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Points of almost continuity of real
multifunctions

Marek Jo6zwiak Mariola Marciniak

In this article we consider the local property of almost continuity
at a point of real multifunctions. The following guestion is interest-
ing: Is it possible to define this local property and moreover to make
sure that this property characterize the global almost continuity of a
multifunction? We give such a characterization in this article.

Throughout the article we shall make use of the following notions
and notations.

Consider the following topological properties that a multifunction
F from one topological space X to another one Y may have:

C: F is continuous,

T> F is a Darboux function iff for every connected subset C of X, the
set F(C) is a connected subset of Y.

AC: F is almost continuous function (in the sense of Stallings [5]) iff for
every open set G C X XY containing F there exists a continuous
function g : X — >Y such that g C G.

One can see that if a multifunction F is AC then for every G, for
every x E (a, b) and every y E F(x) there is a continuous function g
such that g C G and g(x) = v.

The multifunctions we consider are real multifunctions defined on
an interval (open or closed) with connected va,lues. Recall that for those
multifunctions the following implications hotd:

C=AC =>V.
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By L(F, x), L+(F, x), L~(F, x) we shall denote the set of all limit points,
the set of all right-hand sided limit points, the set of all left-hand sided
limit points of the multifunction F at the point x, respectively.

Definition I A multifunction F : (a,b) — » 111 is said to be almost
continuous at a point x £ (a, b) from the right-hand side if

(i) F(x) fi L+(F,x) £ 0,

(if) there is a positiue e such that for arbitrary neighbourhood G of
Fl[x, oo), arbitraryy £ (limf *+infF(t),limt >« sup F{t)), ar-
bitrary neighbourhood U of the point (x,y) and each t £ (x,x + £)
there ezists a continuous function g : [x,x + ¢] — >IR such that
gC GUU, g(x) =y andg(t) £ F(t).

In the analogous manner we define a multifunction that is almost
continuous at a point from the left-hand side. A multifunction is called
almost continuous at a point iff it is almost continuous at that point
from both sides. For a multifunction F : [a, b] -—>IR we can say that it
is almost continuous at the points a and b if it is so from the right-hand
side at a and from the left-hand side at h.

One can easily observe that if a multifunction is continuous at a
point from any side then it is almost continuous at that point from the
same side.

Property 1 IfF : (a,b) — » IR is almost continuous at a point xo,
then there is a positiue £ such that for an arbitrary neighbourhood G of
F][a:,00), arbitraryy £ (limt >+inf F(i),limj x+supF(f)), arbitrary
neighbourhood U of the point (x,y), arbitraryt £ (x,x+e) and arbitrary
z £ F(t) there ezists a continuous function g\ : [x,x + e\ — » IR such
that gi C G U U, g\{x) = y and g\{t) € F(f).

Theorem | IfF :(a, b) — >IR is almost continuous, then it is almost
continuous at euery point of the interual (a,b).

Proof If F is continuous at a point a0 from the right-hand side then, of
course, it is almost continuous at that point from the right-hand side.
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If not, then L+ (F, z0) is a nondegenerate interval. Let y be an arbitrary
point from the interval

(infL+(F, z0), sup L+(F, z0))

and G be an arbitrary neighbourhood of F\[x0,b), U—arbitrary neigh-
bourhood of (x0,y) and t—a point from (xo,b). There is a point of F
contained in U, let it be (x1,y1) where Y\ G F{xi). We can take that
Xi > xq. There is a function g\ : [z0,£i] — >IR such that

(a) < is continuous, g\ C U,

(b) 0L(x0) = v and 9i(xi) = 21-

The multifunction F is almost continuous in (a, b), then for its neigh-
bourhood G and the point t from [zi, b) there is a function g2 : [xi, b) —»
IR such that

(a’) 02 is continuous, 02 Q G,
(b")02(xi) eF(xi) and g2(t) G F(t).

In this way the funcion g: [z0b) — >IR given by

VAN 1 for x e
1 92{x) for x G(xi, 6),

is continuous and g C G U U. This proves that F is almost continuous
at Xo from the right-hand side.

Similarly one can prove that F is also almost continuous at z0 from
the left-hand side.

Theorem 2 If a multifunction F : [0, b] — » IR is almost continuous
at every point of the interual [a, 6], then F is almost continuous in [a, 6].

Proof Let G be any neighbourhood of F. Let z G [a, b] and z G F(x).
Consider two possibilities:

- z is a point of right-hand side continuity of F,

-z is not such point.
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In each possibility there is > 0 such that for every t\ £ (x,x + 06i)
there exists a continuous function gx,suu «[x,x + ™M] — > IR fulfilling all
the conditions:

(®1) 9x,8itifa") — Z, Al
(/?1) 9x,6x,tl Q G.

Similarly there is 6? > 0 such that for every t2 £ (x — S2,x) there
exists a continuous function gx,s2,t2 m[x ~ ™2, x\— * IR fulfilling all the
conditions:

(™2) gx,s2,2(®) — 0X,52,12{"2) z2,
(~2) gx,s2t2 g G.

Hence for every x £ [a, 6] there is a positive ex such that for every t\,
t2 £ (x —ex,x + sx) for which t\ < x < t2 there exists a continuous
function gx.el ,t1,2 m[x ~ £x,x + £x] — * IR fulfilling all the conditions

(®) 9xex,tit2{F) —zi Oxextit2(-i) ~tfol * 1?22,

(/?) fIWtiA ¢ G.

The family {(x —ex,x + ex) :x £ [a, b]} is a cover of the interval [a, b],
so there exists a finite seguence of points (ag,..., xn) such that

T

XN < x2< ... <xnand [a b = (I (xt- eXi,X{ + eXi).
i- 1

We can assume that each interval (xt —£x,,xi + £Xi) has common points
only with the preceding and subseguent intervals of that seguence.

Now let ti £ + £5-*)n(X,-_i —EXi_n*i-i) and t0= a,tn= band
4 € F(U) fori =1,..., n. Put g(x) = gXiexi,trutXx) for x e [U-i.U],
i=1 Then the function g : [a, 6] — * IR is continuous and of

course, g C G, what proves that F is almost continuous in [a, b].

It is obvious that if F : (a, a0] — >IR has the property that F\[an, a0]
is almost continuous, where an £ (a, a0) and an — * a, then F is almost
continuous in (a,a0].

Now we are ready to state the following theorem.
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Theorem 3 IfF :(a, b) — >IR is almost continuous at euery point of
the internat (a, 6), then it is almost continuous in (a,b).

For the points of almost continuity of a multifunction we can prove the
analogue of the theorem on asymmetry.

Theorem 4 The set of all points of the internal (a, 6), at which a mul-
tifunction F : (a, b) — >IR is almost continuous from exactly one side
is at most countable.

Proof Let A be the set of asymmetry of almost continuity of a multi-
function F. Let us denote by B the set of all points, at which F is almost
continuous from the right-hand side and is not almost continuous from
the left-hand side. By C we denote the set A \ B. Let

Dx= {x £ (a,6) : L+(F,x) ? L~(F,x)},

D2= {x £ (a,6) : F{x) n L+(F,x) DL~{F,x) = 0},
E ~ B \(D\ UD2).

The sets Di, D2 are countable [3]. We sliall show that the set E is
also countable. Let En be the set of all points X0 £ E such that the
diameter of the set L(F, x0) is greater than or equal to h and such that
for every neighbourhood G of F][x0,x0-f ~], every t £ (x0,x0 + and
z £ -F(x), each y from the interval (inf L+(F, Xo), sup L+(F, x0)) and
every neighbourhood U of (xo0,y) there exists a continuous function
g : [xo, xo0 + — >IR such that g C G U (/, g(x0) = y and g{t) = z.
Now let {xk) be an increasing secjuence of points from En converging
to Xo- We shall show that xo ~ En. Since L(F,Xk), for A£ IN has the
diameter greater than or egual to then so has L~(F,x0). There is xk
such that 0 < x0— < A

Let £ = xg —Xk, y £ (inf L~(F, x0), sup L~(F, x0)) and U be a neigh-
bourhood of (x0,j/), t belong to (xic,x0) and z £ F(t). We can assume
that

U_ (xo —8,x0+ 8) x (y —8,y + 8),
t < Xgq—8, and
(y- 8y+ 8) C (infL~(F, x0), sup L~(F,x0)).
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For 8 there are points x', x" such that
X' < x", x" G (xo —8,”0)
and
F(x) n(y + 8 +00) + 0, F(x") fi (-00,y - 8) £ 0.

Let G be an arbitrary neighbourhood of F][xa;Xo] and
H={(**) :z€ F(t)}.

Of course there is an open sguare U\ X U2 such that H C W\ x U2 C G.
Put

G' = G\ (tx (JR\U2)).

Consider two possibilities:

- F(x") fi (—00,y + 6) Since {(a;',z') :z G F(x")} is connected,
then thereis z' G F(x") such that (x', z') G U. Now let G" — G'UU,
X = Xx'. Then there exists a continuous function

g DXk + -] - *IR

such that g C G", g(x) = z1

- F(x)n(—00,y+8) = 0. Put G" = (G"Uf/H\({x/} x (—00,y + <§]).
Of course, G" is a neighbourhood of F|[xfc,x0] and x" —Xk < -
hence there is a continuous function g : [xfc,xk+ -] — * IR such
that

9 Q G",g{xk) € F(xk) and g{x") —z"

where z" G F(x") fi (—00,y —8). The function g, as a continuous
one, cutsthe sgauare U and letx be apoint from (xo —8,Xo) for
which g(x) G(y —8,y + 8). Then the function”?/j : [xt,Xo] — > IR
given by

X) for x G [xk, x] \ Ux
for x —t
wiear in each of the intervals U\, [x,X0]

is continuous and contained in GUU. This means that F is almost
continuous at x0 from the left-hand side, thus x0 En.
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Hence the set En contains no left-hand sided accumulation point of
En, so it is countable.
Similarly, C is countable and so is A.

Theorem 5 The set of alt points of almost continuity of an arbitrary
multifunction is of type Gs-

Proof Let F : (a, b) — * IR be an arbitrary multifunction. By A +(F)
(A~(F)) we shall denote the set of all points of (a, 6) at which F
is almost continuous from the right-hand side (left-hand side), and
A(F) —A+(F) n™""(F). Let Anbe the set of those points of A(F) for
which the e from Definition 1 is greater than K We shall show that

AnC Int (AnUC(F)),

here C(F) denotes the set of all points of continuity of the function F.
Let xo E Anand 8 = e —T. We shall prove that

(x0- 8,xQ+ 8 C AnUC(F).

If x E @0—5, %+ 8) \C(F) and, for example, x0 < x, G is an arbitrary
neighbourhood of F, y e (infL(F, x), sup L(F, x)) and U is a sguare
neighbourhood of (x,y), then there are tt" such that

t <x< t',(ty') e Uand(ty") €U

for y' € F(tf), y" € F{t").
Let W = W\ x W2 C G be a neighbourhood of {t} x F(t') and V —
V1x V2c¢ G — a neighbourhood of {f"} x F(t"). Then

a = (GUU)\(([t x IR\U2J) U(t" x IR\V2)]))

is a neighbourhood of b] and there exists a continuous function g
such that g(x0) E F(xo0) and g(t) 6 F(t). The function g cuts the sguare
W and V, hence there is a continuous function h : [x,a;0 + ¢) — >1IR
such that h(x) —vy, h{t) E F{t) and hC G' C G U U
Similarly, for t £ (x —e,x) there exists a continuous function
h' :[x —e, X\ — >IR such that " C G U U, h'(x) = y and h'{t) E F(t).
Thus if a0 E An, then xOE Int {AnUC(F)).
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Since A(F) = IELi UC(F) and
00 00
U AnUc(F) = U Int (AnUC(F))UC(F),
n=I n=1
then A(F) is of the type Gs-
In the end of the article it is worth mentioning that Theorem 5 gives
an exact characterization of the set of all points of almost continuity of
a multifunction.
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