOL = 0 . Thenfor everyG j-
set D there exists a function f:X —> R such that C(F) = D.
(for X =R see foj Th. 7.1, 7.2, fs] p- 3)

Proof. Let (an) r be a seguence of posltive reals

ntN

such that £ an = 1 and an =2~ ~ (an = 2 «3“n).
ntkK
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Let (G )) I te a seguecca of open sets such that Gn+1-G— Gn

nt-N
for n = and D = 0 G
neN n
For every ntN we define the function ®
0 for x 6 G,
*n (*>« an for x ¢ K -Gn,
0 -an for x & L - GN

Then G~ C(fj. Notiee that C(fn> = Gn» Indeed, if x” Gn
then x e K and T () >5"-lim inf "n(t) or xz-L and

) t —>X
fn (X) < 5=lim sup fn .
t X
Let f(xX)= £ T .(X)
ne N
Since DG A C(F ) and Ff is the sum of a unifonnly conver-
neN n
gent serles ( for each x¢.x), we have D dc().

Assume that x£ K-D and n*" - min (n: x” G} ,Then

i-lim inf f(©) = f ) + T*-1lim inf N (D) B
t ** n< n* * N X n~n

J -lim |nff - + 2- 7T -lim sup f () ~ ra» and
t WX n>n X n 2 n

ffx)” an,. Hance x ™ C(f). Similarly, (L-D) nC(f) =0
REKARK. The assumption that there exist dense, disjoint
subsets K,L r X 1is essential. Example: if X = £0} then
C(F) 4 $ for every function F:X -A R

TEMMA 2, Assume that (X,IT) is a T1 space, Thenfor every
f:X R and for each aCR the sets

A:[x£.X:"T—II\i2mX sup () a\\

“4
A*z[x £ X:T -lim inf f(t)> aj are open.
t 9%
Proof. IfT x4 a then there is a noighbourhood U of x such

that f"(Uu-{:s} )£ (-00,a). Since \x] is closed, U-J*j is a

neighbourhood of every point y £ U- [xj- Hence x¢ A and
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A is open.

Since A = [X£X: 5 -Un sup (-FH)(t) t-a5, we aavi i1 Ff,
t*X
PROPOSITION 2. If (XflI ) is T space then D(F) is a G&

set for eyery f: X R
Proof. Ifx"B(f) then there areptgq £ Q such that
J-Llim infF(t)~phg” T-liw eup Ff(O).

t X

t>x
het B(p,q) = {x€ X:3™Llim inf f()i p~rq ~f-1in sup F(OT,
t =>x Tt »X
Then X-B(F) = U \

P,qOQB(P*q) Bxkd

B(p,q)- X-({xeX:T-1im sup F(O<q}u{xeX:T-lim inf Fft;>p).
X X

Thus the sets B(p,q) are closed and X-B(F) is a Fe set.
RhKARK.. The coverse theorem is false. Example: let (X,"J) be
R with the qualitative topology. Let D be a CT-G set
such that D 1is not G~ in the Euclidean topology. Then
B(f) O D Tfor everyf:X —> R. (LN3J,tNI¥] pp- 13-1h)
Recall that (X, J) is a Baire space iff erery open, non-empty
set UE-X 1is of seoond eategory in X
PROPOSITION 3. Let (X,T ) be a Baire space and 00 UET
IT ue S(Ff) or UtS"(f) then UoC(Ff) 0 O.
Proof. Ve use the following theorem of Fort CfJ:
Theorem. For every function upper (lower) semicontinuous
f:X = R there exist open and dense sets G~jfneH) luch
that nENT Gn 9 C¢F)-

Let D <[ and FsX R be a function. Ve use the
theorem of Fort for sub—space U of X and for thefunction

f U. Then there isx£U r C(Ff i1U). Since U<5 , we have

XLC(F) .
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COROLLARY . IT (X,7 ) is a Baire spaoe then int(s(f) - C(F))=0.
REMARC, The ”~eaumption "X 1is a Baire space" is essential,
E"xacple; iet X = R and +4="G-1: G 1is open in the Euclidean
topology, | has Lebesgue measure zeroj» There exists f:X =R
such that S(f) =R and C(f) =0 iN2j
PROPOSITION 4, If int (A)= 0 then there exists a function
f:X > R such that S(H- C(F) = A (s°(F) -C(H = a).
Proof, It is straigfa-forward to see that the function
(1 for xCc¢A,
/ (X)) = m (Y ,)has ‘the deslred properti
"0 for x4A
PROPOSITION 5, Assume that there exist dense, pairwise

disjoint sets K (n<LN) and X = m!—/ Kn > Then for every

set ACX there is a function fiX R such that
s(f) = A H#H(P) = A).
Proof,

for x £ A-int A
for x < iInt A,

for xt K~A, n = 1,2,.,,
Hien S(F) = A, Indeed, if x tint(Al then x£C(f), IFf
ifc A-iat[Al then xts(f),
Let xtKn - A, Since the sets K are dense, we have
3~-lim sup f(t)*"0 y £0C© and x ¢ S(P),

t * X
PROPOSITION 6, For every funotion f:X -> R the set T(FfKT"(F)).

+s a sum of eountably many isolated sets.

Proof® If xi. T(F) then there exists q(Xx)d<,i such that

fxX) > qx) > 5~1im sup F() -
t X
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Let T(Ffg) = £x ¢-T(H) : q = qx)} Ffor eech c £ Q.

The set T(F,q) is iaolated. Indeed, if x ¢ T(F,q) then
J-lim sup f(O<I ¢ and there is a neighb&ut’hood U of x
su:h_»txhat f° U - X3 )*(-co, . Thus UhT(F,q)-\x}
Notice that T(F) = qg 0 T(F,q)-

LEMMA 3» L®t C = UN c(n), C(n) are isolated and

nc¢
C(n)nc(«n)=0 for n / m. There are seta C(itj)(i,j € K

and J $ 2*”7 which have the following propertieo :
© C=Uic(i, ) i, jCN, JE£2i 1},
@ C(i,j)0 C(k,I) =0for (i,j) 0 (k,D),
) =\(c(n,J): J=1,2,...,2 n,
(3) Cn,m) o cl( U[c(l,k): (Ck-1) 21> (2»-1).2"n}p = 0.
Proof. ,
Let g:- [(i,J): i, 3 C N, J~ 2171} n
g(i,j) = (23-D.2-i
We define inductively partitions of the sets C(nh). Let
c(i,l) = c(l). Assume that there is e partition c(k,j),
J= 1,2,...,2k*“1 (it is possiblo that C(k,j) = 0 for some j)

of the set c(k) for evory k< n such that

() if g(k,jK g(t,1) then C(k,j) A clC"t#1/«0

and

(i) if gk, j) fgftjl) and t>k then there is s™-J such
that C(t,1)5 ol c(k,s).

The sets C(n 1), C(n,2),...,C(n,2n“1) are defined as foliowa

cC(n,I) =C(n) - 201 "1 cl C(g"1C

i=1 2n

C(nf2)= C(n)A cl C(@“1(@“n+1l)) - O cl C(g"1(i=2"n+1)),
i>1

*2 n+l)) ,
-17 1
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C(n,k)= C(n) no: C(S"1((k-1) 2-n+1) - 2T)1 "1 cl C(g“1(i 2_n+1)),

-

C(n,2a"1) = C(n)n cl - 1) .2_n+l)).
Notlce that c(n,j) C c(n) - U {cl C,1): kEn ~g(k,l1)>

g(a, jl ! for *i2n“il.

Lpt 9(k,J) g(n, ). ¥aahall prove that C(nfl)i cl
for sosno tio J, We hav»C(n,I)” cl C({@"#((1-1) -2~n+1)) and
(I-DH-2_n+1 = (2-1-2). 2~ns nai {«(k,J>: ki ni g, NDE

Thus c(k,j)<- A-©)-2"n+t. 1T gk, ) (1-1)»2"n+1l then by

c(k,

g(nf

tiiduotlonnal assuaptlon wa have CAg”*((1-1)«2*n+7)) ol C(krt).

H«no« C(n, 1)~ ol C(g~1((1-1).2¢**1)) cl C(ktt).
if g(k,j) = (1-1)"2_n+1 then C(n,I) ¢ cl C(k,j)-
Nov we shall i-rov» that C(kfj) O ol C(t,1) s0 |IFf
<ktd))€g(t). lat ken and «(k,j) “g(n,i), Then
"in.i ¢ cl I 1((-1).2~“+M ) and g(k,j) e (i-1)»2~n+1 .

iiy )nuuctional assumption we hawe C(k,j) n ol C(g~*((1-1)=2~n+*)=0

and C\k, j)nol C(n,J) s 0 If S(k,jk(i-j)-2’nk1
if g(k,j) = (-1)"2"n"t then C(n,1)?:cl c(k,j) - C,]J)
and C(k,j)h ol(c(nfl»< C(k, j) h ol (cl(C(k,j))- C(ktj)).
Ob.i«rv* that the set ollc*kjj)) — C(k,j) la oloeed and
c, ) A\ cl(c(n,i)) =0
lot k< n and g(kfj) ™ g(nhf). ThenI g(k,J)> (21-1)»27° and
c(n,<r x —ci (e(k,j)).
olnoe the mt C(n) 1* Isolated, w* hawe C(.fi)fiol (C(n,j)F O
for 1/,).

Naw w0 shall prove that (3) hodd*. Let x C c(n,m). By



(i) there is e neighbourhood

u w

.1):90,1) Z

g(n,m)

Notice that U nU(c(fi): g9(j

suppose

g(ntm).

(U- [iDFIC(h,©) Q 0

Thus .

(3) holds.

PROPOSITION 7. Let

space.
with
that

Proof.

If C and c*
Cn c"s 0 then

C=T(F) and

By(ii) there is t
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U of a s«th that
X J* n)"t*\ -
,D Zg(n,n) \e[xj = Indeed,

that there la y eC(,i)ri (U - XD and g@,i)>

m such that yfcl(C(n, t)) and

a contradiction.

(x,T) be a T , dense in itself, Baire

are countable suma®©f isolated sets

there exiats a funetion Ff:X —~ R auch

ct =T (F).

By Lemma 3WB can assuice that

nieK, i ~2n1j,

c =U ic(n,i)
c'=U {C'(n,i):

and the setsC(n,i),

n,ifcN
C*(n,i)

a=21* 3-n for n

. i f h-1]
have the properties (@)- (3«

= 1,2,... . Then v an = * 1 »

*k and an * 2"“*“1 *

2-n for C(n, i),

\ f#C(g"1((k-D*2"n+1))+an Ffor x £ C(n,k), 2~k"2n_1,

Let
an = 2 kfn
Set n

TFO= ]

0 for x~ CvC",
for xt c*"(n,),

\ T«C(g_1((k-1)*2"n+1))-a~ For xcC"(n,k), 2tkFf 2n"",

The sets C(n,i) and

ly, we hare J-lin
t =X

X £ X.

Indeed, if

neighbourhood Vi U

X 1is

dense in itself,

C#(n, i)

are nowhere-dense and conseguent-

sup F(t)~0 j- lin inff(t) for each

ONT and
of X

t-y X
X ¢C(n, i)nU  then there is a

such that C(n,i)”V =£xj . Since

we have V - ]/ O, Since X 1is 11,
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we hava V ~{x}cS",

Thus V . ]ij is an open, non-enipty subsst of U and C(n,i)n
V - ~3}) is empty.

Lot U be a neighbourbood of x. Since X is a Baj.ro spaoe,
we havo U - C* 3 $ and thbe set jttX: F(v).? is denss in X.

Thua [ -lin sup f(©).? O. Simi.larly, tbe set (tf£ Xi T(t)"05;
Tt &x
is donso and J=Ilin tnf f(t)"0»

Lat xtc(nti), (b} = £=* ((i-1)"2“n+1)) and £>1. Then
f(X) s b tan and the set U * X - ol(U {c(.K): gd.,k)>
gu,Dj w (C(M) »(x?)) is a neighbourhood of x suoh tbhat
f(/) s b+ B aB=b +™M~a = f(x)- 4 a for each ye U - (x»

>

Thus sup F(OAF(x) and xCT(F),

-tim

t >

Similarly. if XCC(n,1) then TFT(Y)A 2"n+1l + X a C2 n= fX)
m>n "

for eacu y£ U - {x) and conseguantly, x < T(f).
Thus 0 C(nfi)tT(F).
|

u,i¢ N
Similarly, we have \J c"(n,x)” T*(F).
n,ifcN
If 1/C.C* tlien CT-1lim inf f()a G = F(X)A3-li« sup F(t).
t X t+ X

Thus, X - (CUC™) £ X - (T(F) U T*(F))

Lot X = R. ¥e have atudled the sets C(F), S(f), S*(F),
t(f) and T#(F) with respect to several different topologiea.
For tbis raasoc we have adopted the contention of preoeding
each such denotatioa with the symbol for the topology. When no
prefix appears it should be assumed that the Euclidean topology
la meant.
For Orampie, ii tA denotas the interior a set A in the Buclidean

topology, C(f) denotas the set of all pointa at whlch F s
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continuous with respect to the Euclidean topolowy and CMN ()

denotes the set of all points at which f is continuous

with respect to

"Measurable sets'" denote subsets of R which are Lebesgue

measurable. 1f A is measurable then (a) denotes the set of
all density points of Aand m/M and m/A/ denotes the measure of A.
3 denotes the S"-ideat of all meager sets. If A has the Baire
property then $ (A) denotes the set of all 3 -density points
of A Cwd.

We study the following topologies on R.

J - the Euclidean topology,

¥ - the gualitative topology (see [Gj ),

0' - the density topology (see [GWj, Lo"M3),
d
3 - the r topology (see [0o"M3 )
r
J - the a.e. topology (see [0o"Mj )
a.e.
X - the J-density topology of Wilczynski (see [vj )
1
X - the L-topology, = (g-A, G¢T™ and m(a) =o}

The relationships between C(f), C(I(H), S (M,"(H, T (M

and Tj(») are comparedin Table 0. These and another connect-

ion between these sets are studied in fc],[N1],CN2],[N3J,[Nh3.
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O PUNKTACH CIApLOSCI 1 POLCIA@LOSCi- PODSTAWOWE TWIERDZENIA

/
Streszczenie

¥ pracy badane sa zbiory punktow ciggtosci i polciggio4ci
funkcji rzeczywistych f:X R dla przestrzeni topologicznych
(X,r )= Do praoy zataczona Jest tabela, w ktdérej poréwnuje
sie wkasnosci tych zbiordow gdy X = SilT jest topologig
euklidesowg, topologig Jakosciowg, topologiag gestosci, r topo-

logig, a.e. topologig oraz topologiag I-gestosci Wilczynskiego,



