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SOME CONTRIBUTIONS TO THE THEORY OF BOREL °C SELECTORS

Le t X and Y be t o p o lo g ic a l  spaces and l e t  F be a 
map from  X to  the hyperspace o f  a l l  nonempty subsets o f

Y. A continuous fu n c tio n  f  from  X to  Y i s  s a id  to  be a 

centinuous s e le c t io n  f o r  F i f  f ( j ) C F ( x )  f o r  e v e ry  x e. X.

The n o t io n  o f  continuous s e le o t io n  was in trod u ced  and s tu d ied  

in  d e t a i l  by E. M ich ael, c f .  [ l * » - l6 ]  and the r e fe r e n c e s  th e re , 

S e le o t io n  theorems a re  in  obviou s way g e n e r a l iz a t io n s  o f  

e x te n s io n  theorem s. An ex ten s io n  problem i s  a s e le c t io n  

problem in  which F (x )  i s  f o r  e v e ry  x e. X e i t h e r  a s in g le to n  

o r  the w hole space Y. In  the in tro d u c t io n  o f  (1*»3 M ichael 

p o in ted  out th a t the main r e s u lt  o f  h is  s e le c t io n  th eory  

i s  the fa c t  th a t most o f  the known ex ten s ion  theorems can be 

s l i g h t l y  changed and e s s e n t ia l l y  g e n e ra liz e d  to  s u ita b le  

s e le o t io n  theorem s. Let oc be any cou n tab le  o rd in a l number. 

R e c a ll th a t a m u lt ifu n c tio n  F : X —^ Y i s  sa id  to  be o f

lo w er  c la s s  or i f  F ~ (v ) :=  [ i £ X  s F (x )n V  / 0 }  i s  a B o re l

s e t  ln  X o f  a d d it iv e  c la s s  oc f o r  each open s e t  V in  Y 

( o f .  T i l ] ) .  In  [ i o ]  the fo l lo w in g  g en e ra l problem  i s  fo rm u la 

ted  : Under what assumptions can theorems known f o r  oc* = О be 
ex tended  to  a r b i t r a r y  oC с  SL ?

Paper Г*»] , see a ls o  ГзЗ , con ta in s  some f i n i  t e -d im en s ion a l

B o re l °C analogue o f  M ic h a e l 's  famous theorem 3 .1 ' ‘ ’ , see 
P« 373 and 368 . The aim o f  th is  work i s  to  im prove 

th is  theorem v ia  s o - c a l le d  G asta ing  re p re s e n ta t io n  o f  F.

We g iv e  a ls o  some ra th e r  t r i v i a l  m o d if ic a t io n s  o f  the r e s u lt s  
known in  the case o f  m easurable s e le c to r s  ( c f . f l j , Г2 } , f 8 }  

[ 20] )  and we in c lu d e  some fa c t s  from my recen t works [18 -  193«



F o llo w in g  R o c k a fe l la r  f l7 j  we say ł . * " - ) ** * }  a
C asta in g  r e p re s e n ta t io n  o f  F i f  each f A i s  a s e le c t o r  f o r
F, and ^ f ^ x ) ,  f 2 ( x ) , . . » |  I s  dense in  F (x )  f o r  x ć. X. 

R ep resen ta tion s  o f  th is  k ind  a re  e x h ib it e d  by C asta in g  f l ]  
f o r  the case where the m easurable s tru c tu re  on X i s  th a t o f  

a Radon measure on l o c a l l y  compact space, and by Uimmelberg 

C el in  the g en e ra l s itu a t io n  where X i s  an a b s tra o t  measu
r a b le  space. The C asta in g  re p re s e n ta t io n  f o r  m u lt ifu n c t io n  

o f  lo w e r  c la s s  ос a ls o  e x is t s  by v i r tu e  o f  [13 ] • S ince the

theorem k in  Г1 ЗЗ i s  s ta te d  as a c o r r o la r y  to  some ra th e r

com p lica ted  r e s u l t s ,  we g iv e  here the d i r e c t  p ro o f o f  th is  
theorem . M oreover, our theorem 1 g iv e s  the e x is te n c e  o f  

denumerable sequence o f  s e le c t io n s  p rov id ed  th a t X i s  a 

p e r f e c t ly  normal t o p o lo g ic a l  spaoe, w h ile  in  fl 3 ]  X i s  
assumed to  be a m e tr ic  space. L e t us r e c a l l  th a t a normal 

t o p o lo g ic a l  space in  which each c lo s e d  s e t  i s  a G j i s  c a l le d  

p e r f e c t ly  norm al. The o rd in a l space Го,_$2} w ith  to p o lo g y  

gen era ted  by a l l  s e ts  o f  the form  £x : x > « c }  and £ x :x < p }  i s  

an example o f  paracom pact, hence a ls o  norm al, t o p o lo g ic a l  

space th a t i s  not p e r f e c t ly  norm al. Namely the c lo s e d  se t 

i s  not a G j  . For, i f  (G ^  1 = 1 , 2 , . . . }  i s  any

cou n tab le  c o l l e c t io n  o f  open s e ts  c o n ta in in g  £2, , then because 

the s e ts  (<*',ß  ) a re  a b a s is ,  f o r  each i s  1 , 2 , . . .  th ere  

e x is t s  an o rd in a l such th a t £oć^,.!j2 ] i s  con ta in ed  in
Ga » B eing  cou n ta b le , the c o l l e c t i o n  £c< ^ i 1 = 1 , 2 , . . . } .  has an 

upper bound (3 < S l ,  mo £ } Q Gt  • C le a r ly  fo,£2.]

i s  paracom pact. In deed , l e t  £ ,  i  ć  I }  be any open c o v e r in g . 

S ince the s e ts  (Л ,р  ) form  a b a s is ,  d e f in e  fs  [ o , J 2 ] —̂  fO ,JL ] 

by a s s o c ia t in g  w ith  each 0 a f ( ß ) < ß  such t h a t ( f ( ß ) , ß ]

i s  con ta in ed  in  some U^, and s e t t in g  f ( o ) =  0 . By in d u c tio n , 

cons tru e  t a sequence (3Q =J2 . (3 , = f ( f t ) , . . . , ß k = f ( ( 3k - 1  ) , . . . 

then > ß j  )> • • • and, s in ce  e v e r y  descen d in g  sequence
o f  o rd in a ls  i s  f i n i t e ,  th is  term in a tes  w ith  some •

Because the process  cannot be con tin u ed , ß  =0 , and so (O ,SL~j
H ‘ n

i s  con ta in ed  in  ( (3 k_ 1 »(lk 3 . Choosing a c o n ta in in g
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each ( ß fc ]  and eome Э ^ 0 }, we have a f i n i t e  sub-

co v e r in g  { U± , UA , . .  . ,  UA ^ °  o f  ( Ui *  *  ^ » whio h  i s
о 1 n

consequ en tly  an open n e igh b o u rh o o d - fin ite  re fin em en t. Conver
s e ly  the rea d e r  can v e r i f y  th a t the subspace [o ,J L ) i s  p e r fe c t 

l y  norm al, but i t  i s  not paracom pact: the open c o v e r in g  by 

s e ts  [0 ,  o ć ), 0 < oc < Sh , has no open n e igh b o u rh o o d - fin ite  

re fin em en t.

THEOREM 1. Let X be a p e r f e c t ly  .normal t o p o lo g ic a l  space 

and l e t  Z be a P o lis h  spaoe. Suppose th a t f : X  — ? Z i s  a 

m u lt ifu n c tio n  w ith  c lo s ed  va lu es *  Then the fo l lo w in g  c o n d it io n s  
are eq u iva len t  :

a ) F i s  o f  low er  c la s s  ос , oc >  0

b ) th e re  e x is t  B o re l fu n c tion s  z * 1 = 1 ,2 , . . .

such th a t fd r  each x £ X we have F (x )  = C l [ f A( x ) :  i = 1 , 2 , . . . j

P r o o f :  ( a )  b . F ix  a com plete m etr io  d on Z. I t

s u f f ic e s  to  show th a t f o r  e v e ry  £. >  0 th ere  e x is t  B o re l oC

s e le c to r s  Sn sX —^ Z f o r  F such th a t £gn (x ) :n = 1 , 2 , . . * }
i s  an £ -n e t  in  F (x )  f o r  each x fcX  . Once th is  i s  done,

кwe can put to g e th e r  the fu n c tio n s  { g  ; n ,k = 1 ,2 , . . .$  , to
g e t  the d e s ir e d  r e s u l t ,  where g  a re  B o re l oC s e le c to r s

ic ^ if o r  F such that [  gn ( x ) :  n = 1 ,2 , . '. .^  i s  a k”  -n e t  in
F (x )  f o r  each x é X. S ince Z i s  s ep a ra b le , hence i t  is
p o s s ib le  to  co v e r  Z by open b a l ls  K (z^ , £ / 2 ),  1 = 1 ,2 , , . .
Put Х± : = { x £  X: F (x )n  K (z A , £ / 2 )/  0 ]  , 1 = 1 , 2 , . . . .

Note that each X^ i s  o f  B o re l a d d it iv e  c la s s  or , in  v ir tu e

o f  the p ro p e r t ie s  o f  F. F ix  a B o re l or s e le c t o r  h:X  —>■ Z

f o r  F. The e x is te n c e  o f  such a s e le o t o r  i s  ensured by
famous theorem o f  Kuratowski and R y ll-N a rd ze w s k i, c f .  Гз ] ,
theorems 3 and 11 . Suppose th a t X^ i s  nonempty, and

d e fin e  ”■“ *  2 ЬУ form u la  FA(x )=  Cl fF (x )o K (z A , £ / 2 )J .
N o tio e  th a t i f  G i s  open in  Z, then
F ~ (g ) :=  X± : Fa (x )a G  4 <t> } = { x £  X: C l fF (x )nK (z^., £ /2) n

л G / 0 }=  ( x  &. X: F ( j ) o  G i\K (z^ , £ /2 0 ]• i s  o f  B o re l a d d it iv e

c la s s  or in  X. S ince X^ i s  a ls o  o f  B o re l a d d it iv e  c la s s  
in  X, hence Fa ( g )  i s  o f  B o re l a d d it iv e  c la s s  oc' o f  X^
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w ith  the Induced to p o lo g y . Ve can th e r e fo r e  appeal once aga in  

to  the Kuratowski and R y ll-N a rd zew sk i theorem to  g e t  a B o re l 
o f  e e le o t o r  h^ : X^ Z f o r  F^, There e x is t  s e ts

i , j c 1 , 2 , . . .  , which a re  s im u ltan eou s ly  o f  a d d it iv e  c la s s  
le s s  than oC and o f  the m u lt ip l ic a t iv e  c la s s  le s s  than o t  ,CO
such th a t f o r  each i d , 2 , . . .  we have X^ = •
For j d , 2 , . . .  d e f in e  h ^  IX —y Z as fo l lo w s

on XA j

on X -  XAJ

I f  X^ i s  empty, se t  h^j=h f o r  e v e ry  J d , 2 , . . .  . I n  e i t h e r

case , as i s  easy  to  check , the fu n c tio n s  h±J 9 p a re
B o re l OC s e le c to r s  f o r  F« To conclude the p ro o f o f  th is  Item ,

we o la im  th a t f o r  each x ć X  , ( h ^ j ( x ) ;  i , J d  ,2 , . . . J i s  an
1 -n e t  in  F (x ) .  For , i f  z <u F (x ) ,  we can f in d  an i Q such

th a t z £ K (z ^  , £ / 2 ) ,  hence F ( x )n K ( z A ,£ ,/ 2 ) i s  nonempty

and x t  X^ ,°S o  th ere  i s  an Jo such tR at z t X ^  j  . ц

fo l lo w s  that h± j  (x )= h ± ( x ) é F i  ( x ) c C l  К ( z ± , 1/S ) .

C onsequently , d £ z ,°h . . ( x ) ) i  d ( z ° z .  )+  d ( z .  » °h . , ( x ) ) ^ . € .
0 0  о о о о

Thus U î = {h ^ j  I i , j = 1 ,2 , . . .  k = 1 , 2 , , , ,u ^ , . . . J

i s  as r e q u ire d . b a . L e t G be an open s e t  in  Z and
Ü * ( f l t f 2 , . . . i  . Then F ~ ( z ) s =  { x  s F ( x )n  G 0 0 }  =

= (  x s ГС1 U (x )J  Л О / f t ]  = {x  : и (х )л  G 0 0 }  =
OO

= \x : u ^ x J fe G  f o r  some u ^  u }=  [ x :  un( x ) « G }  =

= ^  u~ 1 ( g )  i s  o f  B o re l a d d it iv e  c la s s  °C , so th a t F i s  n= i n
o f  low er  c la s s  oC .

Now, l e t  Z be a l in e a r  space. The oonvex h u ll  and c lo s ed  

convex h u ll  o f  a se t  В С  Z a re  denoted by conv В and Cl 

conv B, r e s p e c t iv e ly .  The fo l lo w in g  theorem i s  an easy  gen era 

l i z a t i o n  o f  theorem from f l 3 » s e c t io n  6 :

THEOREM 2. Let X be a p e r f e o t ly  normal t o p o lo g ic a l  space 

and l e t  Z be a sepa rab le  F rech et space and F:X —*> Z a 

m u lt ifu n c tio n  o f  low er  o la s s  <X w ith  c lo s ed  va lu e s . Then the
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m u lt ifu n o t io n s  с »п т  F ,  C l oonv F d e fin e d  by x i— eenv F (x ) ,  

x (-♦  C l fconv F (x ) j  a re  a lao  o f  lo v e r  o la s i  oC • M oreover, Z 

need o n ly  be a sepa rab le  v e t r i о l o o a l l y  oonvex space, I f  eaob 

F (x )  I s  assumed to  be oom p lete .

P r o o f  : By theorem 1 th ere  i s  a oountab le c o l le c t io n  

U ж lu ^ , «  e f  B o re l =C s e le o to r s  f o r  F such

th a t F (x )e  C l U ( x )  f o r  a l l  x t X  . L e t Q be the s e t  o f  a l l  
sequenoes (q^ ,q 2 , . • • •••  )  o f  n on -n ega tive  r a t io n a j  numbers

suoh th a t a l l  but f i n i t e l y  many 4 ^ *  are 0 and ^  q ^ s l ,

The se t^  Q. i s  c l e a r l y  coun tab le  and so i s

V ! в ! ^ 1  qn * Un ! ( q 1 * 42  4 n ) £ Q i  *

V i s  a o o u n ta b le ^ e o lle o t io n  o f  B o re l oc fu n c tion s  such that 

Cl V ( x ) : s  4n ' un ^ *^ ’ ( 4 1»q 2 >*>* ) t Q . }=  C l conv U (x ) e

= oonv U (x ) f o r  a l l  x £. X. Hence, a ga in  a p p ly in g  Theorem 1, 

conv F and Cl conv F a re  o f  l o v e r  c la s s  «-  .

THEOREM 3. L e t X be a p e r f e o t ly  normal t o p o lo g ic a l  space

and Z a sep a rab le  Banaoh apace. L e t f  : X —► Z be a 

B o re l « "  map and r :X  —+■ R a B o re l oc fu n c tio n  w ith  nonnega

t i v e  r e a l  v a lu e s . Then the m u lt ifu n c tio n  d e fin e d  by form u la

F (x )s  К ( f ( x ) ,  r ( x ) :=  [ z  é  Z i l| f ( x ) -  ж 11 4 *"(x )$

i s  o f  l o v e r  d a s s  aC .
P r o o f .  L e t ( Z j f Z g , . . . )  be a dense sequence in  the u n it

b a l l  o f  Z. Put un(x )s a  f ( x ) +  r ( x ) - * n , n s 1 ,2 , . . .  . Then

each un i s  c l e a r l y  o f  B o re l c la s s  oC and ve  have an eq u a lity

F (x ) : =  К ( f ( x ) ,  r ( x ) ) =  Cl { u n ( x ) ;  n s 1 , 2 , . . }

By theorem 1, F i s  o f  lo v e r  d a s s  cC ,
U sing  theorem 1 ve  are a b le  to  p rove the f o l l o v in g  su perpos i
t io n  theorem f o r  m u lt ifu n c tio n a  o f  l o v e r  c la s s  o( :
THEOREM U. L e t  X ,Y and Z be separab le  m etr ic  spaces and

f : X  x Y — > Z a continuous fu n c t io n . Let f :X  —  ̂Y be a

m u lt ifu n c t io n  o f  lo v e r  c la s s  or >  0 v i t h  com plete va lu es . The 
the m u lt ifu n c t io n  G:X Z d e fin e d  by form ula 

С ( x )=  f ( l x }  x F ( x ) )  i s  a ls o  o f  lo v e r  c la s s  o f  .
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P r o o f  j A p p ly in g  the C a s ta in g 's  r e p re s e n ta t io n , l e t  U 

be a cou n tab le  s e t  o f  B o re l cxT s e le c t o r s  f o r  F such th a t 

Cl U (x ) = F (x ) f o r  each x & X . L e t В be an open subset o f  Z. 

Then we have g” (b )=  ( x  t f  ( { x }  x F ( x ) )  ЛВ / 0 }  ? 

e [ x  : f  (  U  }  x C l U ( i ) ) f l B  / =
| X 3 i  ; f ( x , y ) t B  f o r  some y t C l  Ü (x )^  =

{ x  : f ( x , u  ( x ) ) ć B  f o r  some u€.U^s { *  * f ( x , u ( x ) ) e B } .

So i t  rem ains to  show th a t ^ x : f  ( x ,u (x )  )feB i s  a member o f  

B o re l a d d it iv e  o la s s  o f  . By s e p a r a b i l i t y  o f  X x Y the map 

Ьц : X —>  X x Y d e fin e d  by h ^ (x  ) = ( x ,  u ( x ' )  i s  o l e a r ly  o f  

B o re l o la s s  oc . Then £x : « ( * ) ć  B^ = b” ł ( f * * ł (B ) )
b e lon gs  to  B o re l a d d it iv e  o la s s  of , яо th a t G i s  o f  lo w e r  
o la s s  ос .

Now, l e t  Z be a F rech et space. I f  К i s  a c lo s e d , 

convex subset o f  Z, then a su p p ortin g  s e t  o f  К i s ,  by 

d e f in i t i o n ,  (s e e  [ l k ]  ) ,  a c lo s e d , convex, p rop er subset S 
o f  К ( s  may even be a s in g le to n )  such th a t i f  an in t e r i o r  

p o in t o f  a segment in  К be lon gs  to  S, then the whole 

segment i s  con ta in ed  in  S. The s e t  I ( k )  o f  a l l  e lem ents o f  

К which a re  n o t in  any su p p ortin g  s e t  o f  К w i l l  be c a l le d  
the in s id e  o f  K. The fa m ily

D (Z )=  [ b C Z  : B s oonv В and В з 1  ( C l B ) }  

in trod u ced  in  i s  seem in g ly  the adequate range space f o r

the C ed er-L ev i theorem . The rea d e r  i s  r e fe r e d  to  the e x e e l le n t  

monograph (*5 3 f o r  the study o f  p r o p e r t ie s  o f  oonvex s e ts .  
P ro p o s it io n  1. (  Every convex subset К o f  F rech et space

Z which i s  e i t h e r  o lo s e d , o r  has an in t e r i o r  p o in t  o r  i s  

f in it e -d im e n s io n a l,  b e lon gs  to  D (z ) .

P г  о о f .  I f  К i s  c lo s e d , th is  i s  ob v iou s . I f  К has an 

i n t e r i o r  p o in t , and i f  z  €. ( Cl К )-  К (complement o f  К in  

Cl К) then the Hahn-Banach theorem  guaran tees the e x is te n c e  o f  

c lo s ed  hyperp lane HC Z which supports Cl К a t z ,  but 

does not oon ta in  C l K; c l e a r l y  H n C l К i s  a su p p ortin g  se t  

o f  C l К and hence z b e lon gs  no to  l ( c i  К ).  F in a l ly ,  i f  
К i s  f i n i t e  d im en s ion a l, then К has an in t e r i o r  p o in t
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w ith  re s p e c t  to  the sm a lle s t  l in e a r  v a r ie t y  Z ^ Z  c o n ta in in g  

K. Hence К t ü ( Z 1 ) С D (z ) .
P ro p o s it io n  2 . ( I 'lU } )  I f  ( t l f t 2 , . . . J  i a  a donee subset o f  a 
nonempty, c lo s e d , convex, sep a rab le  subset К o f  a Freohèt 
space Z, and i f

* i  ”  41 /

Z i = S  + -a x  (1 ,  d f t j t  ) )  ’  i = 1 ' 2 » —  oo

where d i s  an in v a r ia n t  ne t r i o  on Z, then z :  = 2 Jz^

b e lon gs  to  the In s id e  I ( k ) o f  K.

P r o o f .  Suppose z 4  i ( k ) .  Then th e re  e x is t s  a su pp ortin g  

s e t  SC к such th a t z t S ,  Nov f o r  e v e ry  i = 1 , 2 , . . . , z  i s  

e i t h e r  an in t e r i o r  p o in t  o f  a segment in  К one o f  whose end 
p o in ts  i s  z^ , o r  e ls e  z s z ^ . In  e i t h e r  case we must have

S. But, f o r  e v e ry  1 = 1 ,2 , . . .  the p o in t z^ ia  e i t h e r

an in t e r i o r  p o in t o f  the segment 
[ t ^ t ^  := ( t é  Z: t  = a t 1 + ( l - a ) t A ; O i’ a ^ l J  o r  e ls e

z^= t^  , so in  e i t h e r  oase we must have t^ é  S. But 

{ * 1 * * 2 ’ * * *^  i s  dense in  K., and s in ce  S i s  c lo s e d , th is  

f i n a l l y  im p lie s  th a t SsK, which i s  im p o s s ib le .
Ve arm now in  a p o s it io n  to  s ta te  and prove our main s e le o t io n  

theorem :

THEOREM 5 . L et X be a p e r f e o t ly  normal t o p o lo g ic a l  space 
and Z a sep a rab le  Freohüit space. I f  F:X —>■ Z i s  a m u lt i

fu n c tio n  o f  low er  c la s s  o r  , o r  ^  0 , whose va lu es  are in
D ( z ) ,  then F has a B o re l oC s e le c t o r .

REMARK 1. In  case oc =0 we must ob serve  th a t X i s  eou n tab ly  

paracompac t .

P r o o f .  D e fin e  Cl F:X —*■ Z by form u la  ( Cl F ) (x )=  C l [ f ( x ) ] j  

what we must f in d  i s  a B o re l oc s e le c t o r  f :X  — Z such 

th a t f ( * ) è  l ( c i  F ( x ) )  f o r  e v e ry  x €  X. O bv iou sly  C1F i s  
a ls o  o f  lo w e r  c la s s  °C , in  v i r t u e  o f  our theorem 2 • Thus, 

in  v i r t u e  o f  the theorem 1, Cl F has a C asta in g  rep resen 
ta t io n  | f j , f 2 , * . . ^ .
Now, l e t

\
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fA(x)- f,(x)
g ^ ( x ) =  f , ( x )  + ■ - . » 1=1 »2 , ,

 ( i  , d (Г ± ( х ) ,  f , ( x ) )

where d denote an In v a r ia n t  m e tr ic  on Z.
°° m. i \

Put f (x )m  21 2 g ^ fx ) .  By P ro p o s it io n  2 we have
j=1 J

f ( x ) é l  (C l  F ( x ) ) c- F ( x )  s in ce  F (x )  b e lon gs  to  D (z ) .  On the 
o th e r  hand, s in oe  g j  , j = 1 , 2 , . . .  a re  o f  B o re l c la s s  où and 

s in ce  the s e r ie s  d e f in in g  f  : X —► Z con verges  alm ost 
u n ifo rm ly  on X, i t  fo l lo w s  th a t £  i s  a ls o  o f  B o re l c la s s  

oC , and thus has a l l  the re q u ire d  p r o p e r t i i e .

REMARK 2« Some p a r t ic u la r  va lu es  o f  F may f a i l  to  be convex,

o f .  Г1 5 ]
REMARK 3. I t  seems to  be p o s s ib le  to  fo rm u la te  the above 

theorem 5 In  the same g en e ra l fram ework as the one in  which

the s e le c t io n  theorem o f  M agerl f l2 j  i s  fo rm u la ted , i . e .

in  the framework o f  (k ,a )-p a ra com p a c t paved spaces and 

а-convex  h u ll-o p e ra to rs  on к -bounded un iform  spaces.
REMARK ke Ve may ask w hether o r  n o t the a lg e b ra ic  s tru c tu re  on 

Z i s  e s s e n t ia l  in  C eder-Levy  theorem . Ve g iv e  to  fo rm u la te  

some open problem in  th is  d ir e c t io n  ( c f .  f l 9 ] )

L e t Y be an a r b it r a r y  t o p o lo g ic a l  space. A subset B e. Y is
sa id  to  be r e l a t i v e l y  q u a s ic lo s e d , i f  B ^ In t  c ß C l B, 

where I n t c i  В denotes i n t e r i o r  o p e ra t io n  w ith  re s p e c t
to  the to p o lo g y  induced on subspace C l В o f  the space Y.

The fo l lo w in g  may be a p rom is in g  program:

Problem : l e t  X be a p e r f e c t ly  normal space and l e t  Y be a

P o lis h  space. Assume th a t F :X  Y i s  a m u lt ifu n c t io n  o f  

low er c la s s  oc , o f  >  0 , w ith  r e l a t i v e l y  q u a s ic lo s e d  v a lu e s .
I s  i t  t ru e , th a t th is  m u lt ifu n c t io n  possesses  always a B o re l 
oc- s e le c t o r  ?

REMARK 5. (abou t r e l a t i v e  to p o lo g y ) In  "T op o lo gy " by 

J. Dungundji, p . 77g and a ls o  in  " In tro d u c t io n  to  to p o lo g y "  

by H. Patkowska, p . 2120 the fo l lo w in g  f a l s e  fo rm u la  i s  

e r r o ro u s ly  s ta te d : I n t g A = В Л In t  A .
THEOREM 6. l e t  X be any m e tr ic  spaoe h av in g  nonmeasurable
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( l n  B e re l c en se ) subset À С  X and l e t  Y be an a r b it r a r y

In f in it e -d im e n s io n a l Banaoh space* Then th ere  e x is t s  a lo v e r  

sem loontinuous m u lt ifu n c tio n  F : X -«► Y w ith  convex and 

d is jo in t  va lu es  but w ith  no B o re l m easurable s e le c t o r .

P r o o f  : L e t ( « ^ , 1  ć  I )  be some Hamel b a s is  f o r  Y . F ix
some In dex  1 and put H : = .©  T Span e . ,  whereо J Ć. J J v
J a l -  » and Span denote here l in e a r  h u ll  o p e ra to r . Hext

ob serve  th a t H i s  a dense l in e a r  subspace o f  Y, and thus i s
oonvex. L e t us d e f in e  F:X —^  Y by form u la

(H i f  x 4, A

-

H + e ^  i f  x £ X -  A .
О

I t  i s  ea sy  to  check th a t F:X ~ Y i s  lo w e r  sem icontinuous. 

In deed , f o r  each open b a l l  B (y , r )=  у  + в (0 ,  r )  we have 

F”  ( B ( y , r ) ) =  X in  v i r tu e  o f  d e n s ity  o f  va lu es  o f  F, both  H 
and H + e^ . L e t fsX  —*■ Y be an a r b it r a r y  s e le c t o r  f o r  

our m u lt ifu n c t io n  F. Ve have ( f ) “ 1 ( R - £ o } ) = X - A  
w h ile  R- ^ 0 } i s  open. S ince Х-X  i s  n o t B o re l m easurable, 

hence the above e q u a l i t y  means, th a t f  i s  not w eak ly  B o re l 

m easurable and thus i t  i s  not s t r o n g ly  B o re l m easurable. 
O bv iou sly  we have H + e^ -  conv (H  + e^ ) and we observe 

th a t the in t e r s e c t io n  (H °+ e^ ) л H i s  empty. Thus our 
theorem i s  p roved .

REMARK 6 . In  the case when our Banach space Y i s  a ls o

sep a rab le  the va lu es  o f  F in  the above theorem may be

choosen to  be an Fg. - s e t s .  In deed , l e t  H in  form u la  / £ j
be a dense subspace o f  Y spanned by a cou n tab le  fa m i l ly  
с ■> 00

* S ince H = п^1 Hn ' where H1 := Span e ,
H := H Span e , and each H i s  c lo s ed  as a f i n i t e -n n-1 v—•' n ' n
-d im en s ion a l subspace o f  Y, hence we o b ta in  th a t H be longs 
to  the p av in g  o f  ^ .-s u b se ts  o f  Y. A m o d if ic a t io n  o f  th is

c o n s tru c tio n  were used in  my paper (i 8J to  s o lv in g  some open 

problem posed by J . Ceder and S. L e v i in  in  connection

w ith  h is  f in it e -d im e n s io n a l v e r s io n  o f  our theorem 5. Note



a l i o ,  th a t  ou r m u lt ifu n c tio n  F g l  von by form ula /£/ i o

not o f  the fo r a  F s g” '  f o r  some s in g le v a lu e d  fu n c tio n

g  t F ( x ) — whore the image F (x )  i e  d e fin e d  in  obviou s way
ae F (x ) t s  U  F (x ) .

X £ X
REMARK 7» There e x is t e  a noneeparab le p r a h ilb e r t  space Y and 
a m u lt ifu n c tio n  F fr o n  the r e a l  l in e  R to  the on e-d in en - 

s io n a l open oonvex subsets o f  Y euch th a t F i s  in  lo w er  

c la s s  1t but hav in g  no any B o re l measurable s e le c t o r .  Indeed , 
d e f in e

Y 1= {  h i R — R i supp h 1= {  x J h (x )^  0 }  i s  f i n i t e } .

then < g|h> : = J Z  g ( x ) * h ( x )  i s  a s c a la r  product in  Y.
X fc. R

Decompose R in t o  2 d is jo in t  nonneasurable su bsets :
R = А О В and put

(}g  £ Y : g (  t  ) > 0 and supp g  ж i f  t  £  A

i e  6- Y : g (  t ) < 0 and supp g  *  { t } }  i f  t f c B .

See example 2 o f  f l 8J f o r  the p r o o f ,  th a t F i s  as req u ire d . 

Paper Гб J con ta in s  many o th e rs  in t e r e s t in g  counterexam ples.

THEOREM 7 , L et С denote the spaoe o f  complex numbers, and
R the spaoe o f  r e a l  numbers. There e x is t s  a lo w er  sem icontin i 
ous m u lt ifu n c tio n  F : R —> С w ith  a row ise connected va lu es , 

but h av in g  no any B o re l m easurable s e le c t o r .

P r o o f  : L e t S1 denote the u n it  c i r c l e  in  the complex 

p la n e . S ince the c la s s  o f  a l l  B o re l m easurable fu n c tion s  
from  R to  S has the з а м  c a r d in a l i t y  as R i t  i s  c le a r  

th a t we can choose a fu n c t io n  g  : R —> S such th a t the 
graph o f  f  in t e r s e c t s  the graph o f  each B o re l m easurable 

fu n c tio n  from  R to  S^, Put F (x ) :=  s '  -  j_ g (x ) }  and observ i 

th a t F ~ (u ) i s  empty o r  the w hole space R whenever U i s  

open in  C, Thus F i s  low er  sem icon tim iou s. O bv iou sly  the 
va lu es  o f  F ara open а го я . We prove th a t F i s  w ithou t

any B o re l s e le o t o r .  Assume ad absurdum that f t  R —> S i s  

some B o re l s e le c t o r  f o r  F, There i s  a p o in t x <c R suoh
О

th a t f ( x o )=  в (х о ) hence l ( x o ) not b e lon gs  to  F (x o )ss 

= S1 " { g ( x Q) } =  S1 - t f ( x o )J .  T h is  c o n tra d ic t io n  f in i s h  our



79

• rg U M n t,

THEOREM 8, There e x is t a  a lo w e r  sem icontinuous m u lt ifu n c t io n  

F from  the r e a l  l i n e  R to  the complex p lane С w ith  open 

a rcs  as va lu es  and G graph but w ith  no B o re l 1 s e le c t o r .

P r o o f  : ( c f *  Г18 -3 » ex . k ) R e ce n tly  Z. Grande e x h ib it e d  a 
B e re l 2 fu n c t io n  g  : fo , 2 Го,21Г)  which in t e r s e c t s  

each B o re l 1 fu n c t io n  from  fo ,21 T ) in to  Го,21Г), see [ 7 ]  *
H is c o n s tru c tio n  based upon K an torow icz u n iv e rs a l fu n c t io n  К 

f o r  B o re l 1 fu n c tio n s , namely g ( x ) : =  K (x , x ) .  By l i f t i n g  
theorem , we may a s s e r t  th a t x f—у g ( x ) : =  exp i *  g  (x ') = 

a oos g (x )+  i  s in  g f x j e s " 1 i s  a fu n o t io n  from  (о , 2T ) in to  

the u n it  c i r c l e  S1 , in t e r s e c t in g  each B o re l 1 fu n c tio n  

f  :Го,27Г) — ^ S1 . L e t  us d e f in e  ou r m u lt ifu n c t io n  F :R  —£■ С 

by fo rm u la  F ( x ) ï *  S1 "  { e ( [ * 3  H  * where f x j  i s  the c la s s  
o f  x 6 R  in  the q u o t ien t  group R / 2 ÎT Z = f o ,2 lT )  .  I t  i s  

easy  to  eheok as in  theorem 7 th a t F i s  lo w er  sem ioontinuous 

w ith  open a rcs  as va lu es  but a d m itt in g  no B o re l 1 s e le c t o r .
Л

M oreover, s in ce  g  b e lon gs  a ls o  to  the second B o re l c la s s  

and thus Gr g  i s s ( (x ,y ) :  y  = g ( x ) }  i s  a Fg^ subset o f  the 

c y l in d e r

[ o , 2 ) x  S1, henoe Gr F : = j ( x , y ) :  y éF (x )^  = [o ,2 f i )x  S1 -  Gr g  

i s  а subset o f  th is  o y l in d e r  and thus o f  the whole

product space R x S1 . T h is  com pletes our argument.
From theorems 7 and 8 i t  fo l lo w s  th a t the range space in

our theorem  5 cannot be g e n e ra liz e d  in  va r io u s  ways. Another 

in t e r e s t in g  q u es tion s  i s  w hether o f  not the p o lish n ess  o f  Z 

i s  e s s e n t ia l  in  theorem 1. Ve use the example 5 o f  f l8 j  to  

answer the above prob lem ,

THEOREM 9« Assuming the continuum h yp o th es is , th e re  e x is t
m e tr ic  spaces X and Z and a m u lt ifu n c t io n  F: X —*• Z
w ith  nonempty c lo s e d  va lu es  such th a t F i s  in  f i r s t  low er 

o la s s ,  but F has no B o re l s e le c t o r .

P r o o f :  ( o f .  [ 9J , Г18З ) L et Si denote the sm a lles t  

cou n tab le  o r d in a l .  L e t Z = ^oC: oç < SŁ Jdenote the s e t  o f  a l l  
cou n tab le  o rd in a ls  w ith  the d is c r e t e  to p o lo g y , w h ile  the r e a l
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l i n *  R= : X i s  in q u ire d  to g e th e r  w ith  usual eu c lid ea n  to p o lo g y . 
Arrange a l l  p o in ts  o f  X in  a t r a n e f in i t e  sequence o f  type 

5Ü and d e f in e  the m u lt ifu n c t io n  F:X  —*  Z by form u la

X 3  x ^  I ß : f i  £  ос }  f e r  <*'< Л  -

E v id e n tly  F i s  o f  f i r s t  lo w e r  o la s s .  L e t f :X —̂  Z be any 

s e le o t o r  f o r  F. S ince f (  X«. ) -̂  *<“ f o r  e v e ry  c*r< SI , each 

f i b e r  f _1 (Ç )*  3 ^ * ^  co u n ta b le . S ince the f ib e r s  a re  
p a irw is e  d is jo in t  and s in ce  the fa m ily  o f  a l l  su bsets o f  a l l  
f ib e r s  has c a r d in a l i t y  g r e a te r  than the s e f  o f  a l l  B o re l s e ts ,  

i t  fo l lo w s  th a t th ere  e x is t s  some su bsets i , o f  Z so th a t 

f _ 1 (Z  )=  U  i e  c o t  B—m easurable. S in ce Z i s  bo th
Q j a  ;  °

open and c lS sed  in  the d is c r e t e  space Z, th is  oom pletea the 
argument.
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PRZYCZYNEK DO TEORII SELEKTORÓW BORELOWSKIEJ KLASY ALFA 

S tre s z c z e n ia

Głównym wynikiem p racy  j e s t  n as tęp u ją ce  u o g ó ln ie n ie  
tw ie rd ze n ia  Cedera i  L e v ie go : każda m u lt ifu r ik c ja  F:X  —^ Z , 
g d z ie  X j e s t  doskonale normalną p r z e s tr z e n ią  to p o lo g ic zn ą , 
a Z ośrodkową p r z e s tr z e n ią  F rech èta , p rzy jmu jąca  sw oje 

w a r to ś c i z  o k re ś lo n e j ro d z in y  D/Z/ i  będąca d o ln e j k la s y  a l f a ,  

posiada  b o re low sk i s e le k to r  k la s y  a l f a .  L i czne k o n tr -p rzy k ła d y  

zam ieszczone w pracy  w skazu ją , ż e p r z y ję t e  o g ra n ic z e n ia  na 
w a rto śc i F n ie  mogą być o s ła b io n e .


