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c  M a j i Ł i M  n a p a M e T p o M
B.K. rpnropeHKO

1. M3BecTH0 [1,5,6], mto nocTpoeHue peuieHHH cncTeM jiMHeiiHbix iu-ntuJiepeH- 
UManbHŁ>ix y paBHeuMH

h d x
(1) e —  = A( t , e ) x ,

r&e h -  uejioe hum n.po6noe hhcjio  Gojibme HyjiH, X -  n-M epubin BeKTop, a 
A ( t , e ) -  KBa^paTHan (?? X n ) MaTpnna, .nonycKaioman pa3Jio>KeHne b cxoabi- 
amMMCfl HJiM acHMnTOTimecKHii p n a

OO

(2)  A(t,e) =  J 2 e sAs(t),
s - 0

£-  MajibiM napaM eTp, Ma.Tpnubi-(J)yHKUHM A s(t)~ roJioMop(})Hbi no X  b Heno- 
TopoM obJiacTn, CBH3biBaioT c HannnneM m noBe^enneM KopHen xapaKTepn- 
CTnnecKoro y parmem-m:

(3) det[A0(t) — X(t)E] = 0

IlpM 3tom nocTpoeHHe pemenHH 3HannTeJibHo ycjioKimeTCH, ecnn  cp e /w  xa- 
paKTepMCTnnecKoro ypaBHeuMH nojiBJnnoTCH KpaTHbie hjim, ecnn  MMeioTCH b 

HaJinnHM, Tan na3biBaeMbie ” tohkh noBopoTa” . 3 th npo6neM bi nojm ocTbio eme 
He pemeHbi.
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IIp n  h uejioM He perneHa npo6jieM a ” TOHeK noBopoTa” ajw  chctcm m  y p a 
BHeHHH (1) [1], JIjih CHCTeM (1) c ” TOHKaMH noBopoTa” B OCHOBHOM npHMe- 
IIHIOTCH MeTO^bl ” CKJieMBaHHH” H ” 3TaJI0HHbIx” ypaBHeHHH. ITpH npHMeHeHHH 
MeTona ” CKJiewBaHHH ” pemeHHH b  3 ananax  c ” TOHKaMH noBopoTa c tp o h tc h  

TaK Ha3biBaeMbie ” BHyTpeHHee” h  ” BHeuiHee” pemeHHH, o6nacTH hx  npHMeHe
HHH, a  3aTeM c tp o h tc h  M aTpnua CBB3H Me»my hhmh, h to  npencTaBJiHeT co6oh 
M3BecTHbie TpynnocTH [2]. KpoMe Toro, s t o t  MeToa He naeT aHajiHTHHecKOH 
HarjiBOTocTH pemeHHH b o  Bceii o6nacTH. M eTon ” 3TajiOHHbix ”  ypaBHeHHH 
[3,4] c o c to h t  b  tom , h to  peuieHHe aaHHoro ypaBHeHHH Bbipa»caeTCH nepe3 
H3BecTHbie pemeHHH Tan na3biBaeMoro "aTajioHHoro ” ypaBHeHHH. 3 t o t  m ctoh  
conpH»ceH c Tpy/iHocTHMH Bbi6opa ” BTajiomioro” ypaBHeHHH, KOTopoe hojihcho 
COXpaHHTb Bce OCoSeHHOCTH HCXOHHOrO ypaBHeHHH C TOHKH 3peHHH aCHMFITO- 
THMecKHX npencTaBjieHHH pemeHHH. 3a.MeTHM, h to  oSjiacTH npHMeHeHHH 3THX 
MeTOHOB orpaiiHHeHbi.

F l p n  h  =  2  3 i i a M H T e H b H b i e  T p y n H O C T H ,  H a p f l a y  c  3 a a a n a M H  c  ”  T O H K a M H  

n o B o p o T a ” , n p e n c T a B J i H e T  T a i o n e  p e m e n n e  c n c T e M b i  ( 1) b  c j i y n a e ,  e c j i H  c p e ^ H  

K o p n e i i  x a p a K T e p H C T H H e c K o r o  y p a n n e H H H  (3) n o H B J iH iO T C H  K p a T H b i e  [ 6 ] .

M b i  n a e M  M e T o n  n o c T p o e H H H  p e m e H H H  c n c T e M  H H H e H H b i x  4 H ( t i ( J ) e p e H U H a j i b H b i x  

y p a B H e H H H  ( 1 ) ,  H e  3 a B H C H in .H H  o t  H a j iH M H H  K o p H e f i  x a p a K T e p H C T H H e c K o r o  y p a 

B H e H H H .  M e T O H  C O CT O HT B a C H M n T O T H H e C K O M  n p H B e / i e H H H  C H C T e M b l  ( 1 )  K He- 
K O T O p O H  C H C T e M e ,  f l J IH  K O T O p O H  C T p O M T C H  p e m e H H e .  3 a M e T H M ,  HTO n p H  3 T 0 M  

H e T  H e o 6 x o H H M o c T H  p e m a T b  y p a B H e i i H e  ( 3 ) ,  h t o  n p e n c T a B J i H e T  c a M O  n o  c e 6 e  

H 3 B e c T H b i e  T p y m i o c T H ,  T . e .  h j i h  t b k h x  c n c T e M  y a a e T C H  o 6 o h t h  n p o S n e M y  c o 6 -  

C T B e m i b i x  3 H a H e i i H H  h  c o 6 c T B e n n b i x  B e K T o p o B .

2. BseneM  b paccMOTpeuHe Ma/rpnubi B ( t , e )  h

0 0 . . .  0 0 ‘
a 2i(ź ,e ) 0 . . .  0 0

_ ••• ^nn— 6

C ( t , s ) =  A ( t , e ) — B ( t , e )  

E n( t ) =  diag[Xi(t),  X2( t ) , . . . ,  An(i)],

r \ n e  \ ; ( t )  ( z  =  1 ,  . . . , n j -  n e K O T o p b i e  ( J jy n K H H H  c n e u n a n b U b i M  o 6 p a 3 0 M  n o n o -  

6 p a H H b i e .



T E O P E M A  1 . C y m e c T B y e T  H e o c o G e m io e  jiM HeM Hoe n p e o 6 p a 3 0 B a H n e

(5) x =  P(t,e)xy,

C B O /iB iu ee  cH C T eM y ( 1 )  k c u c T e M e :

(6) eh<jj; = D{t,e)y,

r a e

(7) D( t , s ) =  p - 1(t ,e)(A(t ,e)P(t ,£)  -  ehP'(t,E)).

J lo K a 3 a T e j ib C T B o . J I j ih  H 0 K a 3 a T ejib C T B a  T e o p e M b i 1 M a T p m ry  P(t,E) o n p e n e -  

jimm M3 CMCTeMbi J inneM H bix H M (J)4iepeH UH aJibH bix y p a B iie u H M  c  M ajibiM  n a p a M e -  

T p o \ i :

(8) ehdl^ A  =  ( C( t , e ) -E„( t ) )P( t , e ) ,

m e  C (/, ć) MMeeT bm,zi (4) m ^onycnaeT pa3Jio>KeHHe b cxo îimMHCH mjih acMMn- 
TOTMMeCKMM pJUi:

oo
(9) C ( f , £) =

5 =  0

a

(10) En(t) =  diag[ \ i ( t ) , \ 2( t ) , . . . , \ n(t)],

r ae (J )yHKU.nn  A i ( i ) ,  A 2 ( ^ ) 1  ■ ■ • 1 A n{t) n o a o S p a u b i  T a n ,  h t o S m

[!)] ^  Aj(t), i j t j ,  i , j  =  1 Vt € [0,£];

[2)j «lO)(0  -  A{(0 /  -  Aj(i) hjih B c e x  i , j  -i ±  j,  i , j  =
l , . . . , n ;  €  [ 0 ,  i ] ;  aj^O) -  -  a jieM eH T b i M aT pw u b j Ao(t ) .

3aM eT H M , h t o  x a p a K T e p n c T i i H e c K o e  y p a B n e m i e ,  c o o T B e T C T B y i o m e e  c u c T e M e  

(8)

(11) det[C0(t) -  En(t) -  \{t)E]  =  0,

K acHMirroTMHecKOMy HHTerpMpomaHMio... 117
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c o r j i a c n o  y c j i o B M H  (2) M M e e T  p a 3 J i M H H b i e  K o p u n .  I l p n  s t o m  C M C T e M a  ( 1 )  c b o -  

.H H T C H  K C H C T e M e  ( 6 ) ,  y  K O T O p O M  D(t ,  e) M M e e T  B M i i :

(12 )D(t ,e)  =  p - 1( t , e ) ( A ( t , e ) P ( t , e ) - ( C ( t , e ) - E n( t ) )P( t , e ) )  =
=  p - \ t , e ) ( A ( t , e )  -  (C ( t , e ) -  E n( t ) ) )P( t , e ) )  =

=  P ~ x( t , e ) ( B{ t , e )  +  E n( t ) )P( t , e ) )

3necb

Ax(0 0 0 0
a 2i(ż ,e) a2(0 0 0

(13) B ( t , e )  +  E n(t) — a3i( i , e) a 32(ż, <s) A3(0 0

^nl (^i ^) «7l2 (  ̂j  s) an3(it,£) • • An(0  _

XapaKTepMCTMMecKoe y p an n en n e  (3) a jin  CHCTeMbi ypaBHeHHH (6) npHHMMaeT 
bum .:

det[D0(t) -  \{t)E]  =  det [Pó\ t ) (B0 +  En)P0(t) -  A(t)E\ =

— det[(Bo(t) + En(t)) — A (t)E] =  0

h ero  KopHH ecTb (fiyHKUMM A i(t), A2( i)  ■ ■ ■ t An (£)> KOTopbie co rjiacn o  (1) pa- 
3JiHHHbie. IlycTb h =  rn e  (p, q) =  1, p, (] £ IV. C noMombio noncTaHOBKM

l
6 q = /.i CBe^eM cwcTeMy (6) k BM.ny:

dx
( 14 ) / —  =  D ( t , /■')*,

rae MaTpnua D(t,/ lq) npe^cTaBJiHeTCH pnnoM:
OO

(15) =
s = 0

<I>opMajibHyio MaTpMHy-pemeHHe chctcmm (14) HineM b BH^e:

(16) =  U{t,n)exp(J^ n~pA(t, n)dt,

m e U(t , f l )  m A - KBaapaTHbie MaTpHHbi nopHUKa n, npHHeM A( i ,p)  
-itHaroiiajibHaH, KOTopbie HMeioT pa3Jio>KeHHe b  (JiopMajibHbie pnubi:

OO OO
(17) =  / ( / , ( ( ) ,  A ((,,.) =  5 > ' A'W

5=0  5= 0
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m e  fi =  <tfe .
FTpeanojiaran, hto (16)-(17) - pełnemu* cncTeMbi (14), HMeeM:

(18) D(t ,  f.iq)U(t ,  (i) -  U ( t , p ) \ { t , i i )  =

(' - iiMiJiiJjepeHUMpoBaHHe no t).
CpaBHMBan Koa(J)(i)nnMeHTbi n p n  oannaKOBbix CTeneHjjx t b  cooTHomeHHM (18), 
nojiynaeM  cucTeMy MaTpnHHbix ypaBneHuft:

(19) D 0( t )U{0)( t ) -  U {0\ t ) A ( ° \ t )  =  0,

(20) D (0\ t ) U (s)( t ) -  U{s\ t ) \ ( ° \ t )  =  A{s)(t) -  H^s)(t), 

s =  1 , 2 , 3 , . . .
r  ae

s - 1 [f]
(21) H (s\ t )  = ~ [ J 2 U {k\ t ) M s~k\ t ) - ^ 2 U {l)( t )U{s- l,l\ t )  +

k=1 1=1
+  Ł/'(*-p)(*)],

( [ , - uenan nacTb nncjia | . )  IIoKa»ceM, mto MaTpnnnbie ypaBHeHHH (19)-(20) 
- pa3pemnMbi. Be3 yMajieHHH oSuihoctm npeimojiaraeM, mto MaTpnna D(Vj - 
anaronajibnaH. Toi\aa ypaBHennio (19) mo*iio yaoBJieTBopnTb, nojioauiB

(22) A (0\ t )  =  D (0\ t ) ,  U(0\ t )  = E  

IlpeacTaBMM MaTpnubi U^s\ t ) ,  H ^ ( t )  (s = 1, 2, 3 ,. . .) b  BH/ie:

(23) (/«■>(() =  « $ ( < )  +

lale I /qŜ (£), / / )  ' f / )  - .anaroHaJibHLie MaTpnubi, a  - Ma-
Tpmuii, cocTaBJieiiHbie H3 iie,zuiaroHajibHbix ajieiueiiTOB BbiineyKa3aHHbix Ma- 
Tpnu. T o ra a  (20) mo* ho 3anncaTb cjieayiomnM  o6pa30M

(24) D ^ { ł ) U ^ ( t )  -  U ^ ( t ) D w (t) =  A{s\ t )  -  H (0s\ t ) ,

(25) D w (t)Ul3)(t) -  U[s\ t ) D 0{t) = - H i s\ t ) ,  s >  1.
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1 4 3  ( 2 4 )  c j i e a y e T ,  m t o

(26) A « (* )  =  H {0 s \ t ) .

M a T p m i a  U Q S\ t )  r i p n  3 t o m  o c T a e T C H  n p o H 3 B 0 J i b H o i i .  B y a e M  c H M T a T b ,  m t o

u!,s\ t )  = 0 ( s =  1 , 2 , 3 , . . . ) .
B B M ^ y  t o t o ,  m t o  M a T p M L i a  / / j ^  ( t )  n p M  t j i H K C M p o B a H H O M  c  H 3 B e c T H a ,  t o  

m c x o , z i h  M 3  ( 2 5 )  o n p e / i e j i B e M  n e , H M a r o H a . n b H b i e  a n e M e n T b i  M a T p M H b i  U[S\ t )  :

(27) { U ^ i t ) }  =

i zfz k, i, k -  1 , 2 , . . .  , n ,  s =  1 , 2 , 3 , . . .
3 t m m  n o j i n o c T b i o  o n p e a e ^ f l i o T C H  M a T p w u b i  M  t / < s > ( 0 ,  5  =  0 , 1 , 2 , . . .

T a K H M  o 6 p a 3 0 M ,  c  n o M o m b i o  B b i i u e y K a 3 a H H o r o  a j i r o p i i T M a  M O > K e T  6 b i T b  n o -  

C T p o e n a  M a T p n u , a  p e m e i i M M  C M C T e M b i  a M ( { ) ( { ) e p e i m M a j i b H b i x  y p a B H e H M M

( 1 4 ) .

3 t m m  . a o K a B a n a  T e o p e M a  2 .

TEO PEM A  2. CwcTeMa jiMHeMHbix .aH(f)(J)epeimMajibHbix ypaBHeHMM c MajibiM 
napaMeTpoM (1) npM h =  J ,  { p , q )  =  i ,  p , q  e  N ,  HMeeT ({jopMajibHyio 
MaTpMiiy-peiueHMe:

(28) X ( t , e )  = P( t , e )U( t ,  p ) e x p ( j  p~p A(t ,  p)dt) ,

rj\e  f i  =  > ^ 5 , a  n  X  n  -  M a T p w u a  P ( t , s )  o n p e u e j i u e T c u  cw cT eM o w  u w ^ ^ e p e H -  

uw ajibH i> ix  yp aB H eH w w :

(29) = (C(t,s) -  E n(t))P(t,e),

r a e  C ( t , e )  H M e e T  b h j  ( 4 )  m  f l o n y c K a e T  p a 3 J i o > K e n M e  b  p n a  ( 9 ) ,  a  U { t , f l )  h  

-  K B a u p a T H b i e  M a T p w u b i  n o p j u i K a  n ,  n p w u e M  A -  u w a r o n a j i b H a H  

M a T p w u a ,  K O T o p b i e  ^ o n y c n a i o T  p a 3 J i o > K e H w e  b  p u u b i :

oo co

(30) U(t,  n) =  ' £  p sus( t ), A (f, fi) =  Y ,  Psks(t)
5= 0  5=0

I I p M M e n a H M e .  P e m e H M e  c m c t c m m  ( 2 9 )  M m e M  b  B M , a e  ( 1 6 ) .  3 H a H M T ,  n p e o 6 p a 3 0 -  

B a H M e  P{t , e ) ,  c y m e c T B O B a u M e  K O T o p o r o  , n o K a 3 b i B a j i o c b  b  T e o p e M e  1 , n o c T p o -  

e n o .
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yKa3aiinbiM aJiropiiTM 3(t>(l>eKTMBHo npMMeiMeTCH n p h  pemeHHH 3aaaM c 
” TOMKaMM noBopoTa” , KOTopbie B03IlHKaK>T B 3aaaMaX ^M([)paKUHH h  p acn p o - 
CTpanenHH bojih  [4], a TaK>Ke npn  pemeHHH ^MłaiiepeHUMajibHoro ypaBHeHHH 
rMapoamiaMMMecKoro THna [ 7 ] .

PaccMOTpuM npn \iep .  
riycTb HMeeTCB ypaBneime

/ q i \  d2lJ , l - E n/  \ dlJ , , \ n(31)  —-  +  e 1 P ( t , £ ) —  +  £ i g ( T , e ) y  =  0,

P, <7 € iV; (P,q ) =  1.
<I>yHKU,MM p(r,  e) h <y(r, t )  HMeioT pa3Jio>KeiiHH:

OO OO
(32)  P ( t , e )  =  Y . e ‘ P . ( r ) ,  s ( t , c )  =

s = 0  s = 0

PaccMOTpMM cjiynan , Korna 3r(f/o('7") — 0) ,  T (ź [0, L] Hcnojib3yii 3aMeny

- z d y(33)  x i = y ;  x 2 =  e « — ,
ax

nojiynaeM CMCTeMy:

(34) =  i4 (r ,e )x ,

B KOTOpOM

-Tl ^  . 1 0 1 \
X  — , / l ( r ,  e )  =  1

~ 9 ( T , e ) - e p ( T , e )  JT2

XapaKTepMCTHMecKoe ypamie ime cHCTeMbi MMeeT bm/i :

f / e t [ / l 0 r  -  A(r)E] =  A 2 ( r )  +  <70 ( r )  =  0 .

T o h k h ,  n  K O T o p i> ix  g o ( r )  u p e i s p a m a e T C H  m  0 ,  h b j i h i o t c h  ” TOMKaMM n o n o p o r a ” . 

i l o  C H C T e M b l  ( 3 4 )  M02KI10 n p M M e i l M T b  T C O p e M b l  1 H 2 .

J l H T e p a T y p a

[ l ]  B H 3 0 B  13. A c H M l l T O T H M C C K H e  p a 3 JI O K  Cl IH H p e i u e i l l l r t  o f ib I K I IO B e i [ I Ib I X  HH<!>- 

( J ) e p e i m n a j i b i i b i x  y p a B i i e u H H ,  M . , M h p , 19G8, 4G1 c .
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