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SOME RE M A R K S ON S Y S T E M S  OP IDEALS

If R is  a  commutative ring with Identity and M is  a n y  s e t  
of id ea ls of R , then a  p air (R , M) will be called  a  system  of id ea ls, 
if the following conditions a re  satisfied

A L  R is  an element of M,
A 2. An intersection  of a n y  s e t of elem ents of M is  an element 

of M,
A3. A  union of an y non-empty se t, totally ordered  b y  inclusion, 

of elem ents of M is  an element of M,
A 4, The null id ea l belongs to M,
A 5. If A, В belong to M, then A+B belongs to M,
Aft. If A , В belong to M, then AB belongs to M,

A7. If A , В b e lo n g  to M, then  A :B b e lo n g s  to M,
w h ere  A :B  -  -< r  €  R{ A r * b €  А 

L b€B  J
A8. If A b e lo n g s  to M, and  x  Is a n y  e lem en t of R, then 

oo
A -  ( J  (A :xn) b e lo n g s  to M. 

x  n -  о
Let (R , M ) b e  a  sy s te m  of Id e a ls . E lem en ts of M a r e  c a lle d  

M - ld e a ls . If E is  a  s u b s e t  of R , then w e den o te b y  £ e^  the sm a lle s t  
M—id e a l co n ta in in g  E . If A  is  an  id e a l  of R , then w e den o te  b y  А  +ф 
the g r e a te s t  M -id ea l co n ta in ed  in  A .

If (R , M ) an d  ( S ,  N) a r e  s y s te m s  of id e a ls ,  then a  r in g  
homomorphism f:R — > S  w ill b e  c a l le d  a  morphism of s y s te m s  if:

1. T h e  In v e rse  im age of a n y  N -id ea l is  an  M -id ea l,
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2. An Ideal generated  ln  S  b y  the image o f an y  M ^deal is  
an N-4deaL

In the papers |VJ , ]Vj , there a re  elements of the theory  
of system s o f id ea ls  and among others important ex am p le s  o f system s  
a s  f.e. system s of differential id ea ls  ( j_4j, jś] ) , system s o f differential 
ideals with resp ec t to a  higher derivation ( [2] , [э] ) and system s of 
homogenous id ea ls  in a  ring with a  grading ( j l j  , ;»] ).

In this paper we give some rem arks on system s of id ea ls  
and we describe some new exam ples of those.

PROPOSITION 1 . If M is  a  s e t o f id ea ls  of R satisfying A 3, 
then the condition A S is  equivalent with the following condition:
(i) If A  £ M, then A T £ M, fo r e v e ry  m ultlplicatlvely s e t T ln R, 

w here A p  »  £ r  6  R; rt £ A , fo r some t £ t |- .

PROOP. The property (l)  implies A 8, b ecau se T  *  ̂ х П{ n -  
О, 1 ,  2, . . I is  a  multiplieatively s e t ln R and •  A ^ . Now, we

prove the in ve rse  implication. Let A  £ M and let T  be a  multiplieatively 
se t ln  R. C onsider a  family XI •  |S| S  i ł  a  mulUplicaUvely se t  
in R, such  that S  с  T and A ^  £ M f . The family XX is  non-empty, 
b ecau se  fo r t £ T, ^ tn, n -  О, 1 , 2, . . . ^ is  a  multiplieatively 
s e t  contained in T, and b y  A 8 , we have A | -  A t £ M. Notice, 
that Z  satle fiee  the assumption o f Lemma K uratow ski-Z om . Let 

1 £ I j be a  chain in XI • Then |A g • i £ I j is  a  chain

in M and S  m u  S. is  a  m ultiplieatively s e t in R, contained in 
I 6 1

T . S in ce A= -  M  A  , then, by A 3 , we have A -  £ M. Thus 
_ I £ I 1 S
S  £ 5 1  .

Let S  С  T be a  maximal element in XX • Thus A s  é- M. 
Suppose that S  T, and let t £ T \ S . Then U -  s j/ * }  ls  «  
multiplieatively s e t  contained in T and p roperly  containing S . By A 3, 
we have -  A s |tnj .  -  (A s ) t €  M. T herefore S Ç  V an d  U g£ , , 
in spite of S  is  a  maximal element in XX . S o , we get S  -  T, 
a n d  A T £ M.
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PROPOSITION 2. U (R, M) U  a  a y  a  tam o f id ea ls , than an  
algabraic a  um of a n y  se t of elem ents of M, is  an  element of M.

PROOF. If A  la  an Ideal of R, then the condition A  £ M la  
equivalent with the Implication! x 6  A |xj d  A  (s e e  Щ  ) . Let 
[A ,]  , £ , be a  collection of M<4deals. If x  ér 2Z  A j then x  -  a^ +

. . ♦ a n belongs to A . + . . .  + A . , s o jV J  С  A . ♦ , . . ♦ A. с
I n  I n

С  Г а , .
Assum e now, that (к , m ) is  a  system  of Ideals, S i s  a  

multiplieatively s e t in R and S - 1 R is  a  quotient ring of R with resp ect  
to S . Let N -  {  S - 1 A; А  С м |  . It Is e a s y  to prove, that N is  the 
only se t of Ideals in S - 1 R su ch  that ( S - 1 R, N) is  a  system  of Ideals 
and the natural homomorphism ftR S - 1 R, r ,—» * is  a  morphism of 
system s. The se t N We sh a ll denote b y  S - 1 M.

PROPOSITION 3. If S  is  a  multiplieatively ae t In R and A €  
then

a ) ( s  a ) фф. -  S “Ł( (A  Ы

b ) [ s ' V ]  -  s - ^ a]

PROOF. F irst, we prove, that if A -  A g  , then ( S - 1 a ) ̂  = S - 1 A

It U  c lea r, that ( s “XA ) ^  -  S - 1 B, w here В É Ы and В -  В .
H ence A ^ -  ( A g ) ^  -  (Г 1  ( S ^ A )  ) - *  -  ^ ( ( S ^ A j ^ )  -  Г *  ( s ”1 В )

-  BS  -  b . _
w here ft R —> S~ R is  the natural homomorphism.
Then we have S - 1 (A1 )̂ -  S - 1  В -  ( S - 1 A ) ^  , so  finally

( S - 1 A ) #  -  ( S _ 1 (A S ))  ^  -  s " l ( ( A s )1p .
T his ends the proof of a ) .  The proof o f b) is  standard.

A  system  (R, M ) is  called  sp ecia l. If the rad ical of an  
arb ita ry  M -ideal Is an  M -ideal ( [V] ).

PROPOSITION 4. If S  is  a  multiplicativaly se t ln  R, and (R.M)
Is a  sp ec ia l system , then ( S - 1 R, S -1  M) Is sp ec ia l too.
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-1  -1  PROOF4. Let be an y  prime ideal in S  R. Then О »  S  P,
w here P  ia a  prime id ea l ln R d is jo in t from S . B y proposition 3 a ) ,

*1 »we have Q ^  -  (S  P)^_ -  s “ (P ^ ). But (R, M) is  sp ecia l, so  
P ^  is  a  prime id ea l of R (T h .1.2  [7] ) . S in ce  P ^ . С  P  and TPoS-0 

then P ^  Г» S  m 0  F inally, GL ^  S '^ P  ̂  is  a  prime id ea l
in S - 1 R and b y  ^7]w e have thesis.

If P  is  a  prime id ea l in R, then we denote b y  (R p , Mp ) a
system  ( S ^ R , S _1M ), w here S  -  R 4  P.

PROPOSITION 5. Let (R, M) be a  system  of id ea ls.
The following conditions a re  equivalent

( 1 )  (R, M) is  sp ecia l,
(2 )  (R p , 1* sp ecia l, fo r e v e ry  prime ideal P in R.
(3 ) ( r m  • ) is  sp ec ia l, fo r e v e ry  maximal id ea l In R.

1  1
PROOF. The implication ( l )  =#• (2 ) follow s b y  Proposition 4.

It is  c lea r, that (2)=^- ( 3 ) .  We prove (з) “=̂  ( l ) .
C onsider a n y  prime id ea l P in R. We show , that P  is  a  prime 
ideal. Let be a  maximal ideal, su ch  that P С Let S  ■ R v  M^. 
Then S  hi p  m ^6, and b y  Proposition 3 we have ( s ”^P) — S™̂  ( P^)

B ecau se  (S~^R, s “*M ) is  sp ec ia l, so  is  a  prime ideal
in S - 1 R, hence Р^ф. is  a  prime ideal in R.

Now we give new exam ples of system s o f id ea ls . F irst, we 
d escrib e a ll system s of Ideals in the ring Z of in tegers.

EXAMPLE 1 . Łet P  -  1 p . ,   .......................p .  . . Д  be a  se t
Г i iof prime Integers (finite o r infinite), and le t D «  A p . l ,  p 2 2, . . . .

p^n, . . be a  s e t o f fixed pow ers of elem ents of P . Then (Z ,M p ]

w here MQ -  | (n ); n -  ( p ^ l) e l .  . .(p ^ k ^ k , Sj ^  o j  ^  |(0)|

is  a  system  of id ea ls . C o n verse ly , e v e ry  system  (Z , M) h as  the 
above form.

PROOF. It is  e a s y  to prove, that (Z , MQ) is  a  system  of 
id ea ls. W e show , that a n y  system  of id e a ls  (Z , M) h as the form 
(Z, M p)» Let p  -jp; p -  a  prime integer, su ch  that p| n for some

(n) e  M,n f  ojj
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И Р -  Р 2 ,  .  .  .  ,  Р к , .  .  .  j ,  then we define
ij -  min |is there ex iste  (n) £' Ms n — pje, i >  O, pj J ( с  j  , w here

j -  1 ,2 ,... S e t D -  f p * l, p2 2, . . ..p^k, . . . I . We prove that M -  M^,
le leNotice, that if (n) £ M, w here n -  p ^ l . * ф иШ9 then b y  the uniqueneM  

of prim ary decomposition and by Th. 3 .4  Ls] , we obtain (n) -  (p*^l) л

n  . . . A (p * s ) ,  w here (p ^ l)  £  M, . . „ , (p^*) € M. Hence,
ai*o (p * l)  С  M, . . . , ( p j )  £ M .

T h ere fo re  M^ с  M. If (m) £ M, w here m -  p ![ l. . then

£ M, for j -  1 , 2 , . . . , t. It is  o b v io u s that kj }  ij.

Let k̂  -  “j i. + r j ,  where О ■< r̂  4  ij, j - 1 ,  2, . . . , t. U O,

then (pjj) -  (p]5) : (p'jVj) £ M  ̂which contradicts with minimality of 

ij. Hence, we have (p^j) -  (p j^)UJ £ MD fo r j -  1 , 2...........t.

F in a l l y  (m)  -  ( p ^ l )  П .  .  .  П (pj^) €  MD and M -  Mß

We shall describe now, a ll sp ec ia l system s ln  Z.

EXAMPLE 2. Let P be a  se t of prime Integers. Then (Z , M _ ),
{ i i(n ); n -  p , l .  . .p^k; pJ t  py  .. . . £  P, ^  ^  О..................

!k >  °  }  ^ {  ô )]  i s  a  sp ec ia l system . C o n v e rs e ly , If (Z , M) is  a
sp ec ia l system , then there ex ists a  se t P o f prime in tegers such  that 
M -  Mp .

PROOF. Is sim ilar to the proof of Example 1 .

We can  do the analogous descrip tion  for p rin c ip a l Ideals domains.

И (R, M) is  a  system  of id ea ls  in R, then we denote b y
M jx ] a  se t of id ea ls  ift R [x] of the form A [x] -  I а охП + • • • + a n*
a, £ A j , w here A  ą M. We sh a l l ,  prove, that (R [ x j  , M [x ] )  is  
a  system  of id ea ls . F ir s t , w e p ro ve two lem m as.

LEMMA 1 . Let f -  a  x n + . . . + a  . g -  b x™ + . . . .  + b„n o m о
belong to R [x] . If g. f -  O, then ł -  О
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PROOP. Since g» f -  
( 1 )  b m . a n -  О

<*> b m - l* n  + b m * n - l  -  °

(m) b l « n ♦ b 2a r>_1  ♦ .....................+ bn+1a e  -  О

(m +l) bo an + Ь1 а л _1  ♦ .....................♦ bna o -  О
2

-n. -V л п

n  о

Multiply the equation (2 )  by a n, (3 ) b y  a*  , ......................... (m +l) by

V  haV* S b m - la n  -  °  I

b „a3 -  O.nw2 n '

m
' l a nb .a _  -  О ,

“o V * 1 -  °
Ш41Hence g-a n — O.

LEM M A 2 . l e t  f -  а пхП + • • • • ♦  a 0 * 8  “  Ьт Х,П + * * '  + b 0
O*o .

belong to R j j x j .  . If g £ L J  ( ° »  )• then for each  p air i# J, w here
k -0

i ■ Ot 1 , 2. , . 9m , j m l # 2 ...................   n there e x is ts  s ( i # j) £ N such* * • •  J ■
that b,. a p 1 • -  0.

PROOF. Induction with regard  of n, w here n -  deg f.
If n 0 , the Lemma is  obvious» Suppose now, that Lemma is  true
for polynomials f of degree*  <  n, and for e v e ry  polynomial g. Let
deg f  ш n, and g £ ( Ojf* ).

k -o
Suppose, that g. fP •> 0. Let h -  f*3. A  coefficien t at the maximal 
power of x in h is  equalt a P -  b S in ce  g.h -  0, b y  the Lemme 1 , 
we have g.bm+1 -  0 . Then g . а Г -  0, w here r -  p(m + l ) .

Let -  f-a nx n, then g . £ +г -  o, F inally g £ О  (°И^),
к —о

w h ere  d e g  Г, < r>-l, the th e s is  fo llow s b y  the Induction assum p tio n .
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C o ro lla ry , b et A be an  id e a l  in  R and  le t  f -  a ^ x  „ £ • • • •  + a 0> 
g  -  Ьт хГП + • • • •  + bQ be p o lyno m ia ls in  R £x]. If g e kU Q( A f x ] t f  ) ,  
then  for e v e r y  p a ir  i j ,  w h e re  i »  0 ,1 ,2 , . . . , m, j = 1 , 2, . . . , n, 
th ere  e x is t s  s ( i ,  j ) e N  su c h  that b ^ .a f ^ *  A.

PROOF. It su ff ic e s  to a p p ly  uem m a 2 and the iso m o rp h ism (% ) f x ]

THEOREM. Let f -  а пхП + • • • •  + a 0 ^  R Cx3 ond le t A  be and
id e a l  of R . T h en  A [x ]   ̂ = (A a  П A& П . . . A^ ) Гх^

a o a l  a n

1Й ’ (А { х ] : fk ) -  Л (  U  (A :a k ) ) [ x ]  . .
k*o  i -о  k -o

PROOF. T h e  in c lu s io n  C: fo llow s from C o ro lla ry , w e p rove the
cm + . . . + b b e lo n g s  to ( N (A :a k 1

ö  S * ' 1 l " 0  1
then b k a^ o k  , . .  . , b ^ n k C A ,  S e t  s k -  m a x (s  . , . . . . , s n k ) .
in v e r s e  in c lu s io n . I f g - b x  + . . ,  + b b e lo n g s  to .* ■ ( I )(A :a . ) ) Гх~1 » s  s m o i - o  |~0'  i i— '
then b k a Qok , . . . , b ^ n k Ê A ,  S e t  s k -  m a x (s Qk................. .... s n k ) .
for к  -  1 , 2 , . . m. T h en  b ^ k E A  and g . fs 0+ sl + * + Sme  A jx ]  .

EXAMPLE 5 . If (R , m ) i s  a  s y s te m s  of id e a ls ,  then ( R IX) [x]
i s  a  sy s tem  of id e a ls  too.

PROOF. It i s  c le a r ,  that the co n d itio n s A 1 -A 7  a re  s a t is f ie d .
3 y  the ob o ve T heorem , the cond ition  A 8 i s  a ls o  s a t is f ie d .

EXAMPLE 4. If (R , M ) i s  a  s p e c ia l  sy s te m  of id e a ls ,  then 
( « Ы  . M [ x ] )  i s  a  s p e c ia l  s y s te m  of id e a ls .

PROOF. It su f f ic e s  to n o tice , that f(A  ) -  г ( а ) •
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PEWNE UWAGI O SYSTEMACH IDEAŁÓW 

STRESZCZENIE

W pracach  [7] , [9 ] podane s ą  elem enty teorii system ów  ideałów  
i między innymi w ażn ie jsze p rzykłady system ów  jak np. system y ideałów  
różniczkow ych, system y ideałów niezm ienniczych ze w zględu na  
deryw ację w yższą  i system y ideałów jednorodnych w p ierścien iach  
z gradacją .

W n iniejszej p ra c y  podane s ą  pewne uwagi dotyczą ce system ów  
i opisane s ą  nowe przykłady system ów  ideałów.


