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MAXIMAL CLASSES FOR LOWER AND UPPER
SEMICONTINUOUS STRONG ŚWIĄTKOWSKI FUNCTIONS

Abstract. In this paper, we characterize the maximal additive and multiplicative
classes for lower and upper semicontinuous strong Świątkowski functions and lower and
upper semicontinuous extra strong Świątkowski functions. Moreover, we characterize the
maximal class with respect to maximums for lower semicontinuous strong Świątkowski
functions and lower and upper semicontinuous extra strong Świątkowski functions.

1. Introduction
We use mostly standard terminology and notation. The letters R and N

denote the real line and the set of positive integers, respectively. The symbols
Ipa, bq and Ira, bs denote the open and the closed interval with endpoints a
and b, respectively. For each A Ă R, we use the symbol χA to denote the
characteristic function of A.

Let f : I Ñ R, where I is a nondegenerate interval. The symbols Cpfq,
C`pfq, C´pfq, and Apfq will stand for the set of points of continuity, right-
hand continuity, left-hand continuity of f , and the set of all local maximums
(not necessarily strict) of f , respectively. We say that f is a Darboux function
(f P D), if it maps connected sets onto connected sets. We say that f is a
strong Świątkowski function [3] (f P Śs), if whenever α, β P I, α ă β, and
y P Ipfpαq, fpβqq, there is an x0 P pα, βq X Cpfq such that fpx0q “ y. We
say that f is an extra strong Świątkowski function [7] (f P Śes), if whenever
α, β P I, α ‰ β, and y P Irfpαq, fpβqs, there is an x0 P Irα, βs X Cpfq such
that fpx0q “ y.

Observe that Śes Ă Śs Ă D. To prove that the first inclusion is proper
consider the function x ÞÑ sinx´1 ` x` 1 for x ą 0 and x ÞÑ 0 for x ≤ 0. It
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Maximal classes for semicontinuous strong Świątkowski functions 49

is easy to see that such function belongs to the class ŚszŚes. Moreover, the
function x ÞÑ sinx´1 ` x` 1 for x ą 0 and x ÞÑ x for x ≤ 0 is Darboux and
it has not the strong Świątkowski property, which proves that the second
inclusion is proper, too.

The symbols C, lsc, and usc denote families of all continuous and lower
and upper semicontinuous functions, respectively. If L and F are families of
real functions, then we will write LF instead of LXF. We say that f P Const
if and only if f rIs is a singleton. Finally,

Const` “ tf P Const : f ą 0 on Iu.

Moreover, for each x P I we write

limpf, x`q “ lim
tÑx`

fptq.

Similarly, we define the symbols limpf, x´q, limpf, x`q, and limpf, x´q.
If L and L1 are families of real functions, then we define:

MapL1,Lq “
 

f : p@g P L1q f ` g P L
(

,

MmpL1,Lq “
 

f : p@g P L1q fg P L
(

,

MmaxpL1,Lq “
 

f : p@g P L1q maxtf, gu P L
(

.

Moreover we let

MapLq “MapL,Lq, MmpLq “MmpL,Lq, MmaxpLq “MmaxpL,Lq.

The above classes are called the maximal additive class for L, the maximal
multiplicative class for L, and the maximal class with respect to maximums
for L, respectively.

Remark 1.1. Clearly if L1ĂL and L11ĄL1, thenMapL
1
1,L

1qĂMapL1,Lq.
Similar inclusions hold forMm andMmax.

In 2003, I proved that MapŚsq “ MmpŚsq “ MmaxpŚsq “ MapŚesq “
MmpŚesq “MmaxpŚesq “ Const [5, Corollaries 3.2, 3.4, and 3.6]. Recently,
I characterized the maximal class with respect to maximums for upper semi-
continuous strong Świątkowski functions. It turns out that MmaxpŚsuscq
consists of upper semicontinuous strong Świątkowski functions which fulfilled
some special conditions [8, Theorem 2.5]. In this paper, we characterize the
maximal additive and multiplicative classes for families Śsusc, Śslsc, Śesusc
and Śeslsc (Theorems 3.1 and 3.2) and the maximal class with respect to
maximums for families Śslsc, Śeslsc and Śesusc (Theorems 3.3 and 3.4).

2. Auxiliary lemmas
Lemma 2.1 is due to A. Maliszewski [4, Lemma 1].

Brought to you by | Uniwersytet Kazimierza Wielkiego Bydgoszcz
Authenticated

Download Date | 9/18/15 12:38 PM



50 P. Szczuka

Lemma 2.1. Let M P R and assume that a function g : ra, bs Ñ p´8,Mq
is upper semicontinuous both at a and at b. Then there is a continuous
function ψ : ra, bs Ñ rmintgpaq, gpbqu,M s such that ψ “ g on ta, bu and
ψ ą g on pa, bq.

The proof of Lemma 2.2 we can find in [7, Theorem 3.1].

Lemma 2.2. For each function f : R Ñ R, the following conditions are
equivalent :

a) f P Śes,
b) f P D and f rIs “ f rI X Cpfqs, for each nondegenerate interval I,
c) f P D and fpxq P f rIrx, ts X Cpfqs, for each x P R and each t P Rztxu.

The next lemma is probably known, but I could not find an appropriate
reference and prove it in [5, Lemma 2.4].

Lemma 2.3. If f : RÑ R then the set f rApfqs is at most countable.

The proof of Lemma 2.4 we can find in [6, Lemma 3.3].

Lemma 2.4. Assume that I Ă R is an interval, g : I Ñ R, and h : RÑ R.
If g, h P Śs then h ˝ g P Śs.

Now we will prove an analogous lemma for the family Śes.

Lemma 2.5. Assume that I Ă R is an interval, g : I Ñ R, and h : RÑ R.
If g, h P Śes then h ˝ g P Śes.

Proof. Let x P I and t P Iztxu. If gæIrx, ts P Const, then ph ˝ gqæIrx, ts P
Const and

ph ˝ gqpxq P ph ˝ gqrIrx, ts X Cph ˝ gqs.

In the other case, since g P Śes Ă D then grIrx, tss is a nondegenerate
interval. Since h P Śes, by Lemma 2.2 we have

ph ˝ gqpxq P h
“

grIrx, tss
‰

“ h
“

grIrx, tss X Cphq
‰

“ h
“

grIrx, ts X Cpgqs X Cphq
‰

Ă h
“

grIrx, ts X Cph ˝ gqs
‰

“ ph ˝ gqrIrx, ts X Cph ˝ gqs.

Clearly h ˝ g P D. By Lemma 2.2, we obtain that h ˝ g P Śes.

Lemma 2.6 and Remark 2.7 are evident.

Lemma 2.6. Assume that I Ă R is an interval, g : I Ñ R, and h : RÑ R.
If g P lsc and h is continuous and increasing then h ˝ g P lsc.

Remark 2.7. Let f : R Ñ R. If f P Śslsc then limpf, x´q “ fpxq “
limpf, x`q, for each x P R, and if f P Śsusc then limpf, x´q “ fpxq “
limpf, x`q, for each x P R.
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3. Main result
Theorem 3.1. MapŚslscq “MapŚeslscq “MapŚsuscq “MapŚesuscq “
Const.
Proof. The proof of the inclusion MapŚeslsc, Śslscq Ă Const is similar
to the proof of [5, Theorem 3.1]. So, we will only prove the inclusion
MapŚesusc, Śsuscq Ă Const. Let f R Const. It follows that ´f R Const
and since MapŚeslsc, Śslscq Ă Const, the function ´f RMapŚeslsc, Śslscq.
Hence, there is a function g P Śeslsc such that ´f ` g R Śslsc. Put g “ ´g.
Then g P Śesusc and ´pf`gq “ ´f`g R Śslsc. Thus f`g R Śsusc, whence
f RMapŚesusc, Śsuscq. Since

MapŚeslsc, Śslscq Ă Const ĂMapŚslscq XMapŚeslscq
and

MapŚesusc, Śsuscq Ă Const ĂMapŚsuscq XMapŚesuscq,
using Remark 1.1, we obtain that

MapŚslscq “MapŚeslscq “MapŚsuscq “MapŚesuscq “ Const.
Theorem 3.2. MmpŚslscq “MmpŚeslscq “MmpŚsuscq “MmpŚesuscq
“ Const` Y tχHu.
Proof. First, we will show that

(1) MmpŚeslsc, Śslscq Ă Const` Y tχHu.

Let the function f R Const` Y tχHu. If f R Śslsc then χR P Śeslsc and
f “ f ¨ χR R Śslsc, whence f RMmpŚeslsc, Śslscq. So, we can assume that
f P Śslsc.

If f P ŚslsczC then by Remark 2.7, fpx0q ă limpf, x`0 q or fpx0q ă
limpf, x´0 q, for some x0 P R. Without loss of generality, we can assume that
the first inequality holds. Define g “ ´χR P Śeslsc. Notice that fg “ ´f
on R and

limpfg, x`0 q “ limp´f, x`0 q “ ´ limpf, x`0 q ă ´fpx0q “ pfgqpx0q,

whence fg R lsc. Consequently, f RMmpŚeslsc, Śslscq, and we may assume
that f P C. We consider two cases.

Case 1 . fpx0q ă 0, for some x0 P R.
Then f ă 0 on px0 ´ δ, x0 ` δq, for some δ ą 0. Define

gpxq “

#

`

sinpx´ x0q
˘´1

, if x ‰ x0,
´1, if x “ x0.

We can easily see that g P Śeslsc. Moreover, fg P usczC at x0, whence
fg R lsc. So, in this case f RMmpŚeslsc, Śslscq.
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Case 2 . fpxq ≥ 0, for each x P R.
Then there is a closed interval ra, bs such that f is positive and noncon-

stant on ra, bs. By Theorem 3.1, there is a function ḡ : ra, bs Ñ R such that
ḡ P Śeslsc and ln ˝f ` ḡ R Śslsc on ra, bs. Define

gpxq “

$

’

&

’

%

pexp ˝ḡqpxq, if x P ra, bs,
pexp ˝ḡqpaq, if x P p´8, aq,
pexp ˝ḡqpbq, if x P pb,8q.

By Lemmas 2.5 and 2.6, exp ˝ḡ P Śeslsc on ra, bs, whence clearly g P Śeslsc.
But on the interval ra, bs, we have

ln ˝pfgq “ ln ˝
`

f ¨ pexp ˝ḡq
˘

“ ln ˝f ` ḡ R Śslsc.

If fg P Śslsc on ra, bs then by Lemmas 2.4 and 2.6, ln ˝pfgq P Śslsc on ra, bs,
a contradiction. So, fg R Śslsc, which proves that f R MmpŚeslsc, Śslscq.
This completes the proof of condition (1).

Now, we will prove thatMmpŚesusc, Śsuscq Ă Const` Y tχHu. Let the
function f R Const` Y tχHu. By condition (1), f R MmpŚeslsc, Śslscq.
Hence, there is a function g P Śeslsc such that fg R Śslsc. Put g “ ´g.
Then g P Śesusc and ´pfgq “ fg R Śslsc. So, fg R Śsusc, whence f R
MmpŚesusc, Śsuscq. Since

MmpŚeslsc, Śslscq Ă Const` Y tχHu ĂMmpŚslscq XMmpŚeslscq
and

MmpŚesusc, Śsuscq Ă Const` Y tχHu ĂMmpŚsuscq XMmpŚesuscq,
using Remark 1.1, we obtain that

MmpŚslscq “MmpŚeslscq “MmpŚsuscq “MmpŚesuscq
“ Const` Y tχHu.

Theorem 3.3. MmaxpŚslscq “MmaxpŚeslscq “ Const.
Proof. The proof of the inclusionMmaxpŚeslsc, Śslscq Ă Const is similar to
the proof of [5, Theorem 3.5]. Since Const ĂMmaxpŚslscq XMmaxpŚeslscq,
using Remark 1.1, we obtain thatMmaxpŚslscq “MmaxpŚeslscq “ Const.
Theorem 3.4. The function f PMmaxpŚesuscq if and only if f P Śesusc
and two following conditions hold :

for each x R C`pfq, there is a δ ą 0 such that fptq ≤ fpxq, for each
t P px´ δ, xq,(2)

for each x R C´pfq, there is a δ ą 0 such that fptq ≤ fpxq, for each
t P px, x` δq.(3)
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Proof. First, assume that f P Śesusc and conditions (2) and (3) are fulfilled.
We will show that f P MmaxpŚesuscq. Fix a function g P Śesusc and let
h “ maxtf, gu. Since the maximum of two upper semicontinuous functions
is upper semicontinuous (see e.g. [2, p. 83]), h P usc. So, we must show that
h P Śes.

Let α ă β and y P Irhpαq, hpβqs. Assume that hpαq ≤ hpβq. (The case
hpαq ≥ hpβq is analogous.) Since MmaxpDq “ Dusc [1], we have h P D,
whence hpx0q “ y, for some x0 P rα, βs.

If fpx0q ą gpx0q then since f P Śes and g P Śesusc Ă Śsusc, by
Lemma 2.2 and Remark 2.7, there is an x1 P rα, βsXCpfq such that gpx1q ă
fpx1q “ fpx0q. Using the fact that h “ maxtf, gu, we clearly obtain that
x1 P Cphq and hpx1q “ fpx1q “ fpx0q “ hpx0q “ y.

If gpx0q ą fpx0q, we proceed analogously. So, let fpx0q “ gpx0q “
hpx0q “ y. If x0 P Cpfq then since g P Śesusc, we have x0 P Cphq. So, we can
assume that x0 R Cpfq, whence x0 R C`pfq or x0 R C´pfq. Suppose that e.g.
x0 R C`pfq. (The other case is analogous.) First let x0 “ α. We consider
two cases.

Case 1 . x0 R C´pfq.
Then, by the assumption (3), there is a δ ą 0 such that fptq ≤ fpx0q,

for each t P px0, x0 ` δq. But since g P Śes, there is an x1 P rx0, x0 ` δq X
Cpgq X rα, βs with gpx1q “ y. So, since f P Śesusc, fpx1q ≤ gpx1q, and
h “ maxtf, gu, we have x1 P rα, βs X Cphq and hpx1q “ y.

Case 2 . x0 P C´pfq.
If there is a τ ą 0 such that hptq ≥ hpx0q, for each t P px0, x0 ` τq then

x0 P Cphq. In the other case, choose a τ ą 0 such that x0 ` τ ă β. There is
a tτ P px0, x0 ` τq with hptτ q ă hpx0q. Define

t0 “ suptt P rx0, tτ q : hptq “ hpx0qu.

The fact h P D implies that

(4) hpxq ă hpx0q, for each x P pt0, tτ q.

Moreover, observe that since h P D and condition (4) holds, we have hpt0q ≤
hpx0q. But h P usc, whence hpt0q “ hpx0q. So, since f, g P Śes, h “
maxtf, gu, and condition (4) holds, t0 P Cphq. Consequently, t0 P rα, βs X
Cphq and hpt0q “ y.

Finally, let x0 P pα, βs. Then, by the assumption (2), there is a δ ą 0
such that fptq ≤ fpx0q, for each t P px0 ´ δ, x0q. But since g P Śes, there
is an x1 P px0 ´ δ, x0s X Cpgq X rα, βs with gpx1q “ y. So, since f P Śesusc,
fpx1q ≤ gpx1q, and h “ maxtf, gu, we have x1 P rα, βsXCphq and hpx1q “ y.

So, h P Śesusc, which proved that f PMmaxpŚesuscq.
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Now, we will show thatMmaxpŚesuscq Ă Śesusc. Let f R Śesusc. First
assume that f R Śes. Then there are α ă β and y P Irfpαq, fpβqs such that
fpxq ‰ y, for each x P rα, βs X Cpfq. Put g “ mintfpαq ´ 1, fpβq ´ 1u and
h “ maxtf, gu. Then clearly g P Const Ă Śesusc. Since y P Irhpαq, hpβqs
and hpxq ‰ y, for each x P rα, βs X Cphq, we have h R Śes. So, h R Śesusc,
whence f RMmaxpŚesuscq.

Now assume that f R usc. Then e.g., fpx0q ă limpf, x`0 q, for some
x0 P R. (The other case is analogous.) Put g “ fpx0q and h “ maxtf, gu.
Then clearly g P Const Ă Śesusc, and since

hpx0q “ gpx0q “ fpx0q ă limpf, x`0 q “ limph, x`0 q,

h R usc. So, h R Śesusc, whence f RMmaxpŚesuscq.
To complete the proof, we assume that f P Śesusc and condition (3) is

not fulfilled. (Similarly, we can proceed if f P Śesusc and condition (2) does
not hold.) Then there is an x0 R C´pfq and we can choose a sequence pxnq
such that xn Ñ x`0 and fpxnq ą fpx0q, for each n P N. Since f P Śes, we
may assume that pxnq Ă Cpfq. Hence for each n P N, there is a δn ą 0 such
that fpxq ą fpx0q, for each x P rxn´ δn, xn` δns. Without loss of generality
we can assume that xn`1 ` δn`1 ă xn ´ δn, for each n P N. Define

gpxq “

$

’

’

’

’

’

&

’

’

’

’

’

%

fpxq, if x P p´8, x0s,
fpx0q, if x P

Ť8
n“1rxn´ δn, xn` δnsY px1` δ1,8q,

fpx0q`n
´1, if x “ cn, n P N,

linear, in each interval rxn`1` δn`1, cns and rcn, xn´ δns,
n P N,

where
cn “

xn`1 ` δn`1 ` xn ´ δn
2

.

Then clearly g P usc. Moreover, since f P Śes and gæpx0,8q P C, by
Lemma 2.2, g P Śes. Now we will show that h “ maxtf, gu R Śes.

Put α “ x0 and β “ c1. Notice that x0 R Cphq. Now fix an x P pα, βs.
Then hpxq ą fpx0q. Indeed, if x P rxn ´ δn, xn ` δns for some n P N then
hpxq ≥ fpxq ą fpx0q, and if x P pxn`1 ` δn`1, xn ´ δnq, for some n P N then

hpxq ≥ gpxq ą gpx0q “ fpx0q.

Hence in particular fpx0q P rhpαq, hpβqs and hpxq ‰ fpx0q, for each x P
rα, βs X Cphq. Therefore h R Śes, whence f RMmaxpŚesuscq. This competes
the proof.

An immediate consequence of Theorem 3.4 is the following corollary.

Corollary 3.5. C ĂMmaxpŚesuscq.
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